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Preface

The international Conference on Optimal Control of Coupled Systems of Partial
Differential Equations was held at the Mathematisches Forschungsinstitut Ober-
wolfach (www.mfo.de) from April, 17 to 23, 2005. The scientific program included
30 talks covering various topics as controllability, feedback-control, optimality sys-
tems, model-reduction techniques, analysis and optimal control of flow problems
and fluid-structure interactions, as well as problems of shape and topology opti-
mization. The applications discussed during the conference range from the opti-
mization and control of quantum mechanical systems, the design of piezo-electric
acoustic micro-mechanical devices, optimal control of crystal growth, the control
of bodies immersed into a fluid to airfoil design and much more. Thus the appli-
cations are across all time and length scales.

Optimization and control of systems governed by partial differential equa-
tions and more recently by variational inequalities is a very active field of research
in Applied Mathematics, in particular in numerical analysis, scientific comput-
ing and optimization. In order to able to handle real-world applications, scalable
and parallelizable algorithms have to be designed, implemented and validated.
This requires an in-depth understanding of both the theoretical properties and
the numerical realization of such structural insights. Therefore, a ‘core’ develop-
ment within the field of optimization with PDE-constraints such as the analysis
of control-and-state-constrained problems, the role of obstacles, multi-phases etc.
and an interdisciplinary ‘diagonal’ bridging regarding applications and numerical
simulation are most important.

The aim of the conference, therefore, was to bring together applied mathe-
maticians and also engineers in order to provide a state-of-the-art and to establish
new standards in the field. It became apparent that the analysis of state-con-
strained nonlinear optimal control problems, of such problems governed by varia-
tional inequalities and the analysis of free boundary value problems are a key issues.
Moreover, shape and topology optimization becomes critical in material sciences,
light-weight materials, complex chambers and flexible structures. Shape-calculus
in combination with top-level optimization algorithms and in particular the com-
bination of topological and shape gradients are subject to analysis and simulation.

The editors express their gratitude to the contributors of this volume, the
Oberwolfach Institute, and the Birkh&user-Verlag for publishing this volume.

K. Kunisch, G. Leugering,
J. Sprekels and F. Troltzsch
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A Sharp Geometric Condition for the
Boundary Exponential Stabilizability of a
Square Plate by Moment Feedbacks only

K. Ammari, M. Tucsnak and G. Tenenbaum

Abstract. We consider a boundary stabilization problem for the plate equa-
tion in a square. The feedback law gives the bending moment on a part of the
boundary as function of the velocity field of the plate. The main result of the
paper asserts that the obtained closed loop system is exponentially stable if
and only if the controlled part of the boundary contains a vertical and a hor-
izontal part of non-zero length (the geometric optics condition introduced by
Bardos, Lebeau and Rauch in [2] for the wave equation is thus not necessary
in this case). The proof of the main result uses the methodology introduced in
Ammari and Tucsnak [1], where the exponential stability for the closed loop
problem is reduced to an observability estimate for the corresponding uncon-
trolled system combined to a boundedness property of the transfer function
of the associated open loop system. The second essential ingredient of the
proof is an observability inequality recently proved by Ramdani, Takahashi,

Tenenbaum and Tucsnak [7]

Keywords. Boundary stabilization, Dirichlet type boundary feedback, plate

equation.

1. Introduction and main results

In this work we study the boundary stabilization of a square Euler-Bernoulli plate
by means of a feedback acting on the bending moment on a part of the boundary.
Let us first describe the open loop control problem. Let © C R? be an open
bounded set representing the domain occupied by the plate. We denote by OS2 the
boundary of €2 and we assume that 00 = I'g Uy, where I'g, I'; are open subsets
of Q0 with T’y N Ty = (0. The transverse displacement of the plate at the point x
and at the moment ¢ will be denoted by w(z,t). We assume that 9f2 is fixed, that
the plate is simply supported on I’y and that a bending moment (the control) is

acting on I';.
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With the above notation, the system modelling the vibrations of the plate
with boundary control acting on the moment can be written as

W+ A%w =0, zeN, t>0, (1.1)

w(z,t) =0, x €0, t>0, (1.2)

Aw(z,t) =0, x €Ty, t>0 (1.3)

Aw(z,t) = u(x,t), rel, t>0 (1.4)

w(x,0) = wo(x), w(x,0)=wi(x), x € 1, (1.5)

where we have denoted by a dot differentiation with respect to the time ¢ and
v stands for the unit normal vector of 992 pointing towards the exterior of Q.
It is known (see, for instance, Lasiecka and Triggiani [4]) that for any input
function u € L _(0,00; L?(I'1)) the system (1.1)—(1.5) admits a unique solution
w € C([0,00); HE(Q)) N CL([0,00); H=1()) (this result has been proved for any
smooth domain ). The controllability of the dynamical system determined by
(1.1)—(1.5) has been investigated in several works such as Krabs, Leugering and
Seidman [3], Leugering [6], [4], Lebeau [5] and in [7]. In [4] the exact controllability
has been established in the case when the control is active on the whole boundary
whereas in [5] the controlled part of the boundary was supposed to satisfy the
geometric optics condition of Bardos, Lebeau and Rauch. In [7] the exact con-
trollability of the system (1.1)—(1.5) has been established under the assumption
that € is a square and under a much weaker assumption on the controlled part of
the boundary (T'; is only supposed to contain non-empty vertical and horizontal
subsets).

The main result of the paper concerns a system obtained by giving the input
w in (1.9) as function of w. More precisely, we consider the equations

W+ A%w =0, reEQ, t>0, (1.6)

w(z, t) =0, z €00, t >0, (1.7)

Aw(z,t) =0, zely, t>0 (1.8)

Aw(z,t) = —;V(Gw), xel, t>0 (1.9)

w(z,0) = wo(z), w(z,0)=wi(x), x € . (1.10)

The operator G in (1.9) is defined as Ay*', where Ay : H}(Q) — H~Y(Q) is
defined by Agp = —Ap for all ¢ € H}(2). The system (1.6)—(1.10) is obtained
from (1.1)—(1.5) by giving the control w in the feedback form

u(z,t) = —(,?V(Gwy xely, t>0.

This choice of the feedback law is the simplest one which makes the mapping
t— ||(w(o7t),u';(~,t)||i,éxH_1 decreasing. The concept of solution of (1.6)—(1.10)
will be made precise in Section 3. In the same section we also give a proof of the
following result.
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Proposition 1.1. Assume that Q C R? is an open set with smooth boundary or that
Q is a square. Moreover, suppose that wo € HY () and that wy € Hy '(2). Then
the initial and boundary value problem (1.6)—~(1.10) admits a unique solution. In
other words (1.6)—(1.10) determine a well-posed linear dynamical system with state
space H3(Q) x H1(Q).

The above result has been first proved in [4]. However, for the sake of com-
pleteness we give here the proof. Moreover, the notation introduced for this proof
will be useful in the proof of our main result.

The exponential stability of (1.6)—(1.10) has been studied in [4] where it has
been shown that the system is exponentially stable if I'y = 0. In this paper
we show that if € is a square we only need a much smaller control region. More
precisely, the main result of this paper is the following theorem:

Theorem 1.2. Assume that Q is a square in R%. Then the following assertions are
equivalent:

1. The linear dynamical system determined by (1.6)—(1.10) is exponentially sta-
ble in HY(Q) x H~1(R).
2. 'y contains both a horizontal and a vertical segment of non-zero length.

The paper is organized as follows. In Section 2 we recall some results on a
class of dynamical systems. In Section 3 we prove Proposition 1.1 asserting that
(1.6)—(1.10) determine a dynamical system and we show that this system fits into
the framework introduced in Section 2. The last section is devoted to the proof of
Theorem 1.2.

2. Some background on a class of dynamical systems

In this section we recall, following Ammari and Tucsnak [1], some results on a
class of systems which appears naturally in mathematical models of vibrating
systems with damping. Let H be a Hilbert space, and let A; : D(Ay) — H be
a self-adjoint, positive and boundedly invertible operator. We introduce the scale
of Hilbert spaces H,, a € R, as follows: for every a > 0, H, = D(A{), with the
norm ||zl = ||A#|m. The space H_, is defined by duality with respect to the
pivot space H as follows: H_, = H for a > 0. The operator A; can be extended
(or restricted) to each Hy, such that it becomes a bounded operator

A H,— H,_1 VaeR. (211)

The second ingredient needed for our construction is a bounded linear opera-
tor By : U —H _1, where U is another Hilbert space which will be identified with
its dual.

The systems we consider are described by

w(t) + Aqw(t) + B1Bjw(t) = 0, (2.12)

w(0) = wo, w(0) = wi, (2.13)



4 K. Ammari, M. Tucsnak and G. Tenenbaum

where ¢ € [0, 00) is the time. The equation (2.12) is understood as an equation in
H_;, i.e., all the terms are in H_;. Most of the linear equations modelling the
damped vibrations of elastic structures can be written in the form (2.12), where
w stands for the displacement field and the term ByBjw(t), represents a viscous
feedback damping. The system (2.12)—(2.13) is well posed. More precisely, the
following classical result (see, for instance, Weiss and Tucsnak [8]) holds.

1
Proposition 2.1. Suppose that (wg,w1) € D(A) x H. Then the problem (2.12)-
(2.13) admits a unique solution

w € C([0,00); D(A2)) N CL([0, 00); H)

such that Bjw(-) € HY(0,T;U). Moreover w satisfies, for all t > 0, the energy
estimate

+ 2
. d .
I(wo, w5 = l(w(®), w@)I* , = / Biw(s)|| ds. (2.14)
D(AZ)xH D(A2)xH o || dt U
From (2.14) it follows that the mapping ¢ +— ||(w(t),w(t))||* is non-
D(A2)x H

increasing. In many applications it is important to know if this mapping decays
exponentially when ¢t — oo, i.e., if the system (2.12)—(2.13) is exponentially stable.
One of the methods currently used for proving such exponential stability results
is based on an observability inequality for the undamped system associated to
(2.12)—(2.13). More precisely, consider the initial value problem

o(t) + Arg(t) =0, (2.15)

6(0) = wo, $(0) = wi. (2.16)

It is well known that (2.15)—(2.16) is well posed in D(A;) x D(A%) and in D(A%) X
H. The result below, proved in [1], shows that, under a certain regularity assump-
tion, the exponential stability of (2.12)—(2.13) is equivalent to an observability
inequality for (2.15)—(2.16). More precisely, we have:

Theorem 2.2. Assume that for any v > 0 we have

sup || ABF (N1 + Al)*131||w) < 0. (2.17)
ReA=~

Then the system described by (2.12)—(2.13) is exponentially stable in D(A%) x H
if and only if there exists T > 0,C > 0 such that

¥ (wo,wy) € D(A1) x D(A?).
(2.18)

T
/IIBi"(b(lt)Il?Jdlﬁ2Cll(wtmvl)ll2
0 D(A
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3. Proof of Proposition 1.1

Notation. Throughout this section, €2, I’y and I'; are as in the first section. We
denote by H the Sobolev space H~1(Q) and

D(A1) = {p € Hp(Q) | Ap € Hy(Q)} .
The operator A; : D(A;) — H is defined by Ao = A2y for all ¢ € D(A;). This
operator is clearly the square of the operator Ay in the introduction, thus it is
clearly self-adjoint, bounded by below and the space H 1= D(A%) is given by
H, = H$(). The input space L?(T) is denoted by U.

In this section we show that the system (1.6)—(1.10) can be written in the form
(2.12)—(2.13), by an appropriate choice of the spaces and operators. Then, by using
Proposition 2.1 we obtain a wellposedness result for (1.6)—(1.10).

We first define the concept of a weak solution of (1.6)—(1.10).
Definition 3.1. For wy € H(Q), w1 € H~ (), a function
w € C([0,00); Hy () N CH([0,00), H ()
is called a weak solution of (1.6)-(1.10) if 2 (Gw) € LE (0, 00; L*(T'1)) and for all
t > 0 and for all n € D(Ag) we have

(W) m 1,1y — <w1a77>H—1 o}

/ /Aw x, s)An(x dxds+/ / (z)dI'ds = 0. (3.19)
T aV

w(z,0) = wo(x Ve Q (3.20)

In order to show the existence and uniqueness of the weak solutions of the
system (1.6)—(1.10), we will need the following simple result, a direct consequence
of the Riesz representation theorem in L?():

Proposition 3.2. For every v € L(T'), there exists a unique function Rv € H?(2)N
HS(Q) such that
(G)

/QA(RV)(:B)w(:U)dx = f/rv 5, AT Vi€ L*(9). (3.21)

Moreover, the operator R defined above is linear and bounded from L2(T) into
L2(9).

Remark 3.3. The above defined mapping R has the following property: if we as-
sume that v is continuous on 92 and Rv € C4(Q) N C%(Q) then Rv satisfies the
conditions
A*(Rv) =0 in Q,
v=0 on 09.
A(Rv) =v on 0f.

This fact can be easily checked by using Green’s formula.
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Let us introduce the operator By € L(U, H_;) defined by
Biv = A Rv VveU, (3.22)

where A; is considered as an operator from H; to H_; and R: U — L?(Q) is the
mapping defined in Proposition 3.2.

Proposition 3.4. The adjoint of the operator By defined in (3.22) is the operator
C, € E(H;,U) defined by

9(G9)
ov

Proof. Let ¢ € H2(Q) NH(Q) € Hy and u € L*(T;). Then we have
(Blu,¢>H_1 JH, <RU7A1¢>H = <Ruv¢>H1 J

Ci¢ = Bj¢p = Ty V¢ e Hi =Hg(Q). (3.23)

which, by using the fact that Hy = H$(2) and by applying Green’s formula implies
that

Brud)y = - / A(Ru)odz.
T2 2 Q
By using the density of H2(2) N H(Q) in HS(Q) and (3.21), it follows that, for

every ¢ € H}(Q) and for every u € L?(T'y),

2(G
<B1u7¢>H75,H% = /Flu (81/¢)dr'

We conclude that the adjoint of B; (using the pivot space H = H~1(£2)) is given
by (3.23). O

Proof of Proposition 1.1. The essential part of the proof consists in showing that
a function w :  x [0,00) — C is a weak solution of (1.6)—(1.10) if and only if the
mapping ¢ — w(-, t) is a solution in H_1 of

’U)(t) + Alw(t) + BlBi‘U')(t) =0, (324)
(3.25)
Since G maps H; onto Hy, for n € H; there exists a unique ¢ € H; = H{(Q) such
that 7 = G. Thus relation (3.19) is equivalent to the fact that, for all ¢ € H}(€2),

we have

w(0) = wp, w(0) =w;.

/Qu')(a:,t)Ggo(x)dx—/wl(a:)Ggo(x)dx

Q
t 0 (Gi) 9 (Gep)
- A I =0. 2
/0 /Q w(zx, s)p(x)deds + /1“1 9 Py d 0 (3.26)
Since w = —A(Gw), a simple application of Green’s formula yields that

/w(x,t)ch(x)dx _ /V(Gu&)-V(Gw)dx.
Q Q
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The above relation and the definition of the inner product in H imply that

/u')(x,t)th(x) dz = (w, ). (3.27)
Q
Similarly we can show that
/wl(x)th(x) dz = (w1, ). (3.28)
Q

On the other hand
/ Awpdz — / V(Gw) - V(Ag)dz — / V(Gw)-V(GA)de.  (3.29)
Q Q Q

Consequently, we have
/ wpdr = (w, A1p) Y€ Hy(Q).
Q

By using (3.26)—(3.29), combined to Proposition 3.4 we obtain that w is a weak
solution of (1.6)—(1.10) iff w satisfies (3.20) and, for all ¢ € H; we have:

(W(t) — 0, ) + / (w(0), Arg)do = / (BiBjifo),¢)do ¥t 0,00,

The above relation, combined to the fact that A; is self-adjoint, clearly imply that
w is a weak solution of (1.6)—(1.10) if and only if the mapping t —w(-,t) is a
solution of (3.24)~(3.25) in H_,.

The existence and uniqueness of a weak solution of (1.6)—(1.10) follows now
from Proposition 2.1. O

4. Proof of the main result

An important ingredient of the proof of Theorem 1.2 is the following technical
result:

Lemma 4.1. For every v > 0 we have

sup Z

Rex=vy,meN =7

A

. 4.1
A2 + (n? + m?)? <0 (4.1)

Proof. Let X\ be a complex number with real part equal to v > 0 and denote by (3
the imaginary part of . We set

503

n>1

A

v N.
A2 4 (n? +m?2)? me

We have
Sm < V2 Al
e 18] +[(n? +m2)? + 2 — 32

n>1

Vm e N. (4.2)
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By symmetry, it suffices to find an upper bound for the right-hand side of (4.2)
which is valid for every § > 0.

We distinguish three cases.

Case 1. Assume that 0 < 3 < 7. Then (4.2) implies that:

- V10 1

Sm_ 5 Vm € N.
n21ﬁ+’(n2+m2)2+31

Consequently, for all m € N we have

Sm S Cl'yv

where

V10 1
Ciy = Z 342 :
2 n>1 Z +TL4

Case 2. Assume that 7 < 3 < 2v. In this case (4.2) implies that:
1

1
S, < 20 10 Y N.
SRR DIEEVILD DRI me
<n<2y n>2y

Thus, in this case, for all m € N we have
Sm < 0277

where

1
Cay = 29V20+9V10 Y 4 g

n>2y

2

Cuase 3. Assume that § > 2y and denote 3 := \/62 —~2. Then clearly é/B <
By < and (4.2) implies that for all m € N we have

B 1

S <2 <2 :
" ,§6+(m2+n2+6)lm2+n2—ﬁvl gmmumm

(4.3)

For k,m > 1 we next estimate the number of integers n, such that the inequality
2kl < m? 4 n? — g, <28, (4.4)

holds true. Assume that
21 4 8, —m? > 0. (4.5)
In this case (4.4) implies that

\/Qk*1+ﬂvfm2<n§\/2k+ﬂvfm2.
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Consequently, (4.4) is satisfied for at most /2% + 8, — m2—/2k=1 + 3, — m2+1
integers n. Since

\/Qk_'_ﬁ’y_mQ_ \/Qk—l +6’7_m2

2k—1
B \/2k+67_m2+\/2k'—1+67_m2
we have that, under the assumption (4.5), the inequality (4.4) is satisfied for at

k—1
<2"

)

most 22" + 1 integers m. If we assume that
96=1 4 3. —m? <0,
then (4.4) implies that
1<n<28,
We have thus shown that the inequality (4.4) is satisfied for at most 2" 11

integers n. It can be shown in a completely similar way that for any k,m > 1
k
there exist at most 2°3 + 1 integers n such that

ok—1 <6,Y—mQ—n2 < 2k,

Consequently, the inequality 25~ < |m?+n?— 3,| < 2* holds for at most 2 D))
integers n. Moreover, the inequality |m? + n? — By < 1 holds for at most three
integers n. Thus, we have

S < Cy vmeN,

where
037 =6+226;k .
E>1
Consequently, for all m € N and for all A € C with Re\ =~ > 0, we have

Sm < max {Clvv CQ'yv Cdv} )
which implies the conclusion (4.1). O

Proof of Theorem 1.2. We have seen in the proof of Proposition 1.1 that (1.6)—
(1.10) can be written in the form (3.24), (3.25) with A; and B; defined in Section
3. In order to apply Proposition 2.2 we need to estimate the norm in £(U) of the
operator

H(\) = AB; (VT + Ay)7'By,
for A € C with Re A =~ > 0. This will be done by using the eigenvalues and the
eigenvectors of Ap. It is easy to see that the eigenvalues of A; are

fmn = (m?* 4+ n?)2, vV m,n € N*.
A corresponding family of normalized (in H = H~%(1)), eigenfunctions of A; are

2/m2 4 n2
D, (21, 22) = Vim? 4 n sin (ma1) sin (nag) Vm,n € N*.
7r
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For v € U denote ¥y = ()\21 + Al)’lBlv. If we consider the decomposition
Ur= > mn(N)Pmn, (4.6)
m,n>1
then we see that

<Blv’ (bm TL>H 1,H1 <V B*¢ >
’ _1, 9 1 *+¥m,n LQ(Fl)

mn(A) = 2.0 = VYm, n>1. (4.7
@, () A2 4 (m2 4 n2)? A2 4 (m2 + n2)? m, nz (4.7)
Notice that, by symmetry considerations, it suffices to consider the case when I'y
is one of the sides of the square. Therefore, in the remaining part of the proof we
assume that 'y = (0,7) x {0}, which implies that U = L?(0, ). In this case, by

using Proposition 3.4 we see that

2n
wv/m?2 4 n?
If we consider the Fourier series of v, denoted by

v(zy) = Z by sin (kz1),

k>1

Bi®,, n(z1) = sin (ma1) Vm,n>1. (4.8)

then (4.7) and (4.8) imply that

nb,
- Vm?2 +n2[A2 + (m2 + n?)?]
The above relation, combined to (4.6) and to (4.8) imply that, for almost all
x1 € (0,7), we have

Vm, n>1.

Qm,\n

n2b,,

m?2 + n2)[A2 + (m2 + n2)?] sin (may) .

[HOWV)(21) = ABiwal(z1) = A Y (
m,n>1
(4.9)
On the other hand, if ReA = v > 0 then Lemma 4.1 implies the existence of a
constant K > 0 such that

1n2bym,

A « (m? +n?)[A? + (m? + n?)?]

n>

The above relation and (4.9) imply that

Y
IOz < /5

for all A € C with Re\ = . Consequently, the pair (A;, By) satisfies the assump-
tion (2.17) in Theorem 2.2. This fact, combined with the result in [7], saying that
(A1, By) satisfies condition (2.18) in Theorem 2.2 if and only if I'; contains both a
horizontal and a vertical segment of non-zero length, yields the conclusion of the
theorem.
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of the Navier-Stokes Equations, d = 2, 3,
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Abstract. We review recent results on the boundary and interior feedback
stabilization of Navier-Stokes equations, d = 2, 3, and provide new ones.
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0. Orientation

Opening question: What axiomatic properties, and in what topological setting,
depending on the dimension d = 2, 3, need to be satisfied by the linearized Navier-
Stokes equations, in order to guarantee local exponential stabilization of the (full
nonlinear) Navier-Stokes equations, in the vicinity of a steady-state solution, by
means of the same boundary feedback mechanism, which has proved successful in
the linearized dynamics?

The core of this question was the motivating strategy behind the approaches
successfully pursued in achieving local exponential stabilization, near an equilib-
rium solution, of the Navier-Stokes equations in the authors’ recent work: first, by
means of a localized interior feedback control, d = 2,3, [B.1], [B-T.1]; and next,
more challengingly, by means of a tangential boundary feedback control, d = 2,3,
[B-L-T.1], [B-L-T.2]. In these works, implementation of this strategy was based
on a basic well-known fact in optimal control theory: that the linear quadratic
control problem not only identifies, in feedback form, the optimal solution of the
corresponding minimization problem; but, moreover, it yields that such optimal

Research partially supported by the National Science Foundation under Grant DMS-0104305,
and by the Army Research Office under Grant DAAD19-02-1-0179.
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feedback solution has the additional attractive bonus of being uniformly, expo-
nentially stable. That is, the optimization problem forces dissipation. This tenet,
therefore, prompts the following guiding directive, first implemented in [La.3] (in
the case of nonlinear hyperbolic problems): in order to inject dissipation as to force
local exponential stabilization of the steady-state solutions, an Optimal Control
Problem (OCP) with a quadratic cost functional over an infinite time horizon is
introduced for the linearized N-S equations. As a result, the same Riccati-based,
optimal boundary feedback controller which is obtained in the linearized OCP is
then selected and implemented also in the full N-S system. Implementation of this
known idea depends on how ‘rough’ the nonlinear term in the full nonlinear dy-
namics is; and, consequently, what is the topological setting that the nonlinear
term imposes and dictates on the problem.

In the case of Navier-Stokes equations, this strategy has been successfully im-
plemented first to obtain stabilizing, Riccati-based, localized interior feedback con-
trols, d = 2,3 [B.1], [B-T.1]; and, subsequently, with the critical use of [B-T.1], to
obtain stabilizing, Riccati-based, tangential boundary controls, d = 2,3 [B-L-T.1],
[B-L-T.2]. In all cases, the class of initial conditions, topologically depending on
the dimension d = 2, 3, is tangential on the boundary. Paper [B-L-T.1] was mainly
devoted to the more challenging case d = 3, as well as its supporting, preliminary
background: the establishment of an optimal regularity theory of the mixed (ini-
tial, boundary value) problem for the linearized N-S equations and corresponding
adjoint problem; the derivation of the abstract model for the mixed linearized
N-S equations, in particular of the control operator “B” and its corresponding
(trace operator) adjoint “B*”; open-loop well-posedness of the optimization (lin-
ear quadratic) problem for the linearized N-S equations, at the high topological
level that is forced and imposed by the nonlinear term for d = 3; corresponding
linear quadratic and algebraic Riccati theory, etc. The more amenable case d = 2
may be made to fall into standard OCP and Riccati theory as in [La.1], [La.2],
[L-T.1]-[L-T.4], and is therefore relegated to [B-L-T.1, Appendix B].

Having at hand a definite, Riccati-based solution of the local exponential
stabilization problem for Navier-Stokes equations with either localized interior
[B-T.1] or else tangential boundary feedback controls [B-L-T.1], the next phase of
investigation was to address the opening question in its full force and generality.
Are different feedback controls, other than Riccati-based, also possible to likewise
obtain local exponential feedback stabilization of the full nonlinear N-S equations
in a vicinity of an equilibrium solution? Attractive alternatives include: spectral-
based feedback controls; or feedback controls induced by approximating numerical
schemes. In this broader setting, the issue of local feedback stabilization of N-S
equations for d = 2,3, was then revisited in [B-L-T.2]. Here, guided by the con-
crete solutions in [B-T.1] and [B-L-T.1] for d = 2,3, and [R.1] for d = 2, the key
essential ingredients occurring in the treatment of the special Riccati-based solu-
tion presented in these references were singled out. They were then elevated to two
abstract settings — each involving exclusively well-posedness and stability proper-
ties of the linearized N-S problem — having, as a desired distinguishing feature, the
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capability to imply and guarantee local, tangential feedback stabilization of the
equilibrium solution for the full N-S problem. They are labeled Setting #1 and Set-
ting #2, the second being contained in the first. In short: this is an illustration of
the principle of “local feedback stabilization of the nonlinear dynamics by virtue of
global feedback stabilization of its linearized part.” The correct topological setting
is critical, however.

In this paper, we present the topic of N-S feedback stabilization by follow-
ing the more general setting of [B-L-T.2]. This way, we shall present not only the
original, Riccati-based, local feedback stabilization results of Navier-Stokes equa-
tions of the aforementioned references, but also the additional, new, spectral-based
counterparts, as cast within the aforementioned abstract setting, by verifying the
corresponding abstract assumptions. To be sure, the abstract assumptions will
not define the problem away; rather, it is plain that actual verification of these
abstract assumptions relies critically on the technical analysis and results of the
original work [B-L-T.1]. Within the limited space, our goal is therefore to espouse
the guiding ideas behind the principle of “local feedback stabilization of the nonlin-
ear system by global feedback stabilization of its linearized part,” while deferring
most of the proofs to the original sources. There will be two exceptions: Section 4
and Section 5. In Section 4, we shall re-obtain the main local exponential feedback
stabilization result of [B-T.1] by means of a localized interior Riccati-based feed-
back controls, as an illustration of both the abstract Setting #1 and the abstract
Setting #2, by verifying the corresponding abstract assumptions. This phase will
rest critically on the technical analysis and result of [B-T.1], of course. Finally, in
Section 5, we shall go one step further and present a new result as an application,
again, of abstract Setting #1 and abstract Setting #2: a corresponding local ex-
ponential feedback stabilization of N-S equations, d = 2, 3, by means of, this time,
spectral-based localized interior feedback controls.

High-gain versus low-gain feedback stabilizing controllers. Cumulatively, [B-L-T.1]
and [B-L-T.2] yield local feedback tangential boundary feedback stabilization re-
sults for d = 2, 3, either with high-gain, Riccati-based feedback controllers, or else
with low-gain, Riccati-based or spectral-based feedback controllers. More precisely:
for d = 3, high-gain, Riccati-based feedback controllers ([B-L-T.1] and [B-L-T.2,
Section 2.1]), while for d = 2, either high-gain, Riccati-based feedback controllers
([B-L-T.1] and [B-L-T.2, Section 2.2]), or else low-gain, Riccati-based ([B-L-T.1,
Appendix B], [B-L-T.2, Section 3.1]), or spectral-based ([B-L-T.2, Section 3.2])
feedback controllers. Paper [R.1] deals with low-gain, Riccati-based feedback con-
trollers for d = 2: it served as a further motivation for us to revisit the problem.
What are then the advantages and disadvantages of high-gain versus low-gain
implementation of feedback controllers?

The main advantage of the low-gain, Riccati-based feedback controller (case
d = 2) is the validity of Theorem 3.1.1 below, which is taken from [B-L-T.1,
Propositio B.4.1], [B-L-T.2]. It contains, in particular, the following features: (i)
the feedback operator is bounded; (ii) the s.c. feedback semigroup is analytic;
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(iii) the Algebraic Riccati Equation (ARE) is simple and transparent on H: see
Eqn. (3.1.3) below, which is valid for all testing functions y, z € H; hence, as an
operator equation. In contrast, the high-gain, Riccati-based feedback controller
(case d = 3) offers a mixed balance. To begin with, it has an unbounded feedback.
On the one hand, it yields the distinct advantage that the feedback generator Ar
is dissipative with respect to the inner product (-, R-)y, R the Riccati operator
unbounded on H [B-L-T.1, Proposition 4.5.1, Eqn. (4.5.1)], which is equivalent
to the inner product of the state space W C H [the |z|w-norm is equivalent to
the |R2z|g-norm, z € W, see below: (2.1.4) for d = 3 and (2.2.11) for d = 2].
The nonlinear dynamics is accordingly dissipative on a desirable high-topological
level state space W with high coercivity (“g + €’ derivative in space and Lo
in time). As a consequence, feedback controllers with high gain are expected to
be “robust,” with respect to a larger class of perturbations. This feature is, in
particular, expected to play an important role in the corresponding numerical
construction of feedback stabilizers. (We intend to provide details thereof in a
subsequent analysis elsewhere.)

On the other hand, this approach (for d = 3) inherits the disadvantage
that the ARE is valid for all testing function in the domain D(A4%) [B-L-T.1,
Eqn. (4.5.1)].

We further remark that the low-gain setting and high-gain setting both con-
tribute extra regularity of the linearized dynamics, but for different reasons. In the
low-gain setting, extra regularity of the linearized dynamics is obtained due to the
analyticity of the feedback semigroup; while in the high-gain setting, it is the un-
bounded observation that contributes extra regularity of the linearized dynamics.

It may not always be possible to have both options available, e.g., d = 3 in
the boundary case.

The case d = 2. A main claim that we wish to make at the outset is this: that, for
d = 2, the optimal control theory and related Riccati theory of the optimal control
problem in Section 3.1, Eqn. (3.1.1), at the low- (that is, H—, hence (L2(Q2))2-)
topological level, with identity on H as observation, can be essentially borrowed
from long-established (late 70’s—mid 80’s [La.1-2], [L-T.1-2]) parabolic optimal
control theory, as reported in book-form in [L-T.4, Chapter 2], once the following
two main ingredients are in place:

(i) Optimal regularity theory on H-based spaces of the linearized N-S (tangen-
tial) mized problem (1.1.20), or its abstract version (1.1.21); that is, under
the action of a non-homogeneous tangential boundary term (control) in the
Dirichlet (no-slip) boundary conditions. This theory, which generalizes to N-
S problems the mixed theory for classical parabolic problems as in [L-M.1,
Vol. 2] (to cover even a critical range of the interpolating parameter not in-
cluded in [L-M.1, Vol. 2] as pointed out in [B-L-T.1, Remark 3.1.1}) is given
in [B-L-T.1, Section 3.1, Theorems 3.1.4 through 3.1.8].

(ii) The abstract models (1.1.21) (linearized N-S problem) and (1.2.8) (full, non-
linear N-S problem), established in [B-L-T.1, Section 3.1, Section 5] for
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the corresponding PDE-versions (1.2.20) and (1.1.12) with tangential con-
trols. These are then complemented by the critical trace result (1.1.19):
Dj Ay = —vy 2 on D(A*), which is established in [B-L-T.1, Proposition
3.2.1].

The validity of this latter paragraph is verified in the statements of Theorem
3.1.1 and Proposition 3.1.2: see, in particular, the preliminaries, as well as the
actual proof of Proposition 3.1.2 given in [B-L-T.2, Section 6].

1. Introduction; setting; main results

1.1. Setting of the problem; goal

Boundary controlled Navier-Stokes equations. We consider the controlled Navier-
Stokes equations (see [C-F.1, p. 45], [Te.1, p. 253] for the uncontrolled case u = 0)
with boundary control « in the Dirichlet (no-slip) B.C.:

() — oAyl t) + (y- V(o t) = folw) + Vpi(at) in Qs (111a)
V-y =0 in@; (1.1.1b)

y = u on ¥; (1.1.1c)

y(z,0) = yo(x) in Q. (1.1.1d)

Here, Q = 2 x (0,00); ¥ = 9Q x (0,00) and € is an open smooth bounded
domain of R4, d = 2,3; u € L0, T; (L?(02))?) is the boundary control input; and
y = (y1,Y2,--.,ya) is the state (velocity) of the system. The constant vy > 0 is the
viscosity coefficient. The functions yg, f. € (L%(Q2))? are given, the latter being a

body force, while —p; is the unknown pressure. The boundary 92 is assumed to
be of class C2.

Steady-state solutions. Let (y.,p.) € (H%(Q))? N V) x HY(Q) be a steady-state
(equilibrium) solution to equations (1.1.1), i.e.,

—VoAYe + (Ye - V)ye = fe+ Vpe in (1.1.2a)
Vye = 0 inQ;  (1.1.2b)
Yye = 0 on 0Q. (1.1.2¢)

A steady-state solution is known to exist for d = 2,3 [C-F.1, Theorem 7.3,
p. 59]. Here, [C-F.1, p. 9], [Te.1, p. 18],

V = {y € (HA(Q)% V -y =0} with norm [lyllv = [y = { / |Vy<x>|2dﬂ}2 |

(1.1.3)
For large Reynolds number 1,107 the steady-state (stationary) solutions y. are un-
stable and cause turbulence in their surroundings. Let y. be one such unstable
steady-state solution.
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Ambient state space; boundary control space. Throughout the paper, we shall
make reference to the classical space [C-F.1, p. 7], [Te.1, p. 15]:

H={ye(L*(Q)% V-y=0; y-v=0o0n o}, (1.1.4)
so that the following orthogonal decomposition holds true:
(LX) =H+H*, H ={ye (L*(Q)?: y=gradp, pc H'(Q)}. (1.1.5)

Here, v is the unit outward normal to the boundary 992 of €. Because of
the divergence theorem, we have: [,V -ydQ = [Ly-vdl, T = 9Q. Thus, by
(1.1.1b—c), we must require, at least, the integral boundary compatibility condition
fr u-vdl’ = 0 on the boundary control function. Actually, in order for the velocity
y to fall into the space H in (1.1.4), a more stringent condition will be imposed
on u. Indeed, throughout this paper, we choose the control space U defined by

U=L*0,00;U); U={pe(L*M)*: p-v=0ael. (1.1.6)

Thus, in line with [B-L-T.1], we restrict to the class of boundary controls with
purely tangential boundary action, at each point of 9Q =T.

Goal. Our goal is to identify a more specific and natural space W C H (possibly
depending on the dimension d), and a linear feedback operator

F: W D>D(F)—Uc (L*T)), (1.1.7)

densely defined in W, such that: If the I.C. yo € V, for p > 0 sufficiently small,
where

V/J = {yO eW: |y0 - ye|W < p}a (118)

and if the control u is given by the following feedback tangential control law
u=F(y—vy.), onkx, (1.1.9)

then the resulting N-S problem (1.1.1), obtained from inserting (1.1.9) into (1.1.1c)
[i.e., with (1.1.1c) replaced by y = F(y — y.) on 3], possesses the following two
features:

(i) it is semigroup well-posed on W;

(ii) it exponentially stabilizes the flow of (1.1.1), (1.1.9) in W: There exist con-
stants M > 1 and w > 0, independent of p > 0 such that its solution y
satisfies

ly(t) — velw < Me “"yo — yelw, t > 0. (1.1.10)

Translated nonlinear N-S problem: PDE and abstract versions. It is natural, as
in [B-L-T.1], to consider the nonlinear problem (1.1.1) around the equilibrium
solution y.. Thus, we introduce the new variables

N=Y = Ye; D =P1— Pe (1.1.11)
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for velocity and pressure. Then, by substitution of (1.1.11) in (1.1.1), we obtain
the PDE version of the translated nonlinear N-S problem in n and p:

ne —voAn+ (- V)n+ (e - V)n+ (- V)ye =Vp inQ; (1.1.12a)
V-n=0 in Q; (1.1.12b)
n=u on 3 (1.1.12¢)
10(2) = yo(2) — ye(z) in Q. (1.1.12d)

It is shown in [B-L-T.1, Section 3.1 and Appendix A.2] that the abstract
model of the N-S problem (1.1.12) projected on the space H defined by (1.1.4) is
given by

m — An+ Bn=—ADu € [D(A*)]', no € H, u-v =0 on X. (1.1.13)

Here: (i) the operator A in (1.1.13) is the extension by transposition A : H —
[D(A*)], duality with respect to H as a pivot space, of the original (differential)
Oseen operator

A= —(nA+ Ay), D(A) =D(A) = (H*(Q)'NV — H; (1.1.14)

Av = —PAv, Y v € D(A); Agv = P((ye - Vv + (v- V)ye); D(Ag) =V =D(A2),

(1.1.15)
where P : (L?(Q))? — H is the Leray projector [C-F.1, p. 9], which is orthogonal
on (L%(Q))4. Thus, applying P to Eqn. (1.1.12a) eliminates the pressure term on
H by virtue of (1.1.5); moreover, Pn, = n, asn-v = u-v = 0 on 3, as imposed in
(1.1.6). See [B-L-T.1, Appendix A.1] for the required extension of P outside the
space (L?(£2))4. The following results are well known. The operator —vpA (19 > 0,
the viscosity coefficient) is negative self-adjoint and has compact resolvent on H.
Thus, —1pA generates a s.c. analytic (self-adjoint) semigroup on H. Moreover, the
perturbed operator A in (1.1.14) likewise has compact resolvent and generates a
s.c. analytic semigroup on H. Finally, the operator A has a finite number N of
eigenvalues \; with Re A; > 0 (the unstable eigenvalues):

Re Any1 <0< Re Ay <--- <Re ;. (1.1.16)

The eigenvalues are repeated according to their algebraic multiplicity £;. Finally,
l1+Llo+- - -+L€y = N, where M denotes the number of distinct unstable eigenvalues

of A.
(ii) The operator B : V' — V' in (1.1.13) is defined by [C-F.1, p. 54], [Te.1, p. 162]:

Bv = P[(v-V)v], BeLWV;V"). (1.1.17)

(iii) The definition of the ‘Dirichlet map’ D in (1.1.13) is more delicate and is given
as follows [B-L-T.1, Section 3.1, complemented by Appendix A.2]. Essentially, we
may begin by introducing the Dirichlet map Dy which solves the static Oseen
problem translated by a suitable constant k, due to a tangential boundary datum
gonTI' g-v=0onTI. There is no essential loss of generality to take £k = 0, and
write D for Dy—o, as in (1.1.13).
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Two features are important:

(i) [B-L-T.1, Eqn. (3.1.3)]
D : continuous (H*(T))? — (H*T2(Q) N H, s> 0; (1.1.18)

(ii) [B-L-T.1, Lemma 3.3.1]

0
D*.A*QO = 1

3‘5, ¢ € D(A*) = D(A). (1.1.19)

Linearization of translated N-S problem: PDE and abstract versions. The lin-
earized version of the translated nonlinear PDE 7-problem (1.1.12) is

vy — 1AV + (ye - Vv + (v-V)ye = Vp  in Q; (1.1.20a)
Vou=0 in Q; (1.1.20b)
v=u in ¥; (1.1.20c)
vo(x) = yo(x) — ye(x) in Q. (1.1.20d)

Its abstract version on H is then, from (1.1.13),
vy = A(v — Du), v(0) = vp. (1.1.21)

1.2. Two abstract settings and statement of corresponding main, local,
exponential, feedback stabilization results of N-S systems [B-L-T.2]

In this section, we shall introduce two abstract settings (two abstract sets of as-
sumptions) on the linearization

ve(t) = A(I — DF)v(t), v(0)=vo e W (1.2.1)

in feedback form of the translated N-S problem. Eqn. (1.2.1) is obtained from
(1.1.21) by using the feedback control u = Fv, v = y—ye,, see (1.1.9), where W C H
is a natural, specialized state space, which along with the corresponding output
space Z will be specified below. In line with [B-L-T.1], throughout this paper we
shall take two sets of (state, output)-spaces, depending on the dimension. More
precisely, let €9 > 0 be arbitrarily small and fixed once and for all; throughout this
paper, we shall consider the following two selections [B-L-T.1], where A=wl—A,
for a sufﬁcien‘gly large w > 0, fixed once and for all, so that the s.c. analytic
semigroup e~ on H is, moreover, exponentially stable and the fractional powers
A? 0 <6 <1,of Aare well defined. They are:

ford=2:W=(H2 (W) NH=DA:"?), Z=(H:Q)'NH,;

(1.2.1a)
—A=A—wl=—-1pA— (A +wl); (1.2.1b)
ford=3: W= (H2T(Q)*NH; Z=(H>"(Q))*n H. (1.2.2)

See [B-L-T.1, Eqns. (1.13)—(1.17)] and [W.1] for coincidence between Sobolev
spaces and domain of fractional powers. In addition, prompted and inspired by
[B-L-T.1], we shall introduce two distinct sets of abstract settings:
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Setting #1 (Unbounded feedback): Assumption (H.1). Here, we assume the exis-
tence of a linear (feedback) operator F

F: W>DF) T, (1.2.3)
densely defined on W (see (1.2.2), (1.2.3) for W; (1.1.6) for U), such that the
following three properties hold true:

(H.1i) the feedback operator of (1.2.1)
Ap =A(I - DF): W D> D(Ar) - W; (1.2.4a)
DAr)={weW : Alw— DFw) € W}, (1.2.4b)
Artyo, vo € W

(H.1ii) the semigroup e is uniformly (exponentially) stable on W: there exist
constants C' > 1 and § > 0 such that

generates a s.c. semigroup e#* on W: v(t;v0) = e
Apt

7wy < Ce™, t>0; (1.2.5)
(H.1iii) for each w € W, we have e“F*w € L%(0,00; Z); thus for some positive
constant ¢
oo
/ lertw|Gdt < clwlfy, YweW. (1.2.6)
0

Main result for Setting #1. Under Assumption (H.1) for the linearized v-problem
(1.2.1) in feedback form, the main result of the present paper is the following local
exponential stabilization result for the nonlinear problem (1.1.1).

Theorem 1.2.1. Assume hypothesis (H.1(i), (ii), (iii)) on the linearized v-problem
(1.2.1). Then, the following local exponential stabilization on W holds true for the
nonlinear translated N-S n-problem (1.1.12) or (1.1.13) in feedback form u = Fn:
for each ng € W with |no|lw < p for p sufficiently small, the corresponding N-S
problem (1.1.13), which is obtained with u given in feedback form as u = Fn (as
in (1.1.9)), thus resulting via (1.2.5) in

ne + Bn = A(n— DFn) = Apn, n(0) =no € W, (1.2.7)
is well posed on W and satisfies the following regqularity properties:
n € C([0,00]; W) N L*(0, 00; Z). (1.2.8a)
Moreover, n(t) satisfies the following local exponential decay
In(t)|lw < Me ! nolw,  t>0;  [|nolw < p, (1.2.8b)

for constants M > 1, w > 0, independent of p > 0.

Accordingly, the original nonlinear N-S problem (1.1.1) with u given in feed-
back form as u = F(y — ye), as in (1.1.9), satisfies the statement in the afore-
mentioned goal: For all yo € V, in (1.1.8), with p > 0 sufficiently small, the
corresponding problem (1.1.1), (1.1.9) is well posed on W, and satisfies (1.2.9a-b)
with n(t) = y(t) — ye, in particular the exponential decay (1.1.10).

The proof of Theorem 1.2.1 is given in [B-L-T.2, Section 5].
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Comments on Theorem 1.2.1. Theorem 1.2.1 allows for the construction of a sta-
bilizing feedback for 2- and 3-d Navier-Stokes flows, provided that a corresponding
feedback is available for the linearization. It can indeed be applied to both cases
d = 2 and d = 3, see subsequent sections. However, the main issue that in the ap-
plication of Theorem 1.2.1 differentiates between the two- and three-dimensional
cases is the construction of the feedback linear operator F' with the properties
postulated in assumption (H.1). The level of difficulty in the construction of such
operator F' greatly depends on the dimension d. This is clearly expected, if one
refers to the pair of (state, output)-spaces W, Z defined in (1.2.2) for d = 2, and
in (1.2.3) for d = 3. Indeed, for d = 3, the spaces W and Z in (1.2.3) recognize,
respectively, Dirichlet and Dirichlet and Neumann B.C., unlike the case d = 2
in (1.2.2), where W does not recognize any B.C., while Z does not recognize the
Neumann B.C. When B.C. are recognized, compatibility conditions of the data on
the boundary must be accounted for.

As a consequence, the theory is no longer “perturbation-based” and in-
stead requires more challenging means to achieve stabilization of the linearized
v-dynamics (1.2.1), of which optimization is a critical one. The corresponding re-
sults are given in [B-L-T.1].

We also note that [B-L-T.1, Appendix B] provides an open-loop infinite-
dimensional (or even finite-dimensional, under the Finite-Dimensional Spectral
Assumption [FDSA] recalled in Section 1.3) tangential boundary controller u €
L?(0,00; (L%(T1))4), T an arbitrary subset of I' = 9, meas I'y > 0, yield-
ing n € L2(0,00; (H2<(Q))4 N H), for o € (H2~°(Q))? N H, in both cases
d = 2,3. Thus, the resulting Riccati theory (or the explicit finite-dimensional
construction in [B-L-T.1, Appendix B2] under the FDSA) do provide a feedback
operator Ap satisfying properties (H.1(i), (ii), (i) with W = H2"%(Q) N H,
Z = (H2(Q))? N H. However, then, only the case d = 2 can be carried over to
obtain, in Theorem 1.2.1, the local exponential stabilization, by the same feedback
operator, of the full nonlinear N-S 7-problem (1.1.12), or the original y-problem
(1.1.1) in the vicinity of a stationary solution. This is so since a key point in the
proof in [B-L-T.2, Section 5] of the nonlinear stabilization result, Theorem 1.2.1,
is estimate [B-L-T.2, Eqn. (5.21)] on the nonlinear term |Bz|w < k|z|%. And this
is established precisely for the pair of {state space, output space} = {W, Z} with
W and Z defined by (1.2.2a) for d = 2; and (1.2.3) for d = 3.

Setting #2 (Bounded feedback): Assumption (H.2). Here, we assume at the outset
that the feedback operator F is bounded, as an operator from H to U (recall (1.1.4)

and (1.1.6)):
(H.2i) F e L(H;U), (1.2.9)
so that the s.c. analytic semigroup e“** on H, t > 0, generated by
Ar = A(I-DF): HD>D(Ar)— H; (1.2.10a)
D(Ap) = {h€H:h—DFheD(A)}, (1.2.10b)

satisfies the following three additional properties:
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(H.2ii) e?r! is uniformly (exponentially) stable on H: there exist constants C,
& > 0, such that

e oy < Ce™ > 0; (1.2.11)

(H.2iii) for each w € W, we have e#*w € L?(0,1; Z) and then for some positive
constant ¢ > 0,

1
/ leArtw|%dt < clwld,, Y weW; (1.2.12)
0

(H.2iv) moreover, there is a positive number r > 0 such that
D(—Ar)") C Z. (1.2.13)

Comments on Setting #2: Assumption (H.2(i)—(iv)).
(a) Setting #2 will imply Setting #1 for d = 2; in other words, the implication
assumption (H.2) = assumption (H.1) (1.2.14)

holds true with W = (H 2~ (Q))?NH, and Z the space postulated in (1.2.13),
(1.2.14). Thus, this result applies to the case d = 2 in (1.2.2). This is the
content of Theorem 1.2.2 and is shown in [B-L-T.2, Section 4].

(b) Assumption (H.2) (involving only finite time regularity) may be easier to
verify. However, its applicability is, so far, restricted to the 2-dimensional
case; either with Riccati-based or with spectral-based feedback operators,
d = 2. See Section 3.

(c) Tt is shown in [B-L-T.2, Lemma 4.1 of Section 4] that the s.c. analytic ex-
ponentially stable semigroup e4#* on H — generated by the operator Ap in
(1.2.11), satisfying (H.2)(i), (ii) — preserves the properties of being a s.c. an-
alytic exponentially stable semigroup also on the space W defined in (1.2.2)
in the 2-d case.

(d) The L?(0, 00; Z)-stability property (1.2.7) under Setting #1 is now replaced,
under Setting #2, by the finite time L2(0,1; Z)-condition in (1.2.13), along
with the additional regularity requirement (H.2iv) = (1.2.14) on D(AF). The
technical justification is given in [B-L-T.2, Lemma 4.2 in Section 4].

Main result for Setting #2. Under Assumption (H.2) for the linearized problem
(1.2.1), local exponential stabilization for the nonlinear N-S problem (1.1.1) fol-
lows, at least for d = 2. The following result is proved in [B-L-T.2, Section 4].

Theorem 1.2.2. For d = 2, assumption (H.2) of Setting #2 implies Assumption
(H.1) of Setting #1. As a consequence, all the statements of Theorem 1.2.1 hold
true under Assumption (H.2).

Comments on Theorem 1.2.2 vis-a-vis Theorem 1.2.1. Both Theorems 1.2.1 and
1.2.2 allow for the construction of a stabilizing feedback for 2-d and 3-d Navier-
Stokes flows, provided that a corresponding feedback is available for the lineariza-
tion.
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Theorem 1.1.1 provides an abstract framework within which (i) linearized
stability in W as in (1.2.6) and L2(0, co; Z)-regularity as in (1.2.7) imply local ex-
ponential stability of a Navier-Stokes flow on W. Of course, the key difficulty rests
at the level of verifying these two assumptions imposed on the linearized semigroup.
However, this setting is not empty: in fact, verification of hypothesis (H.1) — which
includes these two properties (1.2.6) and (1.2.7) — has already been performed, for
d = 3 as well, in reference [B-L-T.1] in the case where the stabilizing feedback oper-
ator F'is a ‘high gain’ Riccati operator F' = R; that is, R is unbounded on H, and
satisfies an Algebraic Riccati Equation on the domain D(A%) of the square of the
feedback operator A, which is generally not explicit [B-L-T.1, Proposition 4.5.1].
On the other hand, Ag is dissipative on D(Ag) in the inner product (-, R-)g
[B-L-T.1, Proposition 4.5.1], which is equivalent to the W inner product [see (2.1.7)
for d = 3, and (2.2.11) for d = 2]. Thus, our Setting #1 (Assumption (H.1)) rep-
resents an abstraction of ‘concrete’ results of [B-L-T.1] for d = 3 and d = 2 over
the spaces {W, Z} in (1.2.2), (1.2.3). This is verified in the forthcoming Section 2.

In contrast, the framework of Theorem 1.2.2 is more limited, as it requires
that the feedback operator F' be bounded, as in (1.2.10), so that the linearized
dynamics defines an analytic semigroup. This requirement is in fact possible for
d = 2; indeed, for two choices of the feedback operator F: (1) a first choice,
where F' is a ‘low gain’ Riccati operator arising from an optimal control prob-
lem with L(0, 00; H)-observation as verified in the forthcoming Section 3.1; (2)
a second choice, where F' is a finite-dimensional operator, at least when a Finite-
Dimensional Spectral Assumption (FDSA), stated at the outset of Section 1.3, is
assumed to hold true [B-L-T.1] as verified in the forthcoming Section 3.2. This
property FDSA is believed to be generically true, modulo a small perturbation of
the domain 2 [H.1].

Remark 1.2.1. In the bounded feedback, low-gain Setting #2, it is the analyticity
of the semigroup e*#* (see below (1.2.10)) that is responsible for extra regularity of
the linearized dynamics. By contrast in the unbounded feedback, high-gain Setting
#1, extra regularity of the linearized dynamics is obtained due to the unbounded
observation (see (1.2.7)). O

1.3. The finite-dimensional spectral assumption and its consequences
Following [B-T.1], [B-L-T.1, Section 3.6], we introduce the following Finite-Dimen-
sional Spectral Assumption.

FDSA: We assume that for each of the distinct unstable eigenvalues A1, ...,
Au of the Oseen operator A, see (1.1.16), algebraic and geometric multiplicity
coincide.

Denote by the same symbol H the complexification of the original space H.
Let

1
Py =

2

/(/\IfA)*ld/\; Py = 1/(>\17A*)*1d>\;
C C

2 (1.3.1)

CH 28 7 cH 2% (Zu)*



Stabilization Strategies of the Navier-Stokes Equations 25

where C (respect. C) is a simple, closed curve surrounding {\;}}£; (respect.
{Az}f\iﬂ The complexified space H can be decomposed in complementary, non-
necessarily orthogonal subspaces as in [K.1, p. 178]

H=7ZyeZy;, Zy=PyH; Zy={I-Pn)H; dimZy =N, (132)
where each of the subspaces Z}% and Z3; is invariant under 4. We set
XI:PNA:Alz}{}; ?VZ(I*PN)A:AZ;V (1.3.3)

for the restrictions of A to Z%, and Z3;, respectively. We then have that the spectra
of A on Zf; and Z3 coincide with {A\;}7_; and {\;}52 ., respectively.

We denote by {(pij}f":l, {(pfj}?:l, the (normalized) linearly independent
eigenfunctions corresponding to each unstable distinct eigenvalue \; of A and
A; of A*) respectively:

Api; = Xipij;  ATpi; = digy;- (1.3.4)
Under the FDSA, we have

Z% = PuH = span{o b, 0 (Z4) = PiH = span{gi 2, b

(1.3.5)
(without the FDSA, Z}% is the span of the generalized eigenfunctions of A corre-
sponding to its unstable eigenvalues and similarly for (Z%)*). In other words, the
FDSA says that the restriction A% = «4|Z}V of Aon Z% is diagonalizable or that
the operator A% is a normal operator on Z%. In the terminology of [K.1], A% is
semi-simple. It is believed that the FDSA is generically true, as is the case for the
Laplacian on a bounded domain [H.1].

Complexified dynamics and its decomposition. [B-L-T.1, Section 3.4]. The com-
plexified version on H @ iH of the linearized dynamics (1.1.21) is then

d
dj’; — Az = —ADu € [D(A")], 2(0) = z0, u-v =0on 3. (1.3.6)
Then the z-system can accordingly be decomposed as

z=2zny+Cn, 2znv=Pnz, CN:(I_PN)ZN, (1.3.7)

where applying Py and (I — Py) (which commute with A) on (1.3.6), we obtain
via (1.3.3),

on Zy : 2y — A¥%zy = —Pn(ADu) = —AR{ Py Du, zn5(0) = Pyzo; (1.3.8)
on Zy: (v —AxCv =—(I — Py)(ADu) = —AX (I — Px)Du,

(n(0) = (I — Pn)zo, (1.3.9)

respectively.



26 V. Barbu, I. Lasiecka and R. Triggiani

2. Application of Theorem 1.2.1 with a topologically high-gain,
Riccati-based feedback operator

In the present section, we illustrate the application of Theorem 1.2.1 to two topo-
logical settings: the first refers to the case d = 3, as given in (1.2.3) (Subsection
2.1); while the second refers to the case d = 2, as given in (1.2.2) (Subsection 2.2).
They both rest on ‘concrete’ results already established in [B-L-T.1]. Both involve
high-gain, Riccati-based feedback operators.

2.1. Cased=3: W = (H>"(Q))*NH; Z=(H:t(Q)*NH

As a first illustration on the applicability of Theorem 1.2.1, in the case d = 3,
we can take the stabilizing feedback operators that were constructed in [B-L-T.1].
This construction rests on an optimization problem with (topologically) ‘high ob-
servation,” hence via a corresponding ‘high-gain’ Riccati operator, which arises in
an optimal control problem with topologically high cost functional. See (2.1.2),
(2.1.3) below. The analysis of the resulting non-standard Riccati equation is com-
plicated and is given in [B-L-T.1, Section 4 along with Appendix C], to which
we refer for details. The key point, however, is that the Riccati-based stabilizing
feedback operators constructed in [B-L-T.1] for d = 3 satisfy in full Assumption
(H.1), parts (i), (ii), (iii), on the required feedback operator F. Below we shall
extract only the main features of the procedure and refer to [B-L-T.1] for details.
We shall use the notation of [B-L-T.1] when applicable. In line with (1.2.3), the
present setting is as follows:

Cased=3. W= (H>TQ)NH; Z=(H>"°(Q))*nH. (2.1.1)

Let R € L(W;W’), W’ being the dual of W with respect to H as a pivot
space, be the Riccati operator — which is positive self-adjoint on H — which defines
the value function

= i = J* ; 2.1.2

(Rvo, vo)w ueLglégO;U)J(Uau,vo) J*(vo); (2.1.2)

Jm%wz/[mmmgmm%w,mew (2.1.3)
0

of the optimal control problem with state space W and output space Z, defined
in (2.1.1). Here v(t;vg) is the solution of the linearized problem (1.1.20) in PDE-
form, or else of (1.1.21) in abstract form, due to the I.C. vy € W and the boundary
control u € L?(0,00;U). The space U is defined in (1.1.6): it requires purely tan-
gential boundary controls. In addition to the stringent requirement that the class
of Dirichlet boundary controls be tangential at each point of the boundary 92, the
OCP (2.1.2), (2.1.3) faces two additional difficulties that set it apart and definitely
outside the setting of established optimal control theory for parabolic systems with
boundary controls: (1) the high degree of unboundedness of the boundary control
operator, of order (i + ¢) as expressed in terms of fractional powers of the basic
free-dynamic generator A (or A); and (2) the high degree of unboundedness of the
‘penalization’ or ‘observation’ operator of order also (i +¢€), as expressed in terms
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of fractional powers of the basic free-dynamics generator. This yields a ‘combined
index’ of unboundedness strictly greater than g In contrast, the established (and
rich) optimal control theory of boundary control parabolic problems and corre-
sponding algebraic Riccati theory requires a ‘combined index’ of unboundedness
strictly less than 1 [L-T.4, vol. 1, in particular, pp. 501-503], [B-D-D-M.1], which
is the maximum limit handled by perturbation theory of analytic semigroups. Im-
plementation of this program is carried out in [B-L-T.2] by critically relying on
the analysis and results of [B-L-T.1]. It then leads to the result described below.

The analysis of [B-L-T.1, Section 4] also yields that the Riccati operator R
in (2.1.2) defining the optimal value, R € L(W; W), is an isomorphism of W onto
W’. One then obtains [B-L-T.1, Eqn. (4.1.13a)]

clz|fy < (Rr,z)g < Clzldy, YzeW, (2.1.4)

for some constants 0 < ¢ < C' < 00, so that | R2 x| g-norm is equivalent to the |2y -
norm. In summary: The main result for the present case d = 3 is the statement
that the feedback operator

OR
u=Fy—ye) =1 o y—ye), (2.1.5)

— which turns out to be pointwise tangential on 99 [B-L-T.1, Proposition D.1]
— once inserted in the RHS of Eqn. (1.1.1c), exponentially stabilizes in W the
N-S flow (1.1.1), in the W-vicinity of its equilibrium solution y.. To measure the
W -vicinity of y., we introduce the set

V,={y e W= (H>tQ))>NH: |yo—velw < p} (2.1.6)
of initial conditions of (1.1.1) whose W-distance from . is less than p > 0.

Theorem 2.1.1. [B-L-T.1, Theorem 2.3] Let p > 0 in (2.1.6) be sufficiently small.
Then: for each yo € V,, there exists a unique mild solution y (obtained by fized-
point (contraction mapping) in [B-L-T.1, Theorem 5.1]) of the following closed-loop
problem:

ye(w,t) —voly(a,t) + (y - V)y(z,t) = fele) +Vp(a,t) nQ;  (2.1.7a)
Viy =0 inQ;  (2.1.7b)

y = w 88” Rly—yo) ony; (2.1.7¢)

y(x,0) = yo(z) in Q (2.1.7d)

obtained from (1.1.1) by replacing u with the boundary feedback control in (2.1.5)
tangential to 0X), having the following reqularity and asymptotic properties where
W and Z are defined in (2.1.1):

(i) (y — ye) € C([0,00); W) N L?(0, 003 Z), (2.1.8)
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continuously in yo € W = (H2T<(Q))> N H, where Z = (H21<(Q))3 N H,
that is,

o0
() — vl + / () — yel3dt < Clyo — yel3y, 12 0: (2.1.9)
0

(i) there exist constants M > 1, w > 0 (independent of p > 0) such that such
solution y(t) satisfies

ly(t) — velw < Me “Yyo — yelw, t>0. (2.1.10)

Here R is the Riccati operator described at the outset of this subsection, defined by
(2.1.2) and satisfying (in particular) (2.1.4).

2.2. Cased=2: W = (H>"(Q)>NH; Z=(H>(Q)>NH

The two-dimensional case, d = 2, is, as expected, more regular. Here, various func-
tional settings are possible. In the present subsection, we focus on the functional
setting for W and Z given in (1.2.2), repeated here (with a superscript ~ for
clarity)

Cased=2: W= (H>"Q)>nH; Z=(H>“(Q)>*NH, (2.2.1)

€o > 0 arbitrary and fixed, to which we apply Theorem 1.2.1. The control space is
the one given by (1.1.6). The corresponding Riccati-based feedback operator will
accordingly be ‘high-gain’ (topologically). A topologically lower level treatment
with, accordingly, a low-gain Riccati-based feedback operator, will be presented
in the subsequent Subsection 3, as an illustration of Theorem 1.2.2 this time.
The counterpart of the 3-dimensional case of Subsection 2.1 is as follows: We let
Re L(W; W’), W as in (2.2.1), W' its dual with respect to H as the pivot space,
be the Riccati operator (which is unbounded, positive, self-adjoint on H) defining
the value function

(Rvo,vo)w = ueLgr(l(%,Iéo;U) J(v,u;v9) = J*(Uo); (2.2.2)
~ o ~
J(u,v;09) = [|v(t;v0)|22 +lu®)|f] dt, voE W (2.2.3)
0

of the optimal control problem with state space W and output space Z, defined
in (2.2.1). Here, v(t;v9) is the solution of the linearized problem (1.1.20) in PDE-
form, or else of (1.1.21) in abstract form, due to the I.C. vy € W and the boundary
control u € L?(0,00;U), U in (1.1.6), i.e., with pointwise tangential control u. A
fortiori from the case d = 3 reviewed in Section 2.1, it is established in [B-L-T.1,
Appendix B]| that the optimal control problem (2.2.2), (2.2.3) satisfies the Fi-
nite Cost Condition within the class of L?(0, 00; U)-controls — i.e., the functional
j(u,v;vo) is proper for each vy € W in the language of optimization theory —
indeed, even within the class of L?(0, co; Uy )-controls, where

Ui={pe(L2T1)4 p=0onT\Ty; p-v=0ae. onTl;} where

I'; is an arbitrarily preassigned portion of positive measure of the (2.2.4)
boundary I' = 91.
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The main result for the present case d = 2 is the statement that the feedback
operator

oR
F(y*ye) =1 o
0 on Z/ElEEQZFQX(O,OO),

(yf ye) on E1 = Fl X (Oa OO)

u= (2.2.5)

acting on an arbitrarily small portion I'; of the boundary — which turns out to be
pointwise tangential on 92 [B-L-T.1, Proposition D.1] — once inserted in the RHS
of Eqn. (1.1.1c), exponentially stabilizes in W in (2.2.1) the N-S flow (1.1.1), in
the W-vicinity of its equilibrium solution y.. To measure the W-vicinity of y., we
introduce the set

Vo={yoe W= (H>"(Q))>NH: |yo—yely <p} (2.2.6)
of initial conditions of (1.1.1) whose W-distance from v, is less than p > 0.

Theorem 2.2.2. [B-L-T.1, Theorem 2.5] Let d = 2. Let p > 0 in (2.2.6) be suf-
ficiently small. Then, for each yo € V,, there exists a unique mild solution y
(obtained by fized-point (contraction mapping)) of the following closed-loop prob-
lem:

yie(@,t) —voly(z, 1) + (y - V)y(e,t) = fe(z) + Vp(z,t) in Q5 (2.2.7a)
Voy=0 inQ;  (2.2.7h)
) w ZR (y —yo) on ¥i;
- Y (2.2.7¢)
0 on Xa;
y(x,0) = yo(z) nQ  (2.2.7d)

obtained from (1.1.1) by replacing u with the boundary feedback control in (2;2.5),

having the following regularity and asymptotic properties, where W and Z are
defined in (2.2.1):

(M) (¥ = ye) € C([0,00); W) N L*(0,00; Z) (22.8)
continuously in yo € W = (H2=(Q))2 N H, where Z = (H3~(Q))2 N H,
that is,

|y(t) - yeﬁfv +/O |y(t) - ye|22dt < C'|y0 - yeﬁ/f/a t>0; (229)

(ii) there ewist constants M > 1, w > 0 (independent of p > 0), such that said
solution y(t) satisfies

ly(t) — yelyyr < Me_“t|y0 — Yelyrs t2>0. (2.2.10)
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Here, R is the Riccati operator described at the outset of this subsection, defined
by (2.2.2), satisfying (in particular)

c|x|%/ < (Rx,x)y < C|$|%/, VreW, (2.2.11)

for constants 0 < ¢ < C < oo, so that the |R5x|H-norm is equivalent to the
|z| 7, -norm.

3. Applications of bounded, low-level gain Theorem 1.2.2, Case
d = 2: (i) Riccati-based feedback and (ii) Spectral feedback

In the present section we shall illustrate the applicability of the more amenable
Theorem 1.2.2. The treatment is restricted to d = 2. We shall consider two types
of feedback operators: (i) Riccati-based feedbacks, and (ii) spectral feedbacks.

3.1. Theorem 1.2.2 with low-level Riccati-Based feedback operators, d = 2
In the present subsection, we let Ry € L(H) be the bounded positive self-adjoint
operator, which defines the value function

(Rovo,vo)m = uengl,f;o;Ul) Jo(u, v;v0) = J§ (vo); (3.1.1)

Jo(u, v: 1) E/ olt; vo) % + u(t)[3,]dt, vo € H. (3.1.2)
0

U defined in (2.2.4), of the optimal control problem defined in (3.1.1), with state
and output space equal to H (the observation operator is the identity on H).
Here, v(t;vg) is the solution of the linearized problem (1.1.20) in PDE-form, or
else of (1.1.21) in abstract form, due to the I.C. vy € H and the boundary control
u € L%(0,00;Uy), Uy as in (2.2.4). By virtue of [B-L-T.1] — a fortiori from Section
2 — the optimal control problem (3.1.1), (3.1.2) satisfies the Finite Cost Condi-
tion, i.e., the functional Jo(u,v;vq) is proper for each vg € H, in the language of
optimization theory. Thus, the optimal control problem (3.1.1) for the dynamics
(1.1.20) in PDE-form, or else (1.1.21) in abstract form has a unique optimal pair
{u(t;v0),v°(t; vo}. Accordingly, established Optimal Control Theory (since the
80’s [L-T.2]) for parabolic problems yields parts (i), almost part (ii), through (iv)
of the following

Theorem 3.1.1. ([L-T.4, Theorem 2.2.1, p. 125]) With reference to the OCP for
the parabolic dynamics (1.1.20) in PDE-form, or its abstract version (1.1.21), the
following results hold true:
(i) the operator Ry € L(H) defined by (3.1.1) is the unique positive self-adjoint
solution of the following Algebraic Riccati Equation
0]

0
(Roy, A*2) i + (Ay, Roz)m + (v, 2)m = v ( Roz> ;
’ v ) ez (3.1.3)

v R0y7

Vy,ze H,
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Ty = arbitrarily small portion of T' = 08, meas 'y > 0. [The general theory
giwes the ARE satisfied only for y,z € D(Ae), e > 0 arbitrary, A as in
(1.2.2).] For the present Oseen operator in (1.1.14) we can improve the general
statement to all y,z € H, as in (3.1.3). This is so by property (ii) below, in
line with the special cases noted in [L-T.4, Theorem 2.2.1(a3), p. 126, and
Chapter 2, Appendix 2B, p. 168];

(ii) for the Oseen operator in (1.1.14), we further have

(iii)

(iv)

(v)

A*Ry € L(H); ARy € L(H); or

Roy € D(A) C (H(Q)2 N H fory € H; (8.14a)
hence,
RoAp € L(H), (3.1.4b)
and
F=uy ;V Ry € L(H; (H*(T1))?) C L(H;U); (3.1.5)

the feedback operator Ap = A(I—DF) defined in (1.2.11) generates a s.c. an-
alytic semigroup e ¥t on H, t >0, so that the optimal pair {u®,v°} of prob-
lem (3.1.1) for the dynamics (1.1.20) (or (1.1.21)) is

00(t;v0) = ety = optimal solution; (3.1.6a)
0
u®(t;v9) = —D* A* Rov (t;v0) = 1o Py Rov° (t;v0) = 1o oy Roerty,
= v%(t;v0)|r, = optimal control, (3.1.6b)
while u®(t;v9) =0 on Tg =T\ T'y.
Apt

e is uniformly (exponentially) stable on H: there exist constants M > 1,
0 > 0 such that

e poary < Me™%, t > 0. (3.1.7)
eArt in (iii)—(iv) continues to be a s.c. analytic semigroup also on the space
W = (H2"(Q))2NH in (1.2.2), which, moreover, remains uniformly (expo-
nentially) stable on W with the same bound: |eAt| ) < Me™%, ¢ > 0.

Proof. Parts (i), (iil), (iv) are standard results from [L-T.2], [L-T.4], except that
trace theory is used for F' in (3.1.5). Part (v) is a consequence of Parts (iii), (iv), as
established in [B-L-T.2, Section 4]. Part (ii) is an “e-improvement” of established
theory, see Remark 3.1.1. It is established in [B-L-T.1, Appendix B.4]. |

Remark 3.1.1. We note that Optimal Control Theory [L-T.2], [L-T.4, Theorem
2.2.1(ag), p. 126] gives, in general, A*1 "Ry = (wl — A*)'"“Ry € L(H), ¥ ¢ > 0,
equivalently A'~¢Ry € L(H), by interpolation, since D(A) = D(A*) in the present
case of the Oseen operator. The regularity noted in (3.1.4a) shows that we can
presently take e = 0. This is due to two features of our present optimal control
problem:

(a) the observation operator in (3.1.2) is the identity on H;
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(b) the Oseen operator A = —(vgA+ Ap) in (1.1.14) is a lower-order perturbation
of the self-adjoint operator —1pA, A the Stokes operator, D(Ag) = D(Aé),
see (1.1.15). Thus, a suitable more technical modification of the proof in
[L-T.4, Appendix 2B, p. 168], given in [B-L-T.1, Appendix B.4], shows that

we can take € = 0.

Remark 3.1.2. Theorem 3.1.1 was actually obtained in the ’80s, see [L-T.2], fol-
lowing references [La.1-2], [L-T.1] which referred to the same Optimal Control
Problem, however, over a finite horizon. These results were first collected in [L-T.3]
and then, in book form, in [L-T.4].

We next provide regularity properties of the optimal pair {u” v°}. These
results are the counterpart of regularity properties of the optimal pair for classical
parabolic boundary control problems given in [La.l], [La.2, Section 7], [L-T.2],
later collected in [L-T.3], [L-T.4, Section 3.2, p. 187]. The translation to the present
Navier-Stokes problem, d = 2, is obtained via the critical optimal regularity theory
of non-homogeneous Navier-Stokes equations (with tangential Dirichlet boundary
controls), given in [B-L-T.1, Section 3.1, Theorem 3.1.4 through Theorem 3.1.8],
as well as (1.1.19): D*A* = —Voa In effect, one could essentially obtain the
next Proposition 3.1.2 by quoting [La.1], [La.2, Thm. 7.1, p. 320], [L-T.4, Section
3.2, p. 187, also p. 116], by use this time of the aforementioned non-homogeneous
regularity results [B-L-T.1, Section 3.1] and of (1.1.19). For clarity, a complete
proof is provided in [B-L-T.2, Section 6]. As in [B-L-T.1, Section 3.1, Eqns. (3.1.28),
(3.1.29)], motivated by classical parabolic theory [L-M.1, Vol. 2], we introduce the
following Sobolev spaces, for r,s > 0:

H™(Qr) = L*(0,T;(H"(Q)*NH)N H*(0,T; H); (3.1.8)
H™(S7) = L*(0,T; H™(T1)?) N H*(0,T; (L*(T'1))?), u-v=0, (3.1.9)

subject further to the tangential condition u-v = 0 on I'. The following result gives
regularity properties of the optimal pair {u" 1"} in terms of the above spaces. It
will be critical in verifying the validity of property (H.2iii) = (1.2.13) in [B-L-T.2,
Section 6].

Proposition 3.1.2. (Compare with [La.2, Thm. 7.1], [L-T.2], [L-T.4, p. 116 and
187].) With reference to the optimal control problem (3.1.1) for the linearized dy-
namics (1.1.20), or (1.1.21), the following regularity properties of the optimal pair
{u0(;v0),v°(+ 500} hold true:

vo €W =D(A1~7) = D((wl — A)i~

€0 1

2)=(H2"(Q)°’NH (3.1.10)

O(t;v0) = e “(tvg) € H2 05~ % (Quo) (3.1.11a)
= c C([0,00]; (H2=% ()2 N H)) (3.1.11b)
W0(tvg) = e wtul(t;vg) € H2 01~ % (By), (3.1.12)

continuously. Indeed, a slightly more precise result for ©° is shown in [B-L-T.2,
Eqn. (6.21)].
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Theorem 3.1.1 and Proposition 3.1.2 on the linearized problem (1.2.21) per-
mit one in [B-L-T.2, Section 6] to verify assumption (H.2) in full and thus to apply
Theorem 1.2.2 and obtain the following main local exponential decay in W for the
original N-S flow (1.1.1) on the W-vicinity of the equilibrium solution ., where
W = (H2%())2 N H, as defined in (2.2.1), or (1.2.2).

Theorem 3.1.3. Let d = 2. Recall that y. € (H*(Q))>NV (see below (1.1.1d)). Let
p>0in (2.2.6) be sufficiently small. Then:

(a) For eachyy €V, (defined in (2.2.6)), there exists a unique solution y (obtained
by a fized point/contraction mapping) of the following closed loop problem

ye(2,t) —voAy(z,t) + (v - V)y(2,t) = fe(z) + Vp(z,t) in Q; (3.1.13a)
Voy=0 in Q; (3.1.13b)
OR
y = Yo 31/0 (Y — ye) on X1;
0 onX/%;  (3.1.13¢c)
y(@,0) = yo(x) in (3.1.13d)

obtained from (1.1.1) by replacing u with the boundary feedback control

ORo

Y g, (Y —ye) in ¥y;

(3.1.14)
0 in Xa,

having all the regularity and asymptotic properties in (2.2.8), (2.2.9), (2.2.10),
with W = (H2—<(Q))2NH. Here Ry is the Riccati operator of Theorem 3.1.1.

(b) Assume, in addition, the FDSA, stated at the outset of Section 1.3, that the
Oseen operator A, restricted over the unstable subspace associated with the
unstable eigenvalues {A1, ..., An} in (1.1.16) be diagonalizable on such finite-
dimensional unstable subspace. Then one may replace the feedback control u
in (3.1.14) with o finite-dimensional feedback control of the form

" (R
0
_) w ( (Y — ve), wi) w;  on Xi;
w= ; ov L) (3.1.15)

0 on Y,

for suitable vectors w; € (Hé(I‘l))z, 'y arbitrarily preassigned portion of
' =09, meas T'1 > 0, and then all the conclusions of part (a) hold true with
(3.1.13¢) replaced by (3.1.15).

Remark 3.1.3. Theorem 3.1.3 is more general than the result of [R.1] obtained for a
2-d N-S flow. Indeed, while [R.1], [B-L-T.2], as well as the prior work [B-L-T.1] all
use the topological level (H 2~ (0))?2 for the claimed local stabilization result, and
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while [R.1], [B-L-T.1, Appendix B4] and [B-L-T.2] use the Riccati operator corre-
sponding to the penalization of v(t;vp) in H, as in (3.1.2), the major differences
between [R.1] and [B-L-T.2] in the present 2-d case are three:

(i) Our Theorem 3.1.3(a) provides a feedback control with purely tangential
action (as in (3.1.9)): there is no need for controlling the normal component
of the velocity vector, as done in [R.1];

(ii) Our Theorem 3.1.3(b) yields a (tangential) feedback control acting only on
the arbitrary portion I'y which, moreover, is finite-dimensional as in (3.1.15),
under the FDSA (believed to be generically true [H.1]). There is no compa-
rable result in [R.1];

(i) The treatment of [R.1] relies, ultimately, on Carleman estimates, while ours
does not.

Remark 3.1.4. References [B.2], [Tr.3] study the problem of stabilization of a 2-d
linearized Navier-Stokes channel by purely wall-normal controllers. In particular,
[Tr.3] employs a finite-dimensional, wall-normal, boundary controller with arbi-
trarily small support on the top wall of the 2-d linearized N-S channel flow, which
is periodic in the stream-wise direction.

3.2. Theorem 1.2.2 with low-level spectral-based feedback operators, d = 2

We return to the FDSA introduced in Section 1.3, believed to be generically true
[H.1]. Recall the eigenfunctions ¢}; of A* in (1.3.4) and, following [B-L-T.1, Section
3.6], introduce the following space of traces

F =span{d,p;} M, by c (H2(D))Y, (3.2.1)

where containment follows by trace theory on ¢}; € (H 2(Q))4. For any f € F, we
have f -v =0 on I [B-L-T.1, Lemma 3.6.1, Lemma 3.3.1]. Under the FDSA, it is
proved in [B-L-T.1, Eqn. (3.6.20b)] that, if 'y is any portion of I' = 9 of positive
surface measure, then, for each i =1,..., M,

the system {0,¢;; }?’:1 is linearly independent in (L*(T;))%. (3.2.2)

Further, if wy, we,...,wy € (L*(T))¢, we introduce the ¢; x N matrix W;,
fori=1,...,M [B-L-T.1, Eqn. (3.6.10)],

(w1, 007 )r, -+ (wn, 0p1)r,
(w1, 0p032)r, -+ (wn, Buiy)r
W; = : Oy =0, Dwamrye-
(w1, 05, )Ty -+ (wN, 000l )Ty
(3.2.3)
In view of property (3.2.2), the following assumption can be fulfilled, indeed, by
infinitely many choices of the vectors wy, ..., wy € F C (H2(I'1))?,

rank W; =4¢;, i=1,2,...,M, where w; -v =0onTI. (3.2.4)
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Lemma 3.2.1. [B-L-T.1, Lemma 3.6.1]. Assume the FDSA stated at the outset of
Section 1.3. Given 1 > 0 arbitrarily large, there is a controller v = un(t) =
Z}]:1 u?v(t)wj, J < N (conservatively) for infinitely many choices of suitable vec-
torsw; € F in (3.2.1), w;-v = 0 on T, which will have to satisfy the rank conditions
(3.2.4), such that, once inserted in (1.3.8), yields the estimate

|ZN(t)|H + |7.I,N(t)| < Cvleivlt|PNZO|H, t>0. (325)

LN O] gy o S

(H2 (D))
Moreover, the vectors w; can be supported on an arbitrary portion I'y of I'. Here,
zZn is the solution to (1.3.8) corresponding to such w. Moreover, the controller
u = uy may be chosen in feedback form; i.e., in the form ugv(t) = (2n(t),pj)H,
with suitable vectors p; € Z};, depending on 1. In conclusion, zy in (3.2.5) is the
solution of the following equation on Z%;

J

Zy — Ayzn = —AxPyD Z(ZN(t),Pj)ij , (3.2.6)
j=1

rewritten as 2y = A%2n, z5(0) = Pyzo, 2n(t) = A"t Py 2.

We now return from the complexified version to the corresponding real version
of the above problem. To this end, we notice that the proof of Lemma 3.6.1 given
in [B-L-T.1] shows that, under the FDSA, the finite-dimensional zy-dynamics in

(1.3.8) is controllable within the class of N open-loop, complex-valued controls of

the form u = un(t) = Z;V:1 wy (t)w;, provided that the vectors w;’s satisfy the

rank conditions (3.2.4). Then, since

N N
Re Zug‘v(t)wj = Z(Re w)y(1)(Re w;) — (Im wly (t))(Im w;)  (3.2.7a)
J= J;}
= Z(Re (zn(t),pj)m)(Re wj)
— X (Im (2n(t), ps)a (Im wy), (3.2.7b)

we deduce that a-fortiori the real value (Re zy)-dynamics is likewise controllable
within the class of K’ = 2N open loop, real-valued controls of the form (3.2.7b).
[However, because of the presence of Im zp, such controls in (3.2.7b) are only open-
loop and not closed-loop.] Accordingly, by standard, finite-dimensional control
theory, the linear dynamics in (Re zy) can be stabilized by a K = 2N-dimensional
real-valued, closed-loop feedback control of the same feedback law as its complex-
valued counterpart. Thus, henceforth in this section, we set K = 2N (K = N if
all unstable eigenvalues A;, j =1,..., N, in (1.1.16) are real). Let

{zbj—Rewj, forj=1,...,N; wjpn=-Imw;, forj=1,...,N; (3.2.8a)

ZX/ = Span{Re Dijs Im (‘07,_7}%1 ?i:l, Pij in (134) (328b)
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We thus obtain the following result for d = 2 which corresponds to [B-L-T.1,
Theorem 2.6].

Theorem 3.2.2. Let d = 2 and assume the FDSA. Let 'y be any portion of the
boundary T = 982, meas Ty > 0. Recall that y. € (H?*())%. Let p > 0 be suf-
ficiently small. Then: (a) for each yo € V, (defined by (2.2.6)), given vectors
{@1,..., 0k} € (H2(T))? satisfying the rank conditions (3.2.4), there exist suit-
able vectors {pi,...,px} € Z% (see (3.2.8b)), such that there exists a unique
solution y (obtained by a fixed point/contraction mapping) of the following closed
loop problem:

ye(z,t) —rAy(z,t) + (y - V)y(z,t) = fe(z) + Vp(z,t) in Q; (3.2.9a)

Voy=0 in Q; (3.2.9b)
K

= (Pn(y—ve),pi)m i in Y, (3.2.9¢)

Y= 6:1 in ¥/% (3.2.9d)

y(@,0) = yo(w) in 0, (3.2.9¢)

obtained from (1.1.1) by replacing u with the boundary feedback control

K
S (Pa(y —ve)pi)m @ in S (3.2.10a)

=1
in Sy = ¥/%), (3.2.10b)

tangential on T, having all the regularity and asymptotic properties in (2.2.8),
(2.2.9), (2.2.10) with W = (H2=<(Q))2NH, Z = (H2=“(Q))* N H.

u =

o

4. The case of exponential stabilization of N-S equations, d = 2, 3,
by means of localized interior, Riccati-based feedback controls

Consider the following controlled Navier-Stokes equations, d = 2,3 [B-T.1]:

ye(w, 1) —wly(z,t) + (y - V)y(z, 1)
= m(z)u(z,t) + fe(x) — Vp(z,t) in Q=Q x (0,00); (4.1a)
Viy = 0 in Q; (4.1b)
y = 0 in ¥ =09 x (0,00); (4.1¢c)
y(z,0) = yo(x) in Q, (4.1d)

with the same symbols as in (1.1.1), except that now m is the characteristic func-

tion of an arbitrary open smooth (C2-) subset, w C € of positive measure; and u

is the interior control, therefore (mu) is the localized interior control supported on
x (0, 00).
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High-gain stabilizing feedback controllers. In this section we briefly return to the
problem of exponential feedback stabilization of N-S equations, d = 2,3, in a
vicinity of an equilibrium solution, by means — this time — of arbitrarily localized
interior feedback control (mu) in (4.1a). This problem was first solved in [B.1],
by an infinite-dimensional feedback controller, and later in [B-T.1]. This latter
reference yields (in a constructive way) a class of finite-dimensional feedback sta-
bilizing controllers, of minimal dimension 2K which, moreover, are Riccati-based.
They have the following form:

2K
u = _Z(RN(y _ye)7wi)L2(w)wi = _B*RN(y_ye)7 (42)
i=1
where Ry € L(D(A4)) N L(D(Az); H) is a Riccati operator (positive, self-adjoint
on D(Ai) and solution of the algebraic Riccati equation

2K
1 1, s
_(Ay7 RNy)H + 9 Z(wu RNy)%Q(w) = ) |A4y|%-17 v (/S D(A)a (43)
i=1
A in (1.1.14), while the vectors ; € L?(w) are explicitly constructed in [B-T.1,
Eqn. (3.52) of Lemma 3.8]. In order to inject ‘dissipation’ into the N-S equation
(4.1), [B-T.1] introduces the optimal control problem (OCP):

(RN, vo) J(v,u;v9) = J*(vo), v € D(Ai); (4.4a)

1= min
D(A4) u€L?(0,00;R2K)
o0
J(v,u;vo)z/ (1A% (w0 + [u(D)fRar | dt, v € D(AY), (4.4b)
0

which penalizes the Ly (0, co; R*%)-norm of the (finite-dimensional) controls as well
as the D(A%)-norm (i.e., H2(Q))% N H-norm) of the solution v of the linearized
(and translated, by subtracting the equilibrium solution) N-S equations [B-T.1,
Eqn. (2.5)], given by (see (1.1.14), (1.1.15)):
2K
v = —(vpA + Ag)v + Pm Z uy; = Av+ Pmu, v(0) = v, (4.5)
i=1
P being the Leray projector. The optimal solution of the OCP is given in feedback
form via the Riccati operator Ry. Using this same feedback in the full nonlinear
N-S equations, [B-T.1, Theorem 2.2] provides the following exponential, local,
feedback stabilization result, in the vicinity V,:

Vo= {yo € D(AY) : |Ai(yo —ye)lu < p} (4.6)
of the equilibrium solution y., defined by (1.1.2).

Theorem 4.1. [B-T.1, Theorem 2.2] Let w be an arbitrary subdomain w of  of
class C?. Let p > 0 be sufficiently small, and let the I.C. yo € V, defined by (4.6).
Then:
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(a) there exists a Riccati linear operator
Ry € L(D(AD); [D(A4)]') N L(D(A2); H),
positive, self-adjoint on D(Azll), and satisfying (4.3) and (4.4); moreover,
IRy is norm equivalent to |Aiy|y, y € D(A3);

(b) there exist (constructively) suitable vector ¥; € L*(w), i = 1,...,2K identi-
fied in [B-T.1, Eqn. (3.52)], such that the closed loop N-S system

2K
ye(x,t) — voAy(x,t) + (y - V)y(a,t) + m{Z(RN (Y — ve), wi)LQ(w)T/)z}
= fe(z) + Vp(z,t) in Q=Q x (0,00); (4.7a)
Vy = 0 m Q; (4.7b)
y = 0 on X = 0 x (0, 00); (4.7¢)
y(2,0) = wo(x) in 2, (4.7d)

— which is obtained by replacing u in (4.1a) in the feedback form given by
(4.2) — [or, correspondingly, its abstract version, as projected onto H :

2K
d
dz +voAy + By + Pm {Z(RN(Z/ —Ye), ¢i)L2(w)¢i} =Pfe, t>0, y(0)=yo,
i=1
(4.8)
P = Leray projector]| possesses a weak solution
y € L>(0,T;H)NL*0,T;V); (4.92)
dy 4
gt € Ls(0,T;V’), d=3, vVT>0, (4.9b)
d
d‘g e L20,T;V'), d=2; (4.9¢)
such that the following asymptotic properties hold true:
. ° 3 1
() |14 0 — ol < Clat oo -l ((@10)
(i) A3 (y(t) —ye)|m < Me™ ' Ad(yo —ye)lw, >0, ((4.11))
for some M > 1, a > 0. [For d = 2, the solution of (4.7) is strong and

unique.)

Goal of section. The purpose of this section is to re-examine the above localized
interior feedback stabilization problem within the context of both the abstract
Setting #1 and the abstract Setting #2, introduced in Section 1.2 in connection
with the boundary stabilization problem of the N-S system (1.1.1). Thus, in the ex-
pressions (1.2.5a) and (1.2.11a) of the generator Ap, one should take D = Identity.
Moreover, in (1.2.4) and (1.2.10), U is replaced by W and H, respectively.
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Within the context of Setting #1, we shall reprove Theorem 4.1 (in a slightly
more precise version, claiming a unique fixed point solution), with high-gain feed-
back controller, by verifying the validity of assumptions (H.1(i), (ii), (iii)) in
(1.2.5)—(1.2.7), and then appealing to Theorem 1.2.1. Of course, verification of
(H.1) rests heavily on [B-T.1].

Within the context of the simplified or specialized version of the abstract
Setting #2, we shall instead obtain a new result, labeled Theorem 4.2 below,
which is a variation of Theorem 4.1, this time, however, with a low (that is, H—)
topological level of a new OCP given by (4.19). Theorem 4.2 will be obtained by
verifying the validity of assumptions (H.2(i), (ii), (iii), (iv)) — a task that again
heavily relies on [B-T.1], of course — and then invoking Theorem 1.2.2.

Low-gain stabilizing feedback controller. As announced, we shall complement The-
orem 4.1 with the following new result, a variation of Theorem 4.1 at the low-gain
level.

Theorem 4.2. Assume the hypotheses of Theorem 4.1. Thus, w is an arbitrary
subdomain of Q of class C? and the I1.C. yo € V, in (4.6), with p > 0 sufficiently
small. Then:

(a) there exists a Riccati operator RS, € L(H) (positive self-adjoint on H), iden-
tified in (4.14) and also (4.19a) below;

(b) there exist (constructively) suitable vectors x; € L?(w), i = 1,...,2K, such
that the closed loop N-S system obtained from (4.7a—d) [or (4.8)] by replacing
Ry with RY; 1 with x;, (4.12)
possesses a unique fized point solution y satisfying
(y — ye) € L*(0,00; D(AT)) N C([0, 00]; D(AY)) (4.13)

continuously in (yo — ye) € D(Azll), Thus, the counterpart of the asymptotic
property (4.10) holds true. Moreover, the counterpart of the uniform exponen-
tial decay in (4.11) holds true as well. The operator RY is defined by (4.19a)
below and is the unique, positive, self-adjoint solution in L(H), satisfying the
following ARE, where A is the Oseen operator in (1.1.14):

2K
Z(R(J)Vzvxl)i%w)v Vze H7 (414)

=1

1

(A2, By 2)m + |l =
since now A*RY; € L(H) (refer to Theorem 3.1.1(ii) and Remark 3.1.1 refer-
ring to [B-L-T.1, Appendix B.4], ultimately to [L-T.4, Appendix 2B, p. 168],
since:
(i) A is a lower-order perturbation of the self-adjoint operator —vgA on H,
by (1.1.14), (1.1.15) and R% € L(H);
(ii) the observation operator in the cost functional (4.19b) is the identity
on H).
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Proof of Theorem 4.1 via Theorem 1.2.1. We need to verify the validity of as-
sumption (H.1(i), (ii), (iii)) of Setting #1. This will be done by invoking results
of [B-T.1]. First, by [B-T.1, Lemma 3.8], the OCP (4.4) satisfies the Finite Cost
condition [L-T.4] (the functional J in (4.4b) is proper for any vy € D(A4)) within
the class of L?(0,00; R?K)-controllers uy(z,t) = fol uly (t)i(x), for suitable
vectors {1; }2X identified there in [B-T.1, Eqn. (3.52)]. Accordingly, the optional
solution v*(t;vg) of the OCP (4.4) is given by the s.c. feedback semigroup

2K
v*(tvg) = e Floy, Ap=A+ P <m Z(RN - wi)L%w)wz) (4.15)

i=1

[B-T.1, Equ. (3.81)], where the s.c. feedback semigroup eA*? is analytic on D(A4)
and, moreover, is (by Datko’s theorem) exponentially stable on D(A4) [B-T.1,
Eqn. (3.82)]

|eAFﬂ£aXAinfgcae—72 t>0, (4.16)

for some constant v > 0. Of course, we have

A|&ﬂ%@:A M%wmm@ﬁgcmgmh. (4.17)

Accordingly, if we set, for d = 2, 3:

2K
W =D(A%); Z=D(Ai); F=P <mZ<RN ; wom)wi) o (418)

i=1
with 1; identified by [B-T.1, Eqn. (3.52)], we see that properties (4.15), (4.16),
(4.17) wverify, respectively, properties (H.1i), (H.1ii), (H.liii), in (1.2.5), (1.2.6),
(1.2.7). We then invoke Theorem 1.2.1 and obtain Theorem 4.1, in the more refined

version that the local solution of (4.7a-d), or of (4.8), is a unique fixed point
solution (see [B-L-T.2, Section 5]).

Proof of Theorem 4.2 via Theorem 1.2.2. We shall use Setting #2. We need to
verify assumptions (H.2(i), (ii), (iii), (iv)) in (1.2.10)—(1.2.14). To this end, instead
of the OCP (4.4), we consider the new OCP

(R{vo,v0)u = Jo(u,v;v0) = J§ (vo), vy € H;

inf
uELz(})I,loo;]R2K) (4.19a)

Jo(u,v;v9) / {|v(t;vo)|%{ + [u(t)|Zex [dt, vo € H, (4.19b)
0

v(-;v) the solution of the linearized equation (4.5) where ¢; = ;. This is a
standard OCP where the control operator (Pm) is bounded on H. Thus, a fortiori,
amply contained in [L-T.4, Theorem 2.2.1], see also [Bal.1].
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In particular, the following results hold true:
(i) the operator
2K

AF—A+Pm(§]R%W@> i (4.20)

i=1 L2 (w)
generates a s.c. analytic semigroup eA#* on H, for all 1/31 € L% (w).

(ii) Asin [B-T.1, Section 3] (Lemma 3.8 in [B-T.1] is a finite-dimensional result),
we can select (in infinitely many ways) suitable vectors v; = x; € L?(w) such
that e#! is, moreover, uniformly (exponentially) stable on H: |eA!| .z <

Mie=%t ¢ >0, § > 0. Henceforth, we shall restrict to such vectors 1; =
Xi-

(iii) R} is a positive, self-adjoint operator in £(H), the unique such solution of
an ARE (4.14). We henceforth select the following spaces

W =D(A4);  Z=D(A%), (4.21)

in both cases d = 2, 3. Since
D(Ar) = D(A) = D(A), hence D((—Ar)?) =D(A%), 0<0<1,  (4.22)
by interpolation, we have that:

(1) e”F* continues to be a s.c. analytic semigroup also on the space W =
1

D(Ax).
(2) e**! remains uniformly (exponentially) stable on W: |eA#!|z ) <
Mle_élt, t>0, 6, >0.

In addition, we have
(3) / leArtyg |2, dt < constlug|. (4.23)
0

Proof of (4.23). Since Z = D(Ai) = D((—Ap)i) and W = D(A:) = D((—Ap)4)
by (4.21), we have for vy € W:

oo
/ leArtug|%dt
0

oo 0o .

:/0 'eAFtUO'f;«fAF)z)dt:/o |(~Ap) S eArto s (4.24)

= / [(—Ap)2etrt(—Ap)ivg[3dt < C|(~Ap)ivel} = cluoldy,  (4.25)
0

and (4.23) is established. All the steps are justified since e“#* is a s.c. analytic
semigroup on H, generated by Ar = —1pA + (—Ap + Pm) which is a lower-
order perturbation D(—Ag + Pm) = D(Ag) = D(A2) of the negative, self-adjoint
operator —vpA. [A more complicated way to show (4.23) is to recall that v°( - ;v) =
eA¥tyy = optimal solution of the OCP (4.19) and invoke regularity properties of the
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optimal pair in a boot-strap argument as in Proposition 3.1.2 proved in [B-L-T.2,
Section 6], ultimately [L-T.4].] Finally, we have

(4) D(Ap) = D(A) C D(A}) = Z. (4.26)

Thus, properties (1), (2), (3), (4) are the counterpart of the properties (H.1(i),
(i), (iii), (iv)) of the abstract Setting #2. Thus, the counterpart of Theorem 1.2.2
holds true and — via the proof of [B-L-T.2, Section 5] — produces a unique fixed
point solution of problem (4.7) with the following Riccati-based feedback control

2K
w= =Y (R (Y = ye)s ¥i) 2wy = —(B®)" Ry (y — ve)-
i=1
Theorem 4.2 is proved. ([

5. The case of exponential stabilization of N-S equations, d = 2, 3,
by means of localized interior, spectral-based feedback controls

In this section we shall appeal to results of [B-T.1, Section 3] in order to verify
the validity of the assumptions (H.2(1), (ii), (iii), (iv)) in (1.2.10)—(1.2.14). This
way, we will be able to invoke Theorem 1.2.2 and establish the following local
exponential stabilization of the N-S equations, d = 2,3, with a localized interior,
finite-dimensional, spectral-based feedback controllers of the form

2K

U= _Z(y—yuﬁi)m(w)l% (5.1)

i=1
for suitably constructed (via [B-T.1, Lemma 3.8]) vectors p;, ¥; € L2(w).

Theorem 5.1. Let w be an arbitrary subdomain of Q0 of class C?. Let p > 0 be
sufficiently small, and let the I.C. yo € V, defined by (4.6). Then there exist
(constructively) suitable vectors Wy, pi € L?(w), i=1,...,2K identified in [B-T.1,
Eqn. (3.52)], such that the closed loop N-S system

2K

yt(xvt) - VUAy(xat) + (y : V)y(m,t) + m{ Z((y - ye)aﬁi)Lz(w)d‘;i}
— L)+ Ve, t) in Q=9 % (0,00); (5.2a)
Vy = 0 in Q; (5.2b)
y = 0 on X = 09 x (0,00); (5.2¢)
y(x,0) = yo(x) in €, (5.2d)
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— which is obtained by replacing u in (4.1a) in the feedback form given by (5.1) —
[or, correspondingly, its abstract version|, as projected onto H :

d 2K . B
d§+VoAy+By+Pm {Z((y - ye),pi)m@)m} =Pf., t>0,y(0)=yo, (5.3)
=1

P = Leray projector] possesses a unique fized point solution such that the following
asymptotic properties hold true:

(i) /OOO | A3 (y(t) — ye)[3dt < ClA% (yo — ye)lms (5.4)

(if) A (y(t) = ye) < Me™ | A% (yo — ye)lu, >0, (5.5)
for some M > 1, a > 0.

Proof of Theorem 5.1. The linearized semigroup is analytic on H. One begins with
he complexified finite-dimensional projection [B-T.1, Eqn. (3.5)] on the unstable
subspace Z% = Py H in (1.3.5), (1.3.1):

on Zy: 2y =Akzn + Pn(Pmo), 2n(0) = Py 2o, (5.6)

with finite-dimensional controllers v = vy = Zfil vy (Hw;, w; € Z% C H, so
that mw; € H and Pymw; = PyPmw;, K = max{{;,i = 1,..., M}. We shall
eventually seek controllers in feedback form v%(t) = (zn(t),p;). Let the vectors
w; € Z¥ satisfy the algebraic rank conditions in [B-T.1, Eqn. (3.15)]. Then, the
dynamics (5.6) is controllable on Z} [B-T.1, Proof of Lemma 3.2]. Accordingly,
(5.6) satisfies Popov’s pole assignment property. In particular, given any ~; >
0, there exist (constructively) suitable vectors {p1,...,px} € Z} such that the

corresponding feedback problem

K
2y — A%zy =Y Py(mwi)(zn.pi),  2v(0) = Pyzo (5.7)

i=1

is exponentially stable with rate y; > 0:

v ()] + on ()] < Cy e Pyzof, ¢>0 (5.8)

[B-T.1, Lemma 3.1]. Next, we return from the complexified version to the corre-
sponding real version of the problem. Since

K K K
uy =Re oy = RevaV(t)wi = Z(Re viv (1) (Re wy) — Z(Im Vi (1) (Tm w;)
. i=1 i=1 p i=1 (59)
uy =Re oy = Z(Re(zN(t),pi))(Re w;) — Z(Im(zN(t),pi)(Im w;),
i=1 i=1 (5.10)

and with w; € Z% € H,
Re PyPmuvy = Re Pymv = PymRe vy = Pymuy, (5.11)
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we deduce that a fortiori, the real value (Re zy)-dynamics is likewise controllable
within the class of 2K open-loop, real-valued controls of the form (5.10), (5.11).
[However, because of the presence of Im zx, such controls in (5.10), (5.11) are only
open-loop, and not closed loop. Accordingly, by standard, finite-dimensional con-
trol theory, the linear dynamics in (Rezn) can be stabilized by a 2K-dimensional,
real-valued, closed-loop feedback control of the same feedback low as its complex-
valued counterpart. Hence, there exist real vectors p; € Z}(,, i=1,...,2K, such
that the real feedback dynamics

2K
(Re zy)¢ = A% (Re zy) + Zizl(Re Zn(t), pi)i,  Re zn(0) =Re 2o (5.12)

satisfies

|(Re 2n)(t)|m < Cyre”™|Re 20l, t>0, (5.13)

where we have set
v, = Rew;,i=1,....K; Yjuxg =—-Imw,;, i=1,...,K; (5.14a)
{ Z% = span{Re ¢;, Tm @;;}M, ﬁi:l, @;; in (1.3.4). (5.14b)

Finally, the argument of [B-T.1, Lemma 3.8] shows that the real linearized
dynamics

v = —(voA + Ag)v + Pmuy = Av + Pm {ZQK (v(t),ﬁi)wi} ; (5.15)

i=1
that is,
v = Apv, o(t) = A ug; Ap= A+ PmY " (P (5.16)
satisfies the asymptotic pointwise decays
()| g = e volg < Choe " uglm, >0, (5.17)
|Aio(t)|g = |[AteArlug|y < Cype P Adugly, t>0, (5.18)

with o any constant such that 0 < vp < Re Any1, see [B-T.1, (3.5.1a-b)]. More-
over, the argument of [B-T.1, Section 3.4, Step 1, p. 1475] then shows that

/ |AieAFtv0|Hdt=/ (AL o(t)|mdt < ClA wolu, vo € D(AL).  (5.19)
0 0
Finally, we set
1 3 2K
W =D(A:); Z=D(A:); F=Pm) (B (5.20)
1=

We then have that (5.15), (5.17), (5.19) satisfy assumptions (H.2i), (H.2ii), (H.2iii).
Moreover,

D(Ar) = D(A) C D(A%) = Z, (5.21)
and (H.2iv) is likewise satisfied. Having verified assumption (H.2), we invoke The-
orem 1.2.2 and, this way, obtain Theorem 5.2. O

Remark 5.1. Using (5.18), one could also verify (H.1) and then invoke Theorem
1.2.1 to obtain Theorem 5.2. o
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Convergence Analysis of an Adaptive Finite
Element Method for Distributed Control
Problems with Control Constraints

A. Gaevskaya, R.H.W. Hoppe, Y. Iliash and M. Kieweg

Abstract. We develop an adaptive finite element method for a class of dis-
tributed optimal control problems with control constraints. The method is
based on a residual-type a posteriori error estimator and incorporates data os-
cillations. The analysis is carried out for conforming P1 approximations of the
state and the co-state and elementwise constant approximations of the control
and the co-control. We prove convergence of the error in the state, the co-
state, the control, and the co-control. Under some additional non-degeneracy
assumptions on the continuous and the discrete problems, we then show that
an error reduction property holds true at least asymptotically. The analysis
uses the reliability and the discrete local efficiency of the a posteriori esti-
mator as well as quasi-orthogonality properties as essential tools. Numerical
results illustrate the performance of the adaptive algorithm.

Mathematics Subject Classification (2000). Primary 65K10; Secondary 49M15.

Keywords. Distributed optimal control, control constraints, adaptive finite
elements, residual-type a posteriori error estimators, convergence analysis.

1. Introduction

We present a convergence analysis of adaptive finite element approximations of
a distributed optimal control problem with control constraints. In particular, as-
suming © C R? to be a bounded, polygonal domain with boundary I' := 9Q and
given data y¢ € L2(Q2) and f € L*(Q),v € H(Q) N L>®(R) as well as a parameter
0 < a <1, we consider the following distributed optimal control problems with

The second author has been partially supported by the NSF under Grant No. DMS-0411403
and Grant No. DMS-0511611. The fourth author acknowledges the support by the elite graduate
school TopMath.
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bound constrained controls

minimize J(y,u) = ) Jy—y'Ba + 5 lule (11a)

over (y,u) € H}(Q) x L*(Q),

subject to —Ay = f + u, (1.1b)
weK = {veL*Q) |v<1yae inQ}. (1.1c)

It is well known (cf., e.g., [15, 20, 21]) that (1.1a)—(1.1c) admits a unique solution
(y,u) € H} () x L*(). The optimality conditions involve the existence of a co-
state p € Hj(Q) and a co-control o € L% (2) such that y, p, u, o satisfy

a(y,v) = (f+u,v)o0 , vEH), (1.2a)
a(p,v) = = (y—y v . vEH9), (1.2b)
u:;(pr)GK, (1.2¢)
(cbu—v)oa >0 , veK. (1.2d)

Here, (-,-)o.o refers to the standard L? inner product and a(,-) stands for the
bilinear form

a(w,z) = /Vw-Vzdx . w,z € HY Q) .
Q

We note that the variational inequality (1.2d) can be equivalently stated as the
complementarity condition

ceLi(Q), p—ueli(), (1.3)
(o, —u)on = 0.

We define the active control set A(u) as the maximal open set A C Q such that
u(z) = ¢(z) f.a.a. € A and the inactive control set Z(u) according to Z(u) :=
U.>o Be, where B, is the maximal open set B C Q such that u(z) < ¢(x) — ¢
for almost all z € B. Further, we refer to F(u) := 0A(u) as the free boundary
between the active and inactive sets.

The control problem (1.1a)—(1.1c) will be approximated by Lagrangian type
finite elements with respect to an adaptively generated hierarchy of simplicial tri-
angulations of the computational domain. We note that adaptive finite element
methods (AFEM) are efficient and reliable algorithmic tools in the numerical so-
lution of partial differential equations. AFEMs typically consist of successive loops
of the sequence

SOLVE — ESTIMATE — MARK — REFINE . (1.4)

Here, SOLVE stands for the numerical solution of the finite element discretized
problem, ESTIMATE requires the a posteriori estimation of the global discretiza-
tion error in some appropriate norm or with respect to a goal oriented error func-
tional. The step MARK is devoted to the selection of elements and edges for
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refinement, and the final step REFINE takes care of the technical realization of
the refinement process.

The development, analysis and implementation of efficient and reliable a pos-
teriori error estimators has been the subject of intensive research in the past two
decades and has actually reached some level of maturity (see, e.g., the monographs
[1, 3, 4, 14, 25, 26] and the references therein). On the other hand, a rigorous con-
vergence analysis of (1.4) relying on appropriate error reduction properties has
so far only been done for conforming AFEMs [8, 13, 24] and, very recently, by
Carstensen and the second author for mixed and nonconforming finite element
methods in [10, 11] as well as for edge element methods for eddy current equations
in [12].

As far as the a posteriori error analysis of adaptive finite element schemes
for optimal control problems is concerned, the unconstrained case has been con-
sidered in [4, 6], whereas residual-type a posteriori error estimators in the control
constrained case have been derived and analyzed in [17, 19, 21, 22]. No convergence
analysis has been addressed so far.

This contribution aims to provide a convergence analysis of AFEM for (1.1a)—
(1.1c). The paper is organized as follows:

In Section 2, we consider the finite element approximation of (1.1a)-(1.1c)
and present details of the adaptive loop (1.4) focusing on a residual-type a poste-
riori error estimator in the step ESTIMATE and a bulk criterion for the selection
of edges and elements for refinement in the step MARK. The reliability of the
estimator and its discrete local efficiency are shown in Section 3. In Section 4, we
prove convergence of the discrete states and co-states in Hg (2) and of the discrete
controls and co-controls in L2(£2). Under the assumptions of strict complementar-
ity and non-degeneracy, in Section 5 we show that an error reduction property
holds true at least asymptotically. Finally, Section 6 illustrates the performance of
the estimator by an illustrative numerical example.

2. Finite element discretization

For the finite element discretization of (1.1a)—(1.1c) we assume that 7y is a shape-
regular simplicial triangulation of Q. We refer to Ny (D), E(D), and Tp(D) , D C Q,
as the sets of vertices, edges and elements of 7y in D C Q. We set hy := max{hr|T €
To} where hp stands for the diameter of an element T' € 7, and we denote by hg
the length of an edge E € &;. Further, we refer to gr as the integral mean of
geL*>(Q)onTeETy,ie., gr=|T| ! J7 g dz. We denote by

Ve = {veCo(Q) |wulreP(T), TeT },
the standard conforming P1 finite element space and by

W = {we € L*(Q) | welr € P(T) , T€T; }
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the linear space of elementwise constant functions on 2. We refer to y, € V;
and uy € Wy as finite element approximations of the state y and the control w,
respectively. The upper obstacle 1 is approximated by the elementwise constant
function ¢, € Wy with ¢¢|r := ¢r, T € Tp.

Then, the finite element approximation of the distributed optimal control
problem (1.1a)—(1.1c) reads as follows:

minimize Jo(ys,ue) = ) e — "3+ 5 el (21a)

over (yg,u¢) € Vo x Wy ,

subject to a(ye, ve) = (f + we,ve)oq , ve € Ve, (2.1b)
up € Ko :={wp € Wy | we|lr <tp , T € T} . (2.1c)

The optimality conditions for (2.1a)—(2.1c) again give rise to the existence of a
co-state py € V; and a co-control o, € Wy such that

a(ye,ve) = (f +ue,ve)o0, ve € Ve (2.2a)
a(pe,ve) = — (ye —y* v, ve € Ve, (2.2b)
1
ue = (Mepe—op) € Ky, (2.2¢)
(Jz,vg — U[)O’Q =0wvweK,. (2.2(1)
Here, M, : H3(Q) — W, stands for the operator given by
(M) = vp = |T|71/v(x) de , TeTy. (2.3)

T

As in the continuous case, (2.2d) can be stated as the complementarity condition

o 20 , Yp—u =20, (2.4)

(00, e —ugdoo = 0.

We define A(uy) and Z(u¢) as the discrete active and inactive control sets accord-
ing to

A(ue) = | JA{T €T | wlr=1belr }, (2.5a)

I(UZ) = U { T e 'Tg | U[lT < ’L/)ng } (25b)

and refer to F(uy) := 0A(ug) as the discrete free boundary between the discrete
active and inactive sets.

We note that the discrete state and co-state y¢, p, € V; may also be considered
as finite element approximations of an auxiliary state y(uy) € HE(Q) and an
auxiliary co-state p(uy) € Ha(Q) as given by the coupled elliptic system

a(y(ue),v) = (f +uev)og . ve Hy(), (2.6a)
a(p(ue),v) = — (y(ue) —y% v)oq , v e Hy(Q) . (2.6b)
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Obviously, we have the Galerkin orthogonality
alye —y(ue),ve) = 0, v eV. (2.7)

Furthermore, there holds

y(ue) =ylio < cr(®) [u—ucogn (2.8a)
p(ue) = pho < cr(Q) Iy = y(ulon (2.8b)

where c¢p(£2) > 0 is the constant in the Poincaré-Friedrichs inequality
lvllog < er(Q) vha, ve Hy(Q). (2.9)

Throughout the rest of this paper, we assume that the coupled system (2.6a),
(2.6b) is H'*7-regular for some v > 0 which implies the existence of a constant
C, > 0, depending only on the shape regularity of the triangulations, such that

lye = y(ue)llo,o < Crhy lye — y(ue)lio - (2.10)

3. The adaptive loop

In the step SOLVE of the adaptive loop, for the computation of the solution of
(2.1a)—(2.1c) we use the primal-dual active set strategy as described in [7]. In the
step ESTIMATE, we use the residual type error estimator

B ) )\ 1/2
) 5 \1/2
ny = (Z mr + > ny,E) : (3.2)
TeT, Eeé&,
- () \2 2 /2
Np = ( Z Z(%,T) + Z np,E) : (3:3)
TeT; i=1 Eec&,

The estimator consists of easily computable element residuals and edge residuals.
In particular, for T' € 7; the element residuals 7y 7 and 771(;,)7“’ 1 <1¢ <2, are as
follows

nyr = hr ||f+uwlor, (3.4)
77;()1% == hr ||yd —yello,7 » (3.5)
77;()2% = [[Mepe — pellor (3.6)
whereas for E € & the edge residuals 1, g, 1, £ are given by
e = bl ve [Vudlos . (3.7)
Mp,E = hjlg/z lve - [Vpdloe - (3.8)

Here, E =T1 N1y, T, € T;,1 <v <2, and v is the exterior unit normal vector
on E directed towards Ts, whereas [Vyy] and [Vpy] denote the jumps of Vye, Ve
across FE.
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Moreover, the convergence analysis invokes data oscillations in %, f and v

oser(y”) = (3 oser?) " oser(y?) = hally —uilor . (3.99)
TeT,
€T, »
osee(f) = (D oser(f)?) " soser(f) = hrllf = fellor . (3.9b)
TeT,
€T, »
osce(¥) := ( Z OSCT(w)z) , oser () == hr||VYlor - (3.9¢)
TeT,

where y¢ € Wy and f, € W, with yd|r := v, folr = fr,T € To.
Given universal constants ©;,1 < i < 2 with 0 < ©; < 1, in the bulk criterion
of step MARK we select a set of edges MF C & and a set of elements M7 :=

M?’T U MoseT < 7, such that

7 Z (77§E + "7;12;,E) < Z (77§E + 7712)E) ) (3.10)
Eec&, EeMFE
1 2
0 (Y 2+ i)+ (7))
TeT,
(3.11)
2
< > B+ @+ 0
TemnT

The bulk criteria are realized by a greedy algorithm (cf., e.g., [17]).

In the final step REFINE, an element T selected in the bulk criterion is refined
by successive bisection such that at least one interior nodal point is generated
(‘interior node property’). If two or three edges of an element have been marked
for refinement, the triangle is subdivided into four subtriangles by joining the
midpoints of the edges, whereas simple bisection is used, if only one edge has been
selected in the bulk criterion. Bisection is also used in case of newly created nodes
at midpoint of edges not contained in MF in order to provide a geometrically
conforming new triangulation 7y41. Setting

osce = (osci(y?) +osc(f) + osc?(w))l/2 ) (3.12)
we assume that 711 is such that there exists 0 < ps < 1 satisfying

oscj; < p2 0scp . (3.13)

In practice, the oscillation term oscy is included in the bulk criteria of step MARK
(cf., e.g., [24] for a thorough discussion of the oscillation term and see [17] for
details of the algorithmic realization).
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4. Reliability and discrete local efficiency
The reliability of the estimator has been established in [17].

Theorem 4.1. Let (y,p,u,0) and (ye, pe, ue, 0¢) be the solutions of (1.2a)—(1.2d)
and (2.2a)—(2.2d), and let n and pe(¢) be the residual error estimator and the data
oscillations as given by (3.1) and (3.9¢), respectively. Then, there exists a constant
C1 > 1, depending only on a and on the shape regularity of the triangulations, such
that

ly—yelia + Ip—pelia + lu—wlfgq (4.1)

+llo—allse < C1 (0 +osci(y)) -
For the discrete local efficiency of the estimator we have to show that for
refined elements 7' and edges E the local components of the estimator can be

bounded from above by the norms of the differences of the fine and coarse mesh
approximations on T and the patches wg, respectively.

Lemma 4.2. For a refined element T € Ty there holds

Myr S e —yerilir + hpllue—wenl§r +oscr(f) (42)
1

(771(),%)2 S pe = pevili o + lye — yerr |3 o + oscr(y?) (4.3)
2

(U](),:)r)Q S Ipe = peralor + & llue — w7 + loe — oo 1 - (4.4)

Proof. Let ¢, € Viy1 be a nodal basis function associated with an interior point
a € Ngp1(T) and D, := supp(pf, ;). Then, the function ze11 := (fr + we)pd,
satisfies

||fT+W||(2),T S (fr +ue zei)or (4.5)
lzexallor S Ifr+uedlor o lzesrhr S bt lfr+uellor - (4.6)

Using (4.5) and (4.6) we find
mer = hzllfr +wllir S hF(f +uess, zep1)or (4.7)

+h3 (lue = wesillor) + 1 = frlloz)lzesallor
Since z¢4+1 is an admissible test function in (2.5a) (with ¢ replaced by £ 4 1), we
have
a(yer1, ze41) = (f + wesrs ze41)o, -
Observing Ay, = 0 on T and z,41|sp, = 0, a simple integration by parts shows

a|T(yZ7 ZZ+1) = Z Vy[ . VZ[+1 dx
T/EIJ—IH»I(Da,)T/

= — Z /Aygz“_l dx + / Vop, - Vyeze+1 ds = 0.
T'€To41(Da) 8D,
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Consequently, we obtain

h(f + wesr, zn)or (4.8)
= hpa(yer1 —ye, ze01) < Bplyee — yelorlzenlir -
Inserting (4.8) into (4.7) and using (4.6) as well as Young’s inequality gives the
assertion.
The proof of (4.3) follows by similar arguments, this time choosing zp11 =
(yd — Ue)pf,q, where g is the integral mean of y, on T'.
For the proof of (4.4), the triangle inequality readily gives
77p Y+ < | Mepe — Mesipesilor + Ipe — perallor + [ Merape — pellor - (4.9)
Using the relationship (2.2c¢) both for the coarse and the fine mesh, for the first
term on the right-hand side in (4.9) we obtain
|1 Mepe — Mesipesilor < allue — wet1llor + |loe — oesillor - (4.10)
For the third term on the right-hand side in (4.9), there exists 0 < ¢ < 1 such that
[Mer1pe — pellor < g [[Mepe — pellor - (4.11)
Taking advantage of (4.10), (4.11) in (4.9) yields

1
2
Mo <, (Ipe=penloa +allue = werilloa + loe = oeslog)

(Il

Lemma 4.3. For a refined edge E € & there holds
Myr S le—yenlie, + Mllue—uenllf o, + mw, .  (412)
n;,E S pe —pe+1|%wE + lye — Yol ws T nﬁ,wE . (4.13)

Proof. Let goZ”dE € Vi1 be the nodal basis function associated with mid(FE) €

midp

Ne1(Q2). Then, the function zpy; = [V - Vyg]gaHl satisfies

Ive-Vylllee S (Ve Vyd zen)or (4.14)
lzetallows S 2 e Vydlos , (4.15)
eeriles S hp " e Vadlos - (4.16)
Using (4.14)—(4.16) and the fact that zy41 is an admissible test function in (2.5a)
(with ¢ replaced by ¢ + 1), we find
g = hellve -Vyllliz S he(Ve - Vi, zeg1)oe (4.17)
= hg (ale(yz —Yer1, 2e01) + (ue = uerr, Zep1)oop — (f+uwz+1)o,nE)

< bl v - Vydllo.s (|ye—ye+1|1,wE + hrllue — wetallows + Uy,wE) ;

which immediately leads to (4.12). The estimate (4.13) is shown in exactly the
same way. ([
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Summarizing the results of Lemma 4.2 and Lemma 4.3 and taking account
that the union of the patches wg has a finite overlap, we obtain

Theorem 4.4. Let (y,p,u,0) and (yi, pk, uk,ok), k € {€,€+ 1}, be the solutions
of (1.2a)~(1.2d) and (2.2a)—(2.2d), and let n and osce(y?),osce(f) be the residual
error estimator and the data oscillations as given by (3.1) and (3.9a), (3.9b),
respectively. Then, there exists a constant Co > 1, depending only on the constants
0;,1 < i <2, in the bulk criteria (3.10), (3.11), and on the shape regularity of the
triangulations, such that

1 2
S e+ P+ D+ Y (et ke
TeMT EeMP¥
< Co (lye — yerli o + [pe — pesili .o + & llue — wera|f o
+ llow — oes1 g 0 + osci (y?) + osc7 (f)) - (4.18)

5. Convergence result

In this section, we will prove convergence of the discrete states, co-states, controls,
and co-controls to its continuous counterparts.
The reliability (4.1), the bulk criteria (3.10), (3.11), and the discrete local
efficiency (4.18) imply
ly — yéﬁ,ﬂ +[p - peﬁ,ﬂ + [Ju— WH%,Q + llo — Ué”%,sz
< Cs (alye — y£+1|i§z + pe — Pz+1|iﬂ) +Cy (0‘2”“2 - W+1||(2),Q
- llow — aerilZ ) + Cs (osc2(y) + osed (f) + osc2()) (5.1)
where C3 := C102a~1,Cy := C1Cy and Cs := max(Cy, Cy).
Now, using the fundamental relationships
|s¢e = se41lT 0 (52)
= |s = suli o — s = ser1liqo + 2a(s = seq1, 50 = se41)
[|we — WH”%,Q (5.3)
= [lw-— W||(2m —flw - w€+1||(2),9 + 2(w — wet1, we — Wer1)o.Q
for s = y,sx = yx and s = p, s = pr and for w = uw, wr = ux and w = o, wg, =
ok, k € {€,£+ 1}, we would be able to deduce not only convergence, but even an
error reduction property, if we had Galerkin orthogonality of the AFEM. However,

Galerkin orthogonality does not apply here. Instead, we will establish some quasi-
orthogonality properties which allow to prove convergence.

Lemma 5.1. Let (y,p,u,0) and (yk, pr, uk,0k), k € {{,£+ 1}, be the solutions of
(1.2a)—(1.2d) and (2.2a)—(2.2d), and let y(ues1) € V be the auziliary state as given
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by (2.6). Then, there holds

o a(y — Ye+1,Ye — Yer1) + a(p — Pes1, e — Pes) (5.4)
= (Yer1 — y(weg1), pe — pes1)o,e + (Y(uer1) — ¥, 00 — 0eg1)o,0

+ (Y(uesr) =y, (I = Me)pe — (I — Mes1)pesi)on

+a (w1 — u, (y(ue) = ye) + Yer1 — y(ues1))oo

o (U — ugy1,ue — U1 )o,0 + (0 — Tey1, 00 — Tet1) (5.5)
< a (o,upp1 —ug)oo +a (0er1 — 0,90 — Yer1)on
+a (0,90 — Yegp1)o,0 + a (041 — o0, u — P)o,0

+a (00 — 0og1, Y041 — ¥)o,0 + (0 — Mogipet1, Mope — Myt 1pes1)o,0-
Proof. In view of (1.2a), (2.2a) and (2.6), (2.7), we readily get

aa(y — Ye+1,Ye — Yo+1) (5.6)
= aa(y — y(uesr1),ye — Yer1) = a(u — wey1,Ye — Yer1)on -

On the other hand, observing (1.2b), (1.2¢) and (2.2b), (2.2¢) as well as (2.8), we
find

a(p = pes1,0e — Pev1) = (Yer1 — yY(wet1),pe — Pe+1)o,o (5.7)

+ (y(wes1) =y, 00 — o1 + (I — Mo)pe — (I — Mys1)pes1)o0

+ a(y(uwe+1) — Y, ue — wer1)oq -
Moreover, since y(ugp1) —y = (—A) " (w1 —u) and (—A) " (ug—upg1) = y(ue) —
y(ue41), we obtain

a(y(ue+1) — Y, ue — Ue1)o,0 (5.8)

= a(uerr — u,y(ue) — y(ues1))oe = aluers — Yo — Yer1)oo

+ augrr —u, (Y(ue) — ye) + (Yerr — y(ues1))o,0 -

Using (5.8) in (5.7) and combining (5.6) and(5.7) results in (5.4).
As far as the proof of (5.5) is concerned, using again (1.2c), (2.2¢), we find

o (U — g1, up — Ugt1)0,0 + (0 — 041,00 — Tot1) (5.9)
= alop41 — 0,u — Uey1)o,0 + a(u — U1, 0041 — T1)o.0
+ (p — Mesapes1, Mepe — Megapesi)oe -
For the first term on the right-hand side in (5.9), we obtain

a(o‘g+1 — O, Uy — u€+1)0’g (5.10)
= a(oet1,ue — Ye)oa + a(Tet1, e — Yet1)o.0

+ (o1, Vo1 — wes1)oo + a0, uprr — ue)on
< afopg1, e — Yer1)o,o + oo, uerr — ue)oq
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where we have used that due to (2.4)

(oe+1,ue —Pe)o,0 <0 and  (0et1,%et1 — ues1)o0 =0

For the second term, similar arguments yield

(041 — 00, U — Ups1)o0 (5.11)
= (o1 — o, u— oo+ alors —or e —Y)og -
Using (5.10), (5.11) in (5.9) gives the assertion. O

For the terms in (5.4), (5.5) involving the averaging operators My and M4
we provide the following result.

Lemma 5.2. Under the assumptions of Lemma 5.1 there holds

(Ye1 —y, (I = Me)pe — (I = Mey1)pes1)oe (5.12)
< hp (ly — yé+1|i§z +1p - péﬁ,ﬂ +[p —pe+1|i§z) + 17 (p)
(p — Mes1pes1, Mepe — Moy1pesi)o.o (5.13)
< hp (Ip — peﬁ,n +[p —pe+1|in) + 17 (p)
where
wep) = (Y 12@)"? . @) = hr lplir (5.14)
TeT,

Proof. We split the left-hand side in (5.9) according to
(Yer1 —y, (I — My)pe — (I — Mey1)pes1)oa
= (Yer1 =y, (I = Myy1)(pe — pes1))o
+ (Ye+1 =y, (Mo — Me)pe)oa -

For T € Tyy1 we set o1 := |T|7* fT(yZH —y)dz. Since Myy1)(pe— pes1) has zero
integral mean on T' € 711, an elementwise application of Poincaré’s inequality
and of Young’s inequality gives

(Yes1 =y, (I — Myy1)(pe — peg1))or
= We+1 =Y — Jet1, (I — Meg1)(pe — pe+1))o,r
hr |y — yesili,r hr |pe — pesili,r
ha |y —yers|ir + b7 pe— pesalir -
Summing over all T' € 7y41, we obtain
(Yer1 —y, (I — Me)pe — (I — Myy1)pesi)on
< g (ly — yeralg + lpe — pesaliq)-
Moreover, using similar arguments

S
S

(Yet1 — Y, (Mgy1 — Mo)pe)o,o
S b (ly—yeralia + o —peli o) + 1i(p) -

Combing both inequalities proves (5.12). The proof of (5.13) is along the same
lines. g
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Since the |- |1,o-norm of the co-state p can be bounded from above by means
of the given data of the problem (cf., e.g., [20]), we may interpret ue(p) as a data
term. As far as the reduction of that data term is concerned, we may assume the
existence of 0 < p3 < 1 such that

12.1(p) < ps 13 (p) . (5.15)
For the convergence proof, we set z := (y,p, u, o), z¢ := (ye, pe, ue, 0¢), £ € Np, and
introduce the norm
1/2
lle = el = (1w = 0+ Ip— el + lu = wel3 o+ o — ovl30) % (5.16)
We establish convergence with respect to ||| - ||| in the sense that the sequence

{lllz = z¢l||}n, belongs to 2.

Theorem 5.3. Let (y,p,u,0) and (ye, pe, ue, 0¢) be the solutions of (1.2a)—(1.2d)
and (2.2a)—(2.2d) and let oscy(y?),osce(f), 05¢ce(1), ue(p) be the data oscillations
and data terms given by (3.9a)—(3.9¢) and (5.14). Assume that (3.13) and (5.15)
are satisfied. Then, there exists a constant A > 0, depending on the data of the
problem, the constants ©;,1 < i < 2, in the bulk criteria (3.10), (3.11) and on the
shape regularity of the triangulations, such that

Sz -zl < A (5.17)
=0

Proof. In addition to Lemma (5.2), we provide further estimates for the remaining
terms on the right-hand side in (5.4). In particular, by means of (2.8a), (2.9) and
(2.10), setting cq := max(1, cp(£2)) we obtain
(Yer1 — Y(ues1),pe — pes1)oe < Creah] (v — yesili0 (5.18)
+ |y — y(ws)|1.0) (Ip — pelrg + Ip — pesilie)

1
< QCTthZ (Iy — yesr1li o +4lp = peli o + 4lp — pes1li )

1
+  Cochhiu— el

auesr =, (y(ue) = yeo) + (Werr — y(ue1))o.o (5.19)
< aCrh] lu—ues1lloe (ly — velio + |y — yesili0
+ca (lu—uelloo + v — uesillog))
< aCrh} (ly - yéﬁn + 1y — ye+1|i§z
+ch llu—uell o+ 1+ cd) llu—uelfq) -
Moreover, in view of (2.8a), (2.9) and Young’s inequality
(Y(wesr) =y, 00 = oer1)o0 < llu = uerifloelloc — oetallon  (5.20)

co

< e fu—unlfo+ 2 lloe—omlia

451
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where €1 > 0 can be arbitrarily chosen. Likewise, for some arbitrary €2 > 0 we get

a(oe1 — 0,00 — Yer1)o,0

< allo = oplloe(llv — Yelloe + ¥ = vello.e) (5.21)
< el —oenlfat (o (14 m) oscf(w)

a(or — oet1, Yot — Yoo (5.22)
< & (lo — ol +llo —oualia) + oo po osef(0)

where we have used (3.13) in both estimates.
Now, we choose €1 > 0,e5 > 0 according to

g1 = a/(16Cy) , &3 = o/(16Cs(a + 4c}y))
and h* € Ry by means of
h* = (a/(120Cmax(Cs, Cr, Cp)cb )Y .

Then, there exists £* € N such that hy < h* for £ > ¢*. If we take advantage of
(5.18)—(5.22) as well as (5.12), (5.13) from Lemma 5.2 in (5.4), (5.5) and use the
result in (5.1), setting Cg := 4C3cd, + C1a? and Cy := 4C5c4 + Cy, for £ > 0* we
get

1

o=zl < @it y—ula = ©- Py-venla  62)
£ (4 ) lp-plia — (- ) p-penilia
+ (Gt u—wlda — = ) le-uenlda
+ (Cot ) lo—adda — (Co— ) lo—oenlRa

+ Cho (osci +u7(p)) + 20(0,ue1 — ug)oo
+ 2a(0, e — Yer1)oo + 2a(00s1 —oe,u—P)oa,

where Cyg := C5 4+ 203Cs + 2Cy(C7 + 4(1 + p2)). We define constants 0 < k; <
1,1 <i<3,and 0 < p; <1 according to

_ Cy—1/4 _ C3—-1/4
R1 = 0971/4 , R2 = 0971/4, (524)
Cs—1/4  Cy—1/2

T gy —1a 0 VT oy -1/

(observe Cy < Cq,C5 < C9, and Cs < Cy). We further introduce the weighted

norm
1/2
Wz = zelllx == (r1ly = vel3 o + walp — pelT o + mallu — wellg o + llo = oell3 o)
(5.25)
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Then, from (5.23) we deduce that

lllz = ze4 Il (5.26)
< plllz = zelllZ + 2a(o,ues1 — ue)o.q + 2000, e — hes1)og
+ 2a(opp1 — o0, u — P)o,0 + C11 (osei +ui(p))
where Cy; := C19/(Cy — 1/4). Summing in (5.26) over £ from ¢ = * to { =n > (*

results in

n—1

1 =p) D Mz = 2zenlllz +lllz = zasalll < plllz =2 Iz (5.27)
0=0*

+ 2a(0, unt1 — ugr o0 + 20(0, Ve — Ynt1)o0

n

+ 20(0ni1 — o u—Ploa + Cr Y (0sef +uf(p)) -
L=0*

Now, taking (1.3) and (2.4) into account, we have
(0, Uunt1 —ug=)o,o + (0,0 —Vny1)oo < (0,00 —ue<)oq
(Ont1 — oo, u—Y)oo < (0o, —u)oq -

Moreover, due to (3.13) and (5.15)

- 2 2 Cr 2 Cr 2
)~ (o0sc; +uz(p)) < 1, OS¢+ M (p) -
o=+ P2 P3

Using the preceding estimates in (5.27) implies the existence of a constant ¥ such
that

oo
min xS fllz - zll? < 9,
1<i<3 —

which gives the assertion. ([

Corollary 5.4. Under the assumptions of Theorem 5.3 there holds

[y — yel1,0, P — pel1,os [[u — welloq: [l —oellog — 0 as £—o00. (5.28)

6. Error reduction property

An error reduction property of the adaptive finite element approximation of the
obstacle problem in the weighted norm ||| - |||, can be established under some
additional assumptions. In particular, we suppose that the sequence {Wy}y, of
spaces of elementwise constants is limit dense in L?(€2) in the sense

(L) For each w € L?(f2), there is a sequence {wg}n, wy € Wy, £ € N, such that
we — w in L?(Q) as £ — oo.
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We further assume strict complementarity of the continuous problem
(€) olzw) >0,
as well as the following non-degeneracy properties of the discrete control problems:
(N1) There exist €} > 0 and C; > 0 such that for all 0 < & < &} and for all
sufficiently large £ € N
meas({x € Z(ug) | 0 < (x) —up(z) <€?}) < Cr e
(N2) There exist €5 > 0 and Cy > 0 such that for all 0 < & < &} and for all
sufficiently large £ € N
{z € T(ur) | 0 < (x) —ue(z) < e®} C {x € I(up) | dist(x, Fr) < Cac} .
(N3) There exist €5 > 0 and C3 > 0 such that for all 0 < ¢ < €% and for all
sufficiently large £ € N
{x € T(up) | dist(w,Fy) < e} C{x € L(up) | 0 < Pe(x) —up(z) < C3e?}.
The error reduction property holds asymptotically, i.e., once the continuous free
boundary has been sufficiently resolved by its discrete counterpart. We enhance

the resolution of the free boundary by an extension of the bulk criteria. To this
end, we define the sets

Afug) =it HT € Tu | welre = pelrr . T € T, T' 0T # 0}) (6.1)
I(ug) == int(| T € T0 | thelr — welr > &> 0}) (6.2)
Flug) == Q\ (A(ur) UL (ug)) (6.3)

for some € > 0 in (6.2). Then, the extension of the bulk criteria (3.10)-(3.11) is as
follows:

(E) In the step ‘MARK’ of the adaptive loop, all edges F € 5@(.7:"[) are marked
for refinement.

Proposition 6.1. Assume that the discrete problem (2.2a)—(2.2d) satisfies (N1),
(N2) and that the refinement is done based on the bulk criteria (3.10), (3.11) and
its extension (E). Then, there exists a subsequence N* C N such that for all £ € N*

T(ue) € Z(wepr) Alue) C Alueia) (6.4)
Fuesr) C Flug) . (6.5)

Proof. If the assertion does not hold true, we have Z(upmy1) C Z(um) and
A(timi1) € A(uy) for m > € which implies F(ty,) C F(tm41). Hence, in view of
(N1) and (E), there exists T € F(up,) such that dist(z, F(uy,)) > 7,2 € T, where
T > Cohy, with Cy from (N2), and 0 = ¥, (ay) — um(ay) < Um(au) — um(ayu)
for some vertices ay,a,,v # p, of T. Then, we find U(a,) = {z € T'|0 <
Ym(z) — um(x) < h2} and (N2) implies dist(z, F(un)) < Cohy, < T contra-
dicting dist(x, F(um)) > 7,2 € U(a,) C T. Note that (6.5) is a direct consequence
of (6.4). O
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Proposition 6.2. Assume that (1.2a)—(1.2d) and (2.2a)—(2.2d) satisfy (S) and
(N1),(N2),(N3), respectively, and that (L) holds true. Then, there exists £* € N
such that

T(ug) CZ(u) for all £ > 0* . (6.6)

Proof. If (6.6) does not hold true, there is a subsequence N’ C N such that Z(ug) N
A(u) # 0 for all £ € N'. Hence, we find Dy C A, meas(Dy) # 0 such that D, C
T(ug), £ € N'. If D := Ny Dy is such that meas(D) # 0, for w € L*(D)4,w # 0,
there is {wy}rn with wy € L2(Z(ug))Wy N L2(Z(ug)), £ € N, such that wy — w in
L?(2) as £ — oo whence

(00, we), 704,y — (Osw)e,p as € — 00

But (o, wg>*j(w) =0,¢ € N, due to (2.4), and hence, (o, w). p = 0 contradicting
olp > 0,D c A (cf. (C)). If meas(D) = 0, for the Hausdorff distance dg (F, dNy)
we must have dH(f,8M) — 0 as £ — oo whence dg(F,Fy) — 0 as £ — oo,
since otherwise we arrive at a contradiction to (6.5). Consequently, there exist
Ty € M,K € N, such that ug(z¢) — x(x¢) > ¢ > 0 and dist(z¢, F¢) — 0 as £ — oo
contradicting (N3). O

We are now in a position to prove an error reduction property. The essential
ingredient is a refined quasi-orthogonality property that can be derived by a more
subtle treatment of the terms a(op — 0, up — ugy1)o,0 and a(or41 — o, u — Uet1)o,0
in (5.6) of the proof of Lemma 5.1.

Lemma 6.3. Under the same assumptions as in Proposition 6.1, for any e > 0 and
¢ > 0* there holds

o1 — 0,0 oo < os (fu—uldo+lo —oenlda)  (6.7)

1 9 1 ) )
+atet+ Ooll} £,y + . (0567 (¥) +0seia(¥))

(041 — 0yu — Upy1)o,0 (6.8)
1
< ae (o~ oulia + o~ oerlia) + - (el 5.,
+ osczﬂ(w)) i
Proof. Taking advantage of the complementarity conditions (1.3), (2.4), we obtain

@ (041 — 0 up —ur1)oe = @ (0o, Yer1 — tet1)o0 (6.9)
+ a (o1, — Yrlo + a (0, w1 — Yea)oo
+ a (041 — 0,00 — Ye1)o0 + @ (0,90 — ue)og
< a (o —uoa + @ (0w — 0,00 — Yes1)og

where we have used that the first term after the equality sign is zero, whereas the
second and the term is non-positive.
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The first term on the right-hand side is obviously zero in Z(u) and in A(uy).
Due to Proposition 6.1 we thus have

(0,0 —ue)oo = (0,90 — we)g £uy) -
We further get
(U, Vv — UH)of“(w) = (Uau - UH)o,j-(W) + (07 VE — w)o,f“(w) , (6~10)

where we have used that (o,v¢ — u), F(up) = 0 due to (1.3). Using (6.10) in (6.9)
and applying Cauchy’s and Young’s inequality results in (6.7).

The proof of (6.8) is done by similar arguments. O
In view of Lemma 6.3, we define
1/2
peCu,o) = (30 (ol +lw —ull) (6.11)
TEF (ur)

We assume that the sequence {7;}n of triangulations, generated by (3.10), (3.11)
and (E), is such that there exists 0 < py < 1 satisfying

pipa(u,0) < pa pi(u,o) , LEN*. (6.12)

Theorem 6.4. Let (y,p,u,0) and (ye, pe, ue, 0¢) be the solutions of (1.2a)—(1.2d)
and (2.2a)—(2.2d) and let osce, (), pe(u, o) be the data oscillations and data
terms given by (3.12), (5.14) and (6.11). Assume that (2.10), (L),(C), (N1) — (N3)
and (3.13), (5.15), (6.12) are satisfied. Then, there exist constants 0 < p; < 1 and
A > 0, depending on the data of the problem, the constants ©;,1 < i < 2, in the
bulk criteria (3.10), (3.11) and on the shape regularity of the triangulations, such
that

Iz = 2ol p A A A [z — 2e|I2
oscf+1 < 0 p2 0 O osc%
g?ﬂ(p) =10 0 p3 0 g? (»)
,U'ZJrl(uv 0) 0 0 0 p4 My (ua U)

Proof. Using the results of Lemma 6.3, as in the proof of Theorem 5.3 we find
constants 0 < k; < 1,1 <4< 3, and 0 < p; < 1 such that for some A >0

2 = zeallls < pulllz =2l + A (oscf +uf(p) + pi(u,0)) - 0

7. Numerical results

We provide numerical results that illustrate the performance of the adaptive finite
element approximation for a distributed optimal control problems where the data
are given as follows

Q=017 u'=f=0,¢9=1,a =10"%,1< k<5,

d.__ 2001‘1.172(1‘1 — 1/2)2(1 — 1‘2) 5 0 S X1 S 1/2
Y7 2002y — Daa(zy — 1/2)2(1—122) , 1/2<21 <1
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Figure 1 shows a visualization of the optimal state and the optimal control for
various values of a. The flat region in the visualization of the control corresponds
to the active set.

FI1GURE 1. Visualization of the optimal state y and the optimal control
u for a = 0.01 (top), @ = 0.001 (middle) and o = 0.00001 (bottom)

The initial simplicial triangulation 7y was chosen according to a subdivision
of © by joining the four vertices resulting in one interior nodal point and four
congruent triangles. Since u?, f and 1 are constant, we have oscy(u) = oscy(f) =
osce(y) =0,¢ € Np.

For various values of «, Figure 2 displays the adaptively generated triangu-
lations after six refinement steps with ©; = 0.6,1 < i < 2, in the bulk criteria. In
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FIGURE 2. Adaptively generated grids after 6 refinement steps (o =
0.01 (top left),a = 0.001 (top right),« = 0.0001 (bottom left) and
a = 0.00001 (bottom right))

case o = 0.01, the elliptically shaped area in the left part represents the active set.
We observe that the active set is growing for decreasing «. The continuous free
boundary between the active and inactive sets, displayed by a black curve, is well
resolved by the adaptive refinement due to the extension (E) of the bulk criteria.

More detailed information is given in Table 1-Table 3. In particular, Table 1
displays the error reduction in the total error

1z = zelll = (ly = yeli o+ 0 — peli @llu = wel§ o + llo = oell3.0) "/

and the errors in the state, the co-state, the control, and the co-control, whereas
the actual element and edge related components of the residual type a posteriori
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TABLE 1. Total discretization error, discretization errors in the state,
co-state, control, and co-control (a = 0.01)

I Naor lllz—2zpll ly—vels [P—pgls [lu—upllo llo—opllo
1 13 9.38e-02 5.69e-02 3.18e-02 4.17e-01 1.37e-03
2 41  5.37e-02  3.35e-02  1.76e-02  2.07e-01 6.63¢-04
3 134 3.02e-02 1.89e-02 9.67e-03 1.30e-01 3.24e-04
4 319 2.24e02  1.39e-02  7.47e-03  8.07e-02 1.98¢-04
5 795 1.47e-02 9.14e-03 4.84e-03 5.92e-02 1.10e-04
6 1998  1.02¢-02  6.35e-03  3.33e-03  3.87e-02 9.16e-05
7 4373 7.16e-03 4.46e-03 2.37e-03 2.69e-02 6.70e-05
8 10612  4.93e-03  3.08¢-03  1.61e-03  1.83e-02 4.60e-05
9 23019 3.44e-03 2.14e-03 1.13e-04 1.32e-02 3.24e-05

TABLE 2. Components of the error estimator and data oscillations (« = 0.01)
Naof Nyre Mpre Mype Mppe o5y
13 2.54e-01 2.23e-01 1.56e-01 9.97e-02 9.76e-02

41 1.70e-01 1.10e-01 1.09e-01 6.50e-02 2.88e-02
134 1.03e-01 5.86e-02 6.63e-02 3.63e-02 1.03e-02
319  6.43e-02 3.83e-02 4.74e-02 2.63e-02 5.09¢e-03
795 4.18e¢-02 2.48e-02 3.25e¢-02 1.78e-02 2.21e-03
1998  2.80e-02 1.66e-02 2.30e-02 1.24e-02 1.02¢-03
4373 1.90e-02 1.15e-02 1.64e-02 8.95e-03 5.01e-04
10612 1.28e-02 7.63e-03 1.15e-02 6.14e-03 2.53e-04
23019 8.75e-03 5.30e-03 8.35e¢-03 4.41e-03 1.30e-04

© 00 DU RN e

TABLE 3. Percentages of elements/edges selected for refinement by the
bulk criteria and its extension (o = 0.01)

I Naort MpTt Mnpe Mece MmEe
0 5 50.0 75.0 75.0 0.0
1 13 25.0 20.0 43.8 0.0
2 41 23.4 20.5 29.7 21.9
3 134 18.8 20.6 10.3 13.2
4 319 17.5 13.2 8.7 10.4
5 795 16.0 13.6 6.6 8.2
6 1998 15.4 11.8 5.8 6.4
7 4373 16.3 13.0 5.0 5.8
8 10612 15.7 12.5 2.6 4.7
9 23019 15.2 11.8 1.8 4.4

error estimator are given in Table 2. Table 3 contains the percentages of elements
and edges that have been marked for refinement according to the bulk criteria
and their extension (E). Here, M, r stands for the level 1 elements marked for
refinement due to the element residuals and the data oscillations. On the other
hand, M, g, Mosc, zand Mgy, g refer to the edges marked for refinement with regard
to the edge residuals, data oscillations and the extension (E) of the bulk criteria
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(resolution of the free boundary). On the coarsest grid, the sum of the percentages
exceeds 100 %, since an edge may satisfy more than one criterion in the adaptive
refinement process. The refinement is initially dominated by the resolution of the
free boundary and the data oscillations, whereas at a later stage edge and element
residuals dominate.
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Optimal Boundary Control
in Flood Management

Martin Gugat

Abstract. In active flood hazard mitigation, lateral flow withdrawal is used to
reduce the impact of flood waves in rivers. Through emergency side channels,
lateral outflow is generated. The optimal outflow controls the flood in such a
way that the cost of the created damage is minimized. The flow is governed
by a networked system of nonlinear hyperbolic partial differential equations,
coupled by algebraic node conditions. Two types of integrals appear in the
objective function of the corresponding optimization problem: Boundary in-
tegrals (for example, to measure the amount of water that flows out of the
system into the floodplain) and distributed integrals.

For the evaluation of the derivative of the objective function, we intro-
duce an adjoint backwards system. For the numerical solution we consider a
discretized system with a consistent discretization of the continuous adjoint
system, in the sense that the discrete adjoint system yields the derivatives of
the discretized objective function. Numerical examples are included.

Mathematics Subject Classification (2000). 35145 35L50 35L65 93C20 .

Keywords. St. Venant equations, subcritical states, adjoint system, optimal
boundary control, necessary optimality conditions, classical solutions.

1. Introduction

In flood management, the aim is to minimize the damage caused by a flood by
active flow control (see [29]). In the present paper, we consider a problem where
the aim is to find a compromise with minimal cost between flood in a city that
occurs if the water level rises above a certain upper bound and the cheaper outflow
through emergency side channels, for example to a floodplain. Often damage is
caused if the water level in a certain area rises above a given upper bound. The
control function in the corresponding problem of optimal boundary control is the

This work was supported by DFG-research cluster: real-time optimization of complex systems;
grant number Le595/13-1.
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discharge from the emergency side channel; in practice the control is realized by
opening underflow gates.

The flow in the considered channel network is described by a networked
system of conservation laws. On each edge of the corresponding graph, the flow
is described by a hyperbolic quasilinear system of partial differential equations,
namely de St. Venant’s equations (see [11]), that model conservation of mass and
the evolution of momentum. On the vertices, the flow variables are coupled by
algebraic node conditions.

We work with continuously differentiable solutions of the system equations.
Our strategy is to control the flow in such a way that no singularities are generated.
This implies that also the boundary control functions have to be continuously dif-
ferentiable. Questions of boundary controllability within the class of continuously
differentiable solutions have been studied in [8], [9], [12], [16], [26]. The results in
these papers show that a large class or states can be reached with continuously
differentiable solutions of the system equations.

The nature of the boundary conditions changes with the speed of the flow.
Here we consider subcritical flow, that is the flow velocity remains below the wave
celerity. In this case, one scalar boundary condition appears at each boundary
node. Our problem is related to studies of the optimization of the operation of
hydro power stations, see for example [27].

This work is based upon the many studies of hyperbolic conservation laws,
see for example [5], [10], [23], [25], and the references therein. Classical solutions
are studied in [35]. In this paper, we want to study problems of optimal control
where a hyperbolic networked system is controlled. Such a networked system has
been considered for example in [17], [26] for networks of channels and in [6], [15],
[22] for a model of traffic flow.

Our objective function is a sum of integrals of different types: First bound-
ary integrals, where a function of the values of the state at a fixed boundary node
is integrated over time and secondly distributed integrals, where the state in a
whole rectangle in space-time contributes to the integral. The existence of direc-
tional derivatives of such objective functions has been proved in [14] for systems
in diagonal form. In [13], this result is given for systems in conservative form.

To evaluate the derivatives of such objective functions, we present an ad-
joint sensitivity calculus, first for the infinite-dimensional problem, then also for
a discretized problem that is obtained by upwind discretization that mimics the
propagation of information along the characteristic curves in the sense that for
the equation with a positive eigenvalue, information travels from left to right and
for the equation with a negative eigenvalue, information travels from right to left.
With our consistent discretization of the continuous adjoint problem we obtained
gradient information that was used to approximate optimal controls. This is re-
lated to studies by Hager for ordinary differential equations (see [20], [21]). Hager
characterizes time discretizations of the state equation such that the discrete ad-
joint equation leads to a highly accurate adjoint state.
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Adjoint problems for single channels have been presented from the engineer-
ing point of view in [30], [31], where a detailed exposition of the application can
be found. The adjoint sensitivity method is an important tool in optimal control,
see for example [33] and for applications to flow problems [4], [18] and also [7],
where the optimal boundary control af aeroaccoustic noise governed by the two-
dimensional unsteady compressible Euler equations is considered. Recent mathe-
matical studies of adjoint-based sensitivity calculations that emphasize the compu-
tation of the sensitivities of shock speeds are given in [36], [37] for scalar equations
and in [2], [3]. The problem that we study here is of a different type, since the aim
is to choose controls that generate classical solutions and do not cause shocks.

In contrast to what can be found in the literature our paper provides an
adjoint sensitivity calculus for networked systems; in particular, we show how to
derive adjoint interior node conditions. Moreover, we do not restrict our attention
to distributed integrals but consider boundary integral as well (and combinations
of the two) as objective functions. Finally, the quasilinear hyperbolic systems with
source terms that is studied here is not scalar.

The numerical results illustrate that our sensitivity calculus allows the nu-
merical solution of problems of optimal boundary control for networked systems
that arise naturally in the application that we consider here.

The paper has the following structure. First we present the model for our net-
worked system: The flow through each single channel is modelled by St. Venant’s
equation, that can be transformed to diagonal form. An appropriate initial condi-
tion has to be provided. The water flow through the nodes in our channel graph
is governed by algebraic node conditions. The control acts on the system through
the boundary conditions.

Then the cost functional is introduced, that is essential for the statement of
our problem of optimal control. For the evaluation of the derivative of the cost
functional, we use the results from [14]. The corresponding adjoint backwards
problem is stated: The adjoint system equation, the end conditions, the adjoint
node conditions and the adjoint boundary conditions.

Finally we present the discretized model for our system, the discretized ob-
jective function and a consisten discretization of the adjoint problem, which yields
the exact derivatives for the discretized objective function.

2. The model for the network flow

Let a finite graph (V| E) be given, where V' denotes the set of nodes and E is the
set of edges. In each edge of the graph, the flow is governed by the equations of
free surface flow. In the vertices, these equations are coupled by algebraic node
conditions.

2.1. Shallow water equations

To model the flow in a single edge e of our network, we use de St. Venant’s
system (see [11], [34]) that models the conservation of mass and the evolution of
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FIGURE 1. Cross section of the channel

momentum. Let an edge e of our network be given. This edge corresponds to an
interval [0, L.], that is a one-dimensional model for a channel of length L.. The
initial state of the system is given by an initial condition of the form

v(x,0) = v5(z), = € [0, Le], (1)

where for all edges e € E, the function v is continuously differentiable.

We consider a prismatic channel with constant bottom slope ~¢. If ~¢ is
negative, the channel proceeds downward. Let A¢ denote the area of the wetted
cross section and V¢ the average velocity in the channel. Let ¢ denote the breadth
of the water surface and let the width of the channel at elevation s be given by
the value o¢(s) of the piecewise continuously differentiable function o©.

Then the wetted cross section corresponding to the water height h€ is

he
Ae(he)z/o o°(s)ds

and the water height corresponding to a wetted cross section A¢ can be computed
as a function h¢(A¢). For example for a triangular channel we have o¢(s) = 27s
and A°(h¢) = 7h?/2, hence h¢(A°) = \/(24¢/7).

The conservation of mass yields our first system equation

A7 + (VA% = 0. (2)
The flux of momentum is modelled by the equation
Ve + (gh®(A°) + (V©)?/2), + S5 = 0.

The source term S§ has the form S§ = g(v¢ + n°(A4°,V*®)), and the friction slope
n°(A°, V*) can be modelled in the form of the Manning—Strickler relation (see for
example [28])

C2ve|ve 3)
(A¢/Pe(Ae))4/3
with a constant C° and where P?(A¢) is the wetted perimeter corresponding to
A€, for example

n°(A%, V) =

Pe(A®%) =b°+2 h®(A°)
for a rectangular cross section. Note that wind stress can be modelled by adding
another term to SS. Our system of conservation laws can be written in the form

v + Fe(v%)2 + S5(v°) = 0, (4)
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where v¢ = (A, V¢)T. We have

V@ Ae
e\/ ey __
Y0 = eyt e )-
A set of left eigenvectors for the system matrix (F¢)’ is
LE(AVE) = (Vg(he) (A€) [V A2, 1), LE(AS, V) = (=/g(he) (A°) [V A<, 1),
with the corresponding eigenvalues
NG(A%, V) = Vo \JgAe(he) (A2), A° (A%, VE) = V¢ — /g Ae(he) (Ae).
In the subcritical case that we consider in this paper, we have A <0 < AS.
Let AS > 0 be given. Define G¢(A°¢) = /g(h¢)'(A¢) /v A¢ and
he(A®

€ & e (& — ) d
o= [ ewan=vo | Ly an (5)

where the last equation follows by substitution. Note that (A¢)'(h¢) = o¢(h®),
hence (h®) (A®) = 1/(0°(h®(A°)). Then we can work with the Riemann invariants

(see [26]) RS (A, V¢) = Ve 4 ¢°(A°), RE(A°, V) =V —°(A°). In terms of the
functions (RS, R® ), our system equation (4) has the diagonal form

RS, . RS Ss(RY.RS) Y _
(Re >t+D (Re >+( ss(re, re) ) =0 (©6)
where D¢ is a diagonal matrix that contains the eigenvalues A9, A° as functions of

the Riemann invariants and the source term S€ is also written as a function of the
Riemann invariants. We have V¢ = (RS 4+ R )/2 and A® = (¢°)"!((RS — R%)/2).

(45)

2.2. Junctions: The interior node conditions

In [34], the conditions to be satisfied at a junction are chosen to be conservation
of mass and continuity of the water surface. In general these geometric conditions
do not guarantee the conservation of energy for the flow through the node. An
alternative is to require the conservation of mass and the continuity of the specific
energy, as proposed in [26]. In general this leads to a solution with a discontinuity
in the water surface. In [32], an analysis of the balance of momentum along the
streamlines leads to another more complicated set of node conditions that takes
into account the boundary friction force. In these conditions two parameters appear
that vary with the junction angle.

We consider here only subcritical flow, which means that our system matrix
D¢ has everywhere one positive and one negative eigenvalue, so at each end of each
channel we have one characteristic curve that enters the channel and one that leaves
the channel. This implies that in a node of our network with n adjacent channels
we need a system of n equations as node conditions.

Let a vertex w of our network be given. Let Ey(w) denote the set of adjacent
edges. Assume that the set Ey(w) has more than one element, that is that w is an
interior node of the network.
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For e € Ey(w), z.(w) € {0, L.} denotes the end of the interval [0, L.] that
corresponds to the vertex. Define g.(w) = 1 if z.(w) = L. and e.(w) = —1 if
Ze(w) = 0. Think of €.(w) as a one-dimensional outer normal vector.

Then the first node condition (conservation of mass) is

Z A% (ze(w), t) VE(ze(w), t) ec(w) =0 for all ¢ > 0. (7)
e€Ey(w)
Our second node condition (continuity of water surface) is
hé(ze(w),t) = b (xp(w),t) for all e, f € Ey(w), t > 0. (8)

Define h*(t) as the water height at the junction. Note that here we assume that
the bed in all adjacent edges has the same height. Assume now that the beds of
all adjacent channels have the same shape, that is there is a function ¢“ and for
all e € Ey(w) there exist numbers §¢ > 0 such that

o(s) = B0 (s). (9)
Assumption (9) is valid for nodes where all adjacent channels are rectangular and
for nodes where all adjacent channels are triangular

Due to (9) we have A°(h®) = (3¢ fo s)ds, hence (7) and (8) yield
D BV (re(w) tee(w) =0, (10)
e€Ep(w)

an equation where only the velocities V¢ appear.
We choose the areas A§ in the definition (5) of ¢ in such a way that for all
e, [ € Eyg(w) we have he(A§) = hf(Af). Then Equation (9) implies that

he(A%)
p¢(A° / Vo (h)/ / o¥(s)ds dh,
he (A)

hence the node condition (8) can be replaced by the equation ¢¢(A°) = ¢f (A7)
for all e, f € Ey(w). Therefore our node conditions can be transformed to a system
of linear equations for the Riemann invariants, namely

Z ﬂe(Ri +Re_)5e(w) = 0, (11)
EGEQ(UJ)
RS —R° =RL - Rl for all e, fe Ey(w). (12)

This fact is very useful, since we can solve this system analytically which simplifies
the numerical implementation.

2.3. The boundary conditions

A boundary node w is a node where the set Ep(w) of adjacent edges has only one
element. For a boundary node w, let e(w) denote this edge. Let Vg denote the
set of all boundary nodes of our network. In our network, we have two types of
boundary nodes: The controlled nodes and the uncontrolled nodes. At a controlled
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node w with z.(w) = 0 for the adjacent edge e, the boundary condition has the
form

Ri(ovt) = uw(t)a (13)

where u* is the control function. The value of the other Riemann invariant R¢ is
transported to the boundary from the interior of the interval along the character-
istic curves. In the applications, the boundary condition will usually be given in
the implicit form f(RS (0,t), R (0,t), u{(t)) = 0 (for example with u{ denoting
the opening height of an underflow gate) but it can be transformed to the form
(13) with u* given as a function of R (0,t) and u{(¢). Our policy is to solve the
problem of optimal control in terms of the Riemann invariants as control func-
tions; from the computed optimal control and the corresponding generated state
in the system, we can then compute the controls in the form that is needed to
steer the involved machinery. In this way we can work in our computations with
the diagonal form of the system. At a controlled node w with z.(w) = L€ for the
adjacent edge e, the boundary condition is

RC (L°,t) = u®(t). (14)

At an uncontrolled node with z.(w) = 0 for the adjacent edge e, the boundary
condition has the form

R%(0,1) = w®(t). (15)

Here the function w* contains the information that enters the system from outside,
in our application through the expected hydrographs. Again this condition will
usually be given implicitly, for example in the form

f(Ri(Ovt)a Ri(ovt)a w(f(t)) =0,

where w{ denotes the expected flow rate. At an uncontrolled node with z.(w) = L€
for the adjacent edge e, the boundary condition has the form

RE(LC,t) = we(t). (16)

If the velocity is positive, the function w® contains the information that enters
the system from downstream. In our examples, we will prescribe a constant value
for R at such a node where outflow occurs, which yields absorbing boundary
conditions. Important work on boundary data for hyperbolic problems can be
found for example in [1].

3. The objective function and a problem of optimal control

We consider a problem of control for our network, where a nonempty set V5 of
controlled boundary nodes is given. For a controlled boundary node w € Vj, the
corresponding control costs are given in terms of boundary integrals of the form
(17), (18) with integrands f*, that give the volume of the water that flows from
the node w into the floodplain during the time-interval [0, T7.
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Let V9 denote the set of boundary nodes that are at the end zero of the
adjacent edge and V¥ denote the set of boundary nodes that are at the end L, of
the adjacent edge e. We consider objective functions of the form

Jw =3 /0 (R 0,8, BE(0,8)) dt (17)

weVvo
T
# [ PRE Ea ), B Lo 1) e (18)
weVvEk 0
T L.
+Z/ / fE(RS(z,t), R (v,t)) dz dt. (19)
ecE 0 0

The functions f“, and f¢ are assumed to be continuously differentiable, the func-
tion u is the control function and (R*, R™) is the solution of the networked system
governed by the system equation (6), with the initial conditions (1), the interior
node conditions (11), (12) and the boundary conditions (13), (14) at the con-
trolled boundary nodes and (15), (16) at the uncontrolled boundary nodes that is
generated by this control function wu.

The cost of a flood in the floodplain will in general be much lower than the
cost of a flood event in a city, which is given in terms of a distributed integral of
the form (19), where the function f€ is for example of the form

f(x) = w(2)g° (RS (2, 1), RE (,1)),

with a positive weight function w®, whose mass is concentrated near the city center.
This part of the objective function can for example penalize water heights that
are greater than a given upper bound.

For a given time horizon [0, T] and boundary data w* (for w € Vg, w & V§),
we are looking for a continuously differentiable control function u that generates
a continuously differentiable state with minimal cost. Then the set of feasible
controls is

U={u: for all weV2us eCY0,T); for all we V] u® eC(0,T);

the solution of the system equation (6) with the initial conditions (1) and the
boundary conditions (13), (14), (15), (16) and the interior node conditions (25)
((27) respectively) is a continuously differentiable function of the time and space
variables and a subcritical state.} Our optimization problem is

glei(r]l J(u). (20)

We do not discuss the question of the existence of a solution of the optimiza-
tion problem here. This will be the subject of future studies.
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4. The adjoint problem

The existence of the directional derivatives of J has been proved in [14]. In order to
evaluate the derivatives of the objective function J with respect to the boundary
controls, we will work with an adjoint backwards system. In this problem, end
conditions for the adjoint state are prescribed and we proceed backwards in time, so
the roles of ingoing and outgoing characteristics are exchanged. The characteristic
curves are the same as for the forward problem, so our assumption that the state is
continuously differentiable implies that no shocks are generated by the intersection
of characteristic curves. Since the adjoint equation has also diagonal form, we can
consider solutions of the adjoint problem that satisfy integral equations along the
characteristic curves.

4.1. The adjoint system equations

Let pu¢ = (u%, p¢) denote the adjoint variables corresponding to (RS, R%)T. The
adjoint variables can be thought of as Lagrange multipliers for our pde-constrained
optimization problem. The adjoint system equation is

(1S 1 )e + (S, p)DC) = (1S, 1) 2 = (uS, nS) B = (94 1€, - f€)

or in short notation

pi + (uD°), — pZ¢ — p*B° = (Vf)T, (21)
where the 2 x 2 matrix
. zZ¢ VA
d ( 7. 7t >

has the entries

75, = Ors X (RS, R%) 8, RS,
7% = 0pe X% (R, R®) 9, R%.
7, = Op A (Ri,Re ) 0, R°.
Z° = pe A° (RS, R®) 0, R°

and the 2 x 2 matrix B® is given by the equation

B — ( Ore S5(RS,R%) 0Oge S5(RS,R2) )
Org S5(RS,RY)  Ope S5(RY, RY)

Since we work with continuously differentiable solutions of system (4), for each
eigenvalue of the system matrix the characteristic curves, (i.e. the integral curves
of this eigenvalue) generate a curvilinear system of coordinates, hence they do
not intersect and there are no rarefaction fans. These curves are the same for the
adjoint equation (21). Hence we can consider solutions of (21) that are defined
by the evolution of the corresponding Riemann invariants along the characteris-
tic curves (characteristic solutions). Note that this process does not necessarily
produce continuously differentiable solutions, since singularities generated by the
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initial/boundary conditions are transported as contact discontinuities; however,
this is the only type of singularities that occurs here.
The end conditions for the adjoint system are

pé(x,T) =0, z €0,L°, (22)

with the time T that is the endpoint of the time interval [0, T] where we consider
our system. If the friction slope 7° is given by (3), for the case of rectangular
channels (i.e., A° = b°h®) with the notation 7¢ = 2/b¢ 4+ 1/h® we have

Ors S5 = (C°)* (1) °|Ve| [g7° — V(RS — R2)/(6(h%)%)] | (23)
Ore S5 = (C)*(79)P|Ve| [g7¢ + V(RS — RZ)/(6(h°)?)] . (24)

4.2. The adjoint interior node conditions

Consider now a node § with three adjacent edges e, f, g that model channels that
satisfy (9). We consider two cases.

Case 1: Assume that x.(6) = Le, 7(0) = Ly and 24(6) = 0 (see Figure 2). The

f
\6.4
vy

FIGURE 2. A junction of three channels

corresponding node conditions are
B°(RS + R%) + B/ (RL + RT) — B9(R%. + RY) =0,
€ e __ f f J—
R, —R: =R, —-R!. =R} - RY.
Since we consider subcritical flow, R, Rf:_ and R? are determined from

the interior of the channels and R®, R’ and Rﬁ_ are determined from the node
conditions. We can write the interior node conditions in the form

R RS

- +
Rg = M Rg (25)
R R
where the matrix M“ is given by the equation
1 —pe+ 65 +p9 —2pf 239
MY = —25° B°— B+ 9 200
et B0\ gpe 26/ g+ Bl —

The eigenvalues of the matrix M“ are —1 with a one-dimensional eigenspace and
1 with a two-dimensional eigenspace.

AL Mol =2 ) = (=22, =Ml A pd) M. (26)
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That these conditions are meaningful can be seen as follows. For each node, the
ingoing characteristic curves for the forward problem where information flows into
the node with time going forwards are for the adjoint problem with time going
backwards the curves where information flows out of the node, hence the adjoint
variables corresponding to these curves have to be prescribed in terms of the
remaining variables.

Case 2: Assume that z.(d) = L., z7(0) = 0 and z4(J) = 0 (see Figure 3). In this

A
f g

FIGURE 3. A junction of three channels
case, RS, R’ and RY are determined from the interior of the channels and Re,

R_{ and Rﬂ_ are determined from the node conditions that can be written in the
form

R‘% R‘;t
Rg+ =M Rg7 (27)
R R?
where the matrix M“ is given by the equation
. —pe+p + 57 257 29
MY — 23¢ 3¢ — 6f +pB39 —2p39
e f
pe+ B35+ B9 23¢ _26}‘ ﬁ6+ﬁf_ﬁg

In this case, the adjoint interior node conditions are
(Apps, =Ml =M ) = (A Ml X ) M (28)
We have discussed in detail the adjoint interior node conditions for a node with

three adjacent edges. In the sequel we assume that each node of our network is of
the type considered in Case 1 or in Case 2.

4.3. The adjoint boundary conditions and derivatives

In this section we introduce the adjoint boundary conditions that allow the eval-
uation of derivatives of J. At a boundary node w € VO the adjoint boundary
condition has the form

9 (0,1) = o (R (0,), RE(0,0)) /X5 (0, 1), (29)
Here J_ denotes the partial derivative with respect to RY“),
At a boundary node w € V¥ the adjoint boundary condition has the form

i-(w) (Le(w)a t) = 7a+fw (Rj-(“}) (Le(w)v t)a Re—(w) (Le(w)v t))/Aj-(W) (Le(w)a t)'

Here 04 denotes the partial derivative with respect to Ri(w).
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We can evaluate the directional derivative
DyJ(u) = }llirr%)[J(u + hd) — J(u)]/h

with respect to the boundary control function u using the adjoint solution u that
satisfies for all edges e € E the end condition (22), the adjoint system equation
(21), in the interior nodes the adjoint interior node conditions (26), (28) respec-
tively and at the boundary nodes the adjoint boundary conditions (29), (30).

Define the set V! = {w € V5 : for all e € Ey(w), z.(w) = 0}, that is the set of
all controlled boundary nodes with zero end for the adjacent edge, and analogously
VI ={weVs: forall e € Fy(w), zc(w) = L.}. Then we have

Da(w) =3 /0 [0, (RO 0,0, R 0,)] 2@ (30)

weVf :
_w;p/o {“i(w)(o’ﬂ Ai(“)(o,t)} A (t) dt (31)
+ Z /O [affw(Rj_(w)(Le(w)at)v Re_(w)(Le(w)vt))} d‘i(t) dt (32)

weVE

T
+ > /0 [ui(“”(Le(w),t) Ai<“>(Le(w),t)} d* (t) dt. (33)

weVk

Here for a controlled boundary node w € Vg, d{ (d“ respectively) gives the direc-
tion in which the directional derivative is evaluated for the control function at w.
This representation of the directional derivative is valid for a finite network under
the assumptions that the control u generates a continuously differentiable state
and that the direction d satisfies the compatibility conditions d(0) = d'(0) = 0
(see [14], Theorem 3).

5. Necessary optimality conditions

We consider directions d¥, for w € V2, d* for w € V' that are compatible with
continuously differentiable solutions, that is with zero value and zero derivative at
zero. Assume that v* is an optimal control function that generates a continuously
differentiable state and solves (20). Then the directional derivative

« . J(u* + hd) — J(u*)
Ja(u”) = hlgng h

in such a direction d is greater than or equal to zero, that is J4(u*) > 0 for all such
directions. The representations of the directional derivatives given in (30)—(33)
yields the following adjoint problem:

For all e € E, the end condition is (22), that is u®(z,T) = 0 for all = € [0, L],
and the adjoint system equation is p¢ + (u¢ D), = pu¢Z¢ + p¢Be + (V£€)T. The
interior node conditions are given by (26), (28) respectively. With the adjoint
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boundary conditions (29), (30) we have defined a backwards problem for a given
control function v*, that yields the necessary optimality condition

Oy fe — Mi(“’) )\i(w) =0 for allweV? (34)
O_f“ + /f_(‘*’) 2@ — 0 for allwe VCL7 (35)

on the time-interval [0, T7].

6. Stationary states on the network

It makes sense to choose a stationary state as an initial state for our simulation.
Therefore in this section we study stationary states on our network. A stationary
state (R, R®) on the network satisfies the ordinary differential equation

o RE\ [ SS
().~ ()

for all e € E, and the interior node conditions (25), (27) respectively.
If such a state is constant, it satisfies for all e € F the equation

S¢(R%, R®) = 0. (36)

Consider now the discharge Q¢ = A°V¢. The conservation of mass (2) implies
that for every stationary state, Q¢ is constant for all e € E. In a channel with zero
slope v¢ = 0, all states with Q¢ = 0, that is with zero velocity are stationary.

It is interesting to study constant stationary states in the variables (Q¢, h¢).
The second node condition (8) implies that the water height is constant on the
whole network, say it has value hy > 0. Equation (36) determines the corresponding
values of the discharges Q¢, e € E. Only if these values satisfy the first node
condition (7), we have obtained a stationary solution. Whether this is the case
depends on the geometry, the slopes and the roughness of the adjacent channels.
In a network of horizontal channels with v¢ = 0 for all e € E, we have Q¢ = 0 for all
e € E and this yields indeed a constant stationary state. Nonconstant stationary
states have been studied for the supercritical case in [17].

Consider now a junction of three channels as in 4.2, Case 1, with the friction
slope ¢ as in (3). For a constant stationary state, (36) implies the equation n¢ =
—~¢, hence we have Q¢ = —(signy®) \/|7¢|A¢ [A°/(P¢(A®))]?/3/Ce. At the node
§, we have Q¢+ QF = Q9 and h® = hf = h9. If the data for the edges e and f are
known and the geometry of the channel on edge e is also known, but the friction
constant C'Y and the slope 79 are unknown, they must satisfy the equation

—(signy?) /|79|/C9 = (Q° + Q) /[A9(A9 /(P9 (A%)))?/3).
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7. The discretized problem

Since we are unable to solve our infinite-dimensional optimization problem ana-
lytically, we use a discretized finite-dimensional problem that allows us to obtain
numerical results.

7.1. The discretized system equations

For our numerical computations, we replace the original system equation (6) by a
difference approximation obtained through upwind discretization and flux-vector
splitting [38]. On each edge e of the graph, we have a grid with the gridpoints
z§ = jh¢, j € {0,1,..., N°} with the space step h® = L¢/N°. We introduce a time
step k = T/NT > 0 and replace the time-interval [0, 7] by the grid that consists
of the points tg, t1,...,tyT, with t, = nk. So we have a time-space grid consisting
for each e € E of the gridpoints (z§,t,), j € {0,1,...,N°}, n € {0,1,.. L NTY.
Gridfunctions will be denoted by

g = BE(@5tn), RS, ;= RE(x5,tn), S5(RS . 5, RS, 5) = S5 5

We use the following approximation based upon forward differences in time and
backward differences in space for the positive eigenvalues and forward differences
in space for the negative eigenvalues. This discretization mimics the evolution of
the Riemann invariants along the characteristic curves.

Ri,nJrl,j = inj - (k/h) i,n,jq (Ri,n,j - Ri,n,j—l) - ksﬁ,jq (37)
forje{l,...,N°}, ne{0,...,NT —1};
Re—,n-{—l,j = e—,n,j - (k’/h) e—,n,j+1 (Re—,n,j+1 - Re—,n,j) - kSTeL,j-‘rl (38)

forj €{0,...,N° =1}, ne {0,...,NT —1}.

It is well known that k/h should be chosen in such a way that the Courant—
Friedrichs—Lewy condition (see for example [19]) k/h < min{1/|Ay|, 1/|A_|} is
valid. The values R ,, ;¢ are determined from the boundary conditions for the
controlled nodes (13) and (15) for the uncontrolled nodes and for the interior
nodes with adjacent end 0 from (25), (27) respectively. Analogously the values of

R? | .1 nr are obtained from (14), (16), (25), (27) respectively.
7.2. Boundary conditions for the discretized system

Let u denote the discretized control function; for a controlled node w € Vg, the cor-

responding control vector has the components u%, n = 0,..., NT. The boundary
conditions for the discretized problem are at the controlled nodes

R, = wforne{0,....,NT}, we Vv, (39)

R o = usfornef0,... NThweV}, (40)

and at the uncontrolled nodes

Ri(,ujl),o = w¥forne{0,...,N'}, weV’ wgV?, (41)
R ey = wiforne {0, NhoweVhwgVh (42)
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The interior node conditions (25), (27) remain unchanged, as well as the initial
condition (1).

7.3. The discretized objective function

We consider objective functions K that are discretized integrals of the form

NT 1
= >0 > kPR R
weVo n=0
NT -1
w( e(w)
+ Z Z kf( +nNe(“)’R—nNe<“’>)
weVL n=0
NT—-1N°¢—1

+D0D0 D Rh(RS s RE ) (43)

ecE n=0 j=1

Here (RT, R™) is the solution of the discretized system governed by the system
equations (37), (38) with initial values prescribed by the initial conditions (1), the
interior node conditions (25), (27) and the boundary conditions (39), (40) at the
controlled boundary nodes and (41), (42) at the uncontrolled boundary nodes that
is generated by the discretized control function wu.
For our numerical solution, we consider the discretized control problem

rrgn K(u). (44)
For a numerical solution of this problem based upon gradient-based optimization
methods it is useful to be able to evaluate the exact derivatives of K. On the other
hand, an approximation for an optimal control should approximatively satisfy the
necessary optimality conditions (34), (35). Therefore we consider a discretization
of the adjoint problem that yields the exact derivatives of K.

7.4. The discretized adjoint equations

For the adjoint backwards equation (21) we use a discretization that allows the
exact evaluation of the derivatives of the discretized objective function K. For op-
timal control problems with ordinary differential equations, this problem of con-
sistency has been studied in the paper by Hager [20].

With the notation (see (23), (24))

S-el—,n 8Re 52( -‘r?’Lj’Re—TL,j) Sinj*aRe 52( +ng7Re—n,J)
A=k/h

aJr +,n,j 8Rj_/\e (Ri n,jo Ri,n,j)? 0- /\inj - 8Re_>‘e (Ri n,jo RS ,n,j)a

LA s = Ope A (RS RE L)y DX = Ore (RS, RS,
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we have: For j € {0,..., N -2}, ne {1,...,NT}:

Kem—1,; =
Pomi T DAY e = A )
AL 1 (B g = RS ) S n gt
*Aa+/\e—,n,j+1( e—,n,j+1 - Re—,n,j) Ne—,n,j+1
—kSY i1 (UG gr T 0 1) = RO S 4 (45)
Forje{2,...,N°}, ne{l,...,NT}:
Me—,n—l,j =
By AN = A i 1)
7A8*)‘i,n’j71( i,n,j - Ri,n’jfl) N’i,n,jfl
—A0-NE i (RS, — RS o)BE i

—kSE i (WGt TR 1) — KOS (46)

Forne {1,...,NT}:
Ni,n—l,Ne—l =
Binne—r T AAG NG nne = A% nve14G nve—1)
_A8+Ai,n,j+1(Ri,n,Ne - Ri,n,Neq)Mi,n,Ne
*kSi,n,NENi,n,Ne
Forn € {1,...,NT}:
/’Lf,nfl,l -
/J’e—,n,l + A ()‘e—,n,ltu’e—,n,l - )‘e—,n,OMe—,n,O)
AL o(RE s = R no)  Himo
_ksi,n,oui—,n,O'
The remaining values p$ ,,_; ye and p¢ ,_; o come from the boundary conditions
and the node conditions. Note that in (45) the role of the backward and forward
differences in space is exchanged compared with (37), which is a consequence
of the fact that the adjoint problem is a backwards equation; similarly the role
of backward and forward differences is exchanged in (46) compared with (38).

This corresponds to the fact that the adjoint solution is obtained by travelling
backwards in time along the characteristic curves.

7.5. Boundary and node conditions for the adjoint discretized system

For boundary nodes w € V°, the adjoint boundary condition (29) for the con-
tinuous system is replaced by the following adjoint boundary condition for the
discretized system

Ho = 0 f A

—,n,0"

(47)
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Instead of (30), the corresponding adjoint boundary condition for the discretized
system is

/’Lj_(‘:L)Ne(u) = _a-‘rfn /)‘e(‘:L)Ne(u)- (48)

In the adjoint interior node conditions (26), A%, )\i and A\ remain un-
changed, A° (and analogously A’ ) is replaced by

X =N ve 0, ne(BE L, ve — RS, nely) + 1SS, ne (49)
and A is replaced by
ML= X 0= 04X 0 o(RY Ly — RY o) — hSY 0 (50)
In (28), A%, M and A? remain unchanged, A° is replaced by (49) and A
(and analogously )\i) is replaced by (50).
7.6. Derivatives for the discretized objective function
With a solution of the discrete adjoint system with the end condition
pyyr;=0=p o J€{0,..., N}, e€ E (51)

(corresponding to (22)), the system equations (45), (46), the adjoint interior node
conditions (with A as defined in (49), (50))

(Ngps A =N ) (52)
_ (_xe_w_, —X{ui,xiui) M, (53)
in Case 1 and
(N =X e =20 ) (54)
= (—Aept Ml At ) M, (55)

in Case 2 and the adjoint boundary conditions (47), (48), we have the following
representation of the derivative of K:

NT -1
DaK(uw)= > N ko, (R, RY) )ae (56)
weV) n=1
NT 1
+ 30> ki (57)
weV02 n=1

(X0 + XL (B — B + ST, ) d
NT—1

+ 303 kR s REY L) (58)

weVE n=l1
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NT -1
LD DD DI T O\ I (59)
weVE n=1
FON e (R Ly = BT )+ hSi{fj’Ne(w)) d.

Here the direction d has the components d*, w € VOUVE n=1,... NT.
For the direction d with d* = 1 if w € VY and n = m, d* = 0 else, this yields
the partial derivative
s K (u) = kO, f*(RS) o, RY) ()
+ k/ﬁi%,o(—Ai(,fr)L,o + 8+Aiﬁi,o(Rf%,1 - Ri(,“iﬁ,o) + hSi(,fi,o)-
If d = 1if w € VL and n = m, d¥ = 0 else, this yields the partial derivative

_ e(w) e(w) e(w) e(w)
Ous K () = kO (R oy R ) 0 ey () e
+ a, )\i(j:i’Ne(w) (Ri(j‘;)r)]l’]\]e(w) - Re,(;;;Ne(w)—l) + hSi(’u:rz’Ne(w)) .

Note that (56) can also be written in terms of A defined in (49), (50).

If we compare the representation (56) of the derivative of the discretized ob-
jective function K with the representation (30) of the derivative of .J we see that in
(56) additional terms appear, that do not appear automatically in a discretization
of (30) but are necessary to obtain the exact derivative of K. Since these additional
terms are of order order h, their influence becomes smaller if the discretization is
refined. The additional terms can also be considered as a perturbation of the eigen-
values \¢ to 5\8, and exactly the same perturbation appears in the discretization
of the node conditions (53), (55).

Channel 6

Channel 7 | Channel 2

Channef 5 )

Channel 3
Channel 1

FIGURE 4. Example network

8. Example

As an example network, consider the graph depicted in Figure 4 that consists
of seven channels. All the Channels e have the end L, in the direction of the
boundary node of Channel 7. The water enters the system at Channel 1. Channel
2, Channel 4 and Channel 6 are emergency side channels. The standard outflow of
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the system is at Channel 7. The objective is to keep the water height in Channel
3 and Channel 5 below a given upper bound hp.x = 0.11 by using outflow from
the emergency side channels into the floodplain. Note that due to the orientation
of the channel, emergency outflow means negative velocity in Channel 2, Channel
4 and Channel 6. The objective function is

T
J(u) =p / (Q(0,1)) + (Qa(0,1)* + (Qo(0,£))” dt

+/OT /0L3 [(ha(z,t) — hamax)+ | 2dx dt + /OT /()Ls[(h5(x,t) — hnax)+)2dx dt

with (—¢)4+ = max(—q,0). We have considered the time 7" = 10000. The weight
p equals 1074, The emergency side channels have slope zero and length L, =
Ly = Lg = 200. The other channels have slope v = —10~* and length L; = 800,
Ls =400, Ls = 300, L7 = 200. All the channels are rectangular and have the same
width b = 1.

We start with an initial state, where the water in the side channels is at rest,
that is Vo = V4 = Vg = 0. The water height throughout the system is hg = 0.1.
We have Vi = Vs = V5 = V7 = \/— [bho/(b+ 2h0)]?/3/C = \/—7/n(A, 1), where
C = 0.02 is the constant that appears in the Manning—Strickler relation (3).

Let VO = {wy, wa, ,ws, we} where wy is the vertex that is adjacent to Channel
1, etc. The boundary condition at w; where the flood wave enters the system has
the form Ri(wl)(O,t) = Rj_(wl)(0,0) + sin®(97t/T) if 9t/T < 1 and Rj_(wl)(O,t) =
R“1(0,0) if 9t/T > 1.

At the node w; at the end L7 of channel 7 where outflow out of the system
occurs we have the boundary conditions Re,(w7)(L7, t) = Re,(w)(lq7 0).

At the controlled boundary nodes, that is for w € {w2,ws,ws}, the boundary
conditions are Ri(w) (0,t) = Ri(w) (0,0)+u®(t). The discretized objective function is
given by (43), with f¥ = 0ifw € VI = {w;}, and f* = p(g‘*’)2 ifw € {ws, wy, we},
where g*(R*, R™) = —b*“)(R* + R™)(R* — R7)?/(32g) if w € {wa, w4, we}. We
have

fE(RT,R™) = [((R+ — R7)%/(16g) — hmax)+r

if the edge e corresponds to Channel 3 or Channel 5; otherwise we have f¢ = 0.
For the corresponding derivatives we have

d19“(R*,R7) = —b*“QEBRT +R7)(R - R7)/(329)
d_g”(R*,R™) = —b"“N(R"+3R7)(—R" +R7)/(329)

if w € {wa, wy, we}. Moreover, if e is the edge corresponding to Channel 3 or
Channel 5,

O+ f*(RT,R™) = ((BR" = R7)*/(169) — hmax) _ (RT — R7)/(49)
O-f*(R*,R7) = ((B" = R7)*/(169) — hmax)  (R™ — R")/(4g).
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Let u2 = u%2 denote a component of the control vector at the boundary node

0 of Channel 2. Then for the partial derivative with respect to this component, we
have

Dua J(u) = ko f** (RS2, RE2Y) (60)

—,n,0
s [N+ 0Ts(R) - R + )
and the analogous results for ws and wg also hold.

We present numerical results for N7 = 600, N¢* = 33, N2 = N® = N =
N¢ =9, N =17, N% = 13.

The iteration started with the zero control function u* = 0 for all w €
{wa, w4, wg}. The corresponding objective value is 1.28 with p times the sum of
the pure time-integrals equal to 1.23 % 1075,

We used the steepest descent method with the Armijo rule for step-length
control (see for example [24]). The step-size in the line-search has to be chosen so
small that the candidates for the control function all generate subcritical states.
If the step-size is chosen too large, the corresponding control can generate a su-
percritical state that cannot be computed by our discretization of the state. In
the algorithm, this was done by choosing the initial step-length in the line-search
sufficiently small, the initial step was chosen ¢ times the gradient with ¢ € (0, 1)
sufficiently small.

With 80 gradient steps, we computed a solution with gradient norm 1.7x107°
and value of the objective function 1.5 * 107°. The value of the second part of
the objective function (the space-time integrals where the water height appears)
is much smaller, in fact 3.3 * 1078, hence the value of the objective function is
determined by the amount of water that flows out of the system, which is given
by the pure time-integrals. During the iteration, in each step there was a decrease
in the gradient norm. Of course the gradients obtained by the backwards problem
can also be used for any other gradient-based optimization algorithm.

Figure 5 shows the computed control functions. The units at the z-axis de-
note the number of the points in the time grid. The control functions generate
a depression wave before the flood wave arrives. We present several snapshots of
the state. Figure 6 show the water height in the network. Channel 1 starts at the
point x = 0 and Channel 7 ends at the point £ = 1700. The line with ’A’s shows
the upper bound for the water height. The stationary initial state is also plotted.
The units of the 2- and y-axis are m, and the unit of the z-axis is 10~*m. By far
the most water flows into the first side channel at = = 800.

Figure 7 show the water height in Channel 3 generated by the computed
control. The unit of the z- and z-axis is m, and the unit of the y-axis is seconds.

With zero control functions u“(t) = 0 for w € {wa,ws,ws} the objective
value is 1.28, the gradient norm 3.206 and snapshots of the corresponding states
are presented in Figure 9. The generated water height is shown in Figure 8.

For a second example, we changed the value of hyax to 0.102. Starting from
the objective value 46.9 and the gradient norm 38.1, after 400 iterations we ob-
tained a control with objective value 0.827, gradient norm 0.001 and value of p
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FIGURE 5. The computed approximations of the optimal controls

times the amount of water that flows out of the system equal to 10~%. In this case,
in the first twenty steps, the line-search was started with 0.1 times the gradient.
After twenty steps, the first step in the line-search was 5 times the gradient.
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FIGURE 6. Water height with the computed control
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1cooo

FI1GURE 7. Water height in Channel 3 for the computed control

FIGURE 8. Water height in Channel 3 for zero control
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On Two Numerical Approaches for the
Boundary Control Stabilization of Semi-linear
Parabolic Systems: A Comparison

Vincent Heuveline and Hoang Nam-Dung

Abstract. The present article is concerned with boundary control stabilization
of semi-linear parabolic systems which are unstable if uncontrolled. A partic-
ular emphasis is put on Dirichlet control in that context. We investigate two
different numerical approaches to solve these problems. The first approach
relies on the extension method proposed by A.V. Fursikov where the consid-
ered partial differential equations are first solved on an extended domain with
suitable initial value leading a stable solution. The needed control is then de-
fined as an appropriate trace of this solution. The second approach relies on
the formulation of the stabilization problem as an optimization problem with
constraints based on partial differential equations. We address the numerical
issues related to both class of approaches toward a comparison of their spe-
cific stabilization properties. The considered methodology is applied to the
solution of test parabolic problems assuming linear and nonlinear models.

Mathematics Subject Classification (2000). 35K45, 65N22, 93B40, 93B52,
93C20, 93D15, 93D21 .

Keywords. Dirichlet control, feedback control, stabilization, semi-linear para-
bolic systems, extension method, finite element method.

1. Introduction

In this article, we investigate two different numerical approaches for the boundary
control stabilization of semi-linear parabolic systems which are unstable if uncon-
trolled. A particular emphasis is laid on Dirichlet control in that context. For the
first class of methods, we consider the extension method proposed by A. Fursikov
[12, 13, 14]. This approach relies on the solution of the considered partial differen-
tial equations in an extended domain. The initial value on the extended domain is
chosen such that the extended solution is stable. The boundary control needed for
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the stabilization of the original problem is then defined to be an adequate trace
of the extended solution. For the second class of methods, we consider an optimal
control based solution process where the stabilization problem is formulated as an
optimization problem with PDEs constraints. The considered approach is inspired
from the method proposed by R. Glowinski et al. [19, 18]. In that context, we
consider finite-difference methods for the time discretization, finite element meth-
ods for the space discretization, and the L-BFGS method for the solution of the
resulting discrete control problem. The main goal of this article is to address some
of the numerical issues associated to both class of approaches toward a comparison
of their specific stabilization properties.

This article is organized as follows. In Section 2 we formulate the stabiliza-
tion problem for semi-linear parabolic systems. In Section 3, we derive first the
extension method for the stabilization problem and discuss then numerical aspects
associated to the realization of the associated extension operator. The second ap-
proach relying on the formulation of the stabilization problem as an optimization
problem with PDEs constraints is derived in Section 4. In Section 5, the proposed
numerical schemes are validated and compared by means of numerical experiments
assuming linear and nonlinear models.

2. Problem formulation

Let © be a bounded domain in R? (1 < d < 3). We consider the following partial
differential equation

ou—Fu) = 0 in Qx(0,7), (2.1)
u(z,0) uo(x) for ze€Q, (2.2)
u(z,t) = 0 on (OO\I') x (0,7, (2.3)
u(z,t) = q(z,t) on T x (0,7), (2.4)

where I' C 99, ug is a given initial value, and F is a (semi-)elliptic operator. The
goal of the stabilization problem of the above equation is to construct a control
q € L>(0,T; HY/*(T")) where

L=(0,T: Hy* (1) = {qla(,1) € Hy/*(T) ¥t € (0,T), llaC, )llzs/2r) € L*(0, )}
such that the state solution u converges to a steady state solution u, of the equation

as t tends to T'. Note that the homogeneous Dirichlet boundary conditions (2.3)
can be generalized to non homogeneous Dirichlet boundary conditions leading
to non homogeneous Dirichlet boundary conditions in (2.5). This generalization
would lead to minor additional technicalities in the derivation of the proposed
stabilization methods and for simplicity of notation will not be considered in the
sequel of this paper.
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3. Extension method for the stabilization problem

3.1. Theoretical background

The basic idea of this method developed by Fursikov (see [12]) is to reformulate
the stabilization problem associated to the partial differential equation (2.1)—(2.4)
in an extended domain G D §2 where a stable solution can be comparatively more
easily computed. The control ¢ is then defined as an adequately chosen trace of
the extended solution. Here the choice of G as well as of the extended initial value
vo (i.e., volo = up) are crucial.

First, we assume a linear parabolic problem (2.1)—(2.4) with

Fu) = A(z)u = — sz a;j(z)0;;u + Z x)0;u + c(x)u,

T = +oo and ug € L?(Q2), where aij, b;, and c are real-valued functions. We assume
further us = 0 which can easily be obtained by substitution of u by v = u — ug
n (2.1)-(2.4). Let 0p > 0 be a given number. Our goal is to construct a control

q € L>(0,T; Hl/z( T')) such that the solution u of (2.1)—(2.4) satisfies
s ll iy < ™0t as ¢ — oo, (3.1)

for some ¢ > 0.
Let w C R? be a bounded domain disjoint from € such that the intersection
of the boundaries dw and 92 equals to T', i.e.,

wnNQ=0, Int(OwNdQ)=T#0,
where Int A denotes the interior of set A. Let
G =Int(wUQ)

and assume that the domain w guarantees that the boundary G of G is a (d —1)-
dimensional manifold which is of class C?.
We extend the coefficients a;;(x), bi(x), ¢(x) of the operator A from Q to

o~
~,

real-valued functions @;;(z) = @;;(z), bi(x), ¢(z) of class C*(G) on G satisfying
the ellipticity condition, i.e.,
d
Zam(x)gzngBKFa vfz(gla"'agd)emda
ij=1

where 3 > 0 does not depend on x € G. We consider the system

dv+A)v = 0 in GxRy, (3.2)
v = 0 on dG xRy, (3.3)
t),_, = w in G, 4

where

d
Alz)v:=— Z a;j(z 8”1)+Zb ) 0;v + ¢(x) v, (3.5)
,j=1
and vg is constructed in a special way from wug.
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We assume that og satisfies the condition

o(—A)N{A e C|ReA=—0co} =0,

where U(—A\) denotes the spectrum of the operator —A.
Let A* be the adjoint operator of A. There holds

o(—A) = o(—A%).

In our case 0’(7//1\) is a discrete set of points. For A € J(/T) we denote the canonical
system of —A* associated to —\ by

e (=), (=), e =N, k=12, N (=),
We number all the non-zero real and imaginary parts of the functions
{0 ]AeU( )i Re(=\) > —005 k= 1,..., N(=X); i =0,..., m(~\)}
by e1(z), e2(z), ..., ex(x), and denote

Xx(G) = {UEL2 ‘/ ) dz =0, 3_1,2,...,K}.
Theorem 3.1 ([12], p. 611). The system of the restrictions to w of the functions
e1(x), e2(x),. .., ex(x) are linearly independent.

Theorem 3.2 ([12], p. 612). There exists a continuous linear extension operator

Fx : L*(Q) — Xk (G).

In the proof of Theorem 3.2 presented in [12], Ex is defined by
v(x), x €,

(Egv)(x) = f cigj(z), rew=G\Q, (36)

where the coefficients ¢; are determined from the equations

K
;Cﬂ'/fﬂ'(@gk(”) du = */Qv(fv)sk(:v) dr, k=12, K (3.7)

Obviously, the system of linear equations (3.7) ensures that the function (3.6) is
in the space X (G), and it is clearly an extension of v, i.e.,

(EKU)|Q=U

The existence result of Theorem 3.2 relies on the existence of a solution of (3.7).
Let

0y = /w ci(2)e;(x)de  and by — — /Q o(z) e5(x) dz,
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then ¢ = (c1, c2,..., cx)? is a solution of the system of linear equations Az = b,
where A = (aij)szl and b = (by, ba,..., bx)T. One can easily prove that the
matrix A is positive definite. Therefore, the system of linear equations Az = b
has a unique solution A~h. A numerical method can be directly derived from this

approach toward the computation of the extended initial value (see Section 3.2).

Theorem 3.3 ([12], p. 605). For any vy € Xk (G) there holds for the solution v of
(3.2)-(3.4)
[v(- )| 2y < M e ||| r2(a) for t>0. (3.8)

Theorem 3.4 ([12], p. 614). For any initial value ug € L?(Q) and any rate oo > 0,
there is a control q defined on T' x Ry such that the solution u(xz,t) of problem

(2.1)~(2.4) satisfies the condition
lu(-, O)llL2() < ce 70! as t— oo. (3.9)

In the proof of Theorem 3.4 presented in [12], the following mapping is con-
structed:

Ex : LI*(Q) — Xk (Q),

which is an extension operator according to Theorem 3.2, where G is an extension
of Q. Let v(z,t) be the solution of problem (3.2)—(3.3) satisfying

v(m,t)|t:0 =wo(z) := (Exug)(z) (3.10)
and define
q(-,t) = v(-t)lr.
It follows from Theorem 3.2 and Theorem 3.3 that the solution u of problem (2.1)—

(2.4) corresponding to ¢ fulfills condition (3.9). For nonlinear problems, the same
approach is applied to the linearization at u of the partial differential equations.

3.2. Calculating an extended initial value

The main difficulty in the extension method is the construction of an adequate
extended initial value vg. In the following we introduce two numerical approaches
for this step. The overall goal is to construct vy satisfying vg|lq = up and

/vo(a:)sj(x)dxzo, i=12,..., K. (3.11)
G

a) Eigenfunction method: In the eigenfunction method (EFM) we use the exten-
sion operator Ex defined in (3.6) to construct vg. Numerically this leads to the
solution of the system of linear equations

K
j;fj/wzfj(ﬂc)&(x)dx:—/Quo(x)ei(x)dx, i=1,2,..., K, (3.12)
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with w := G'\ Q. The extension v is then defined in the following way

uo(x), x € Q,
Uo(&?) = i fj Ej(x), Tr € w.
j=1

Despite its simplicity, the main drawback of this approach is related to the fact that
the condition number of the resulting linear system increases extremely rapidly
for small extension domain and for an increasing number of unstable modes (see

Table 1).

b) Least squares method: The main difference between the least squares method
(LSM) and the eigenfunction method is that in the least squares method we do
not use €1, €2,..., £k as a basis to determine vy, but a basis of a finite element
space V}, defined by

Vi =span{¢1,--- , 01} ©span{P1, -, @i},

which contains functions whose traces lie on G\Q. In order to attain this goal we
assume the following expression for vg:

vo(z) = ug(x), x € Q, (3.13)
l T
v(z) =Y &ei+ Y, §@;,  zeG\Q, (3.14)
=1 j=l+1
where we assume for the ansatz functions
(@) =0,  2edG\Q), jell (3.15)
@j(x) #0, x€d(G\Q), je[l+1,r]. (3.16)

At the interface between Q and G\ the values éj are set to ensure a continuity
condition with vg. On the non interfacing part of the boundary of G\ the exten-
sion is assumed to be equal to 0. Therefore the components éj for j € [+ 1,7]
are given by the problem setting. The orthogonality condition (3.11) leads to the
following constraints

l T
/ S+ Y ¢ Ei(x)dx—s—/vo(x)ai(x)dxzo, icin]
G\ \ j=1 j=l+1 @
(3.17)
The resulting system of n linear equations is used to determine the [ >
n unknowns {;}, <j<i by means of a least square approach, i.e., we solve the
following problem:

méin ;gTQf +éle st TE=, (3.18)
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where Q = (Qij) S Rle, c= (61) € Rl, T = (tij) € RKXI, b= (61) € R! with

qij = / Vi(z) - V,(z)de, (3.19)
G\Q

Ei = \V4 i\L ~jV”]- dl’, 3.20
/G\Q a3 690) (3.20)

tij Z/G\Q ij(x)si(x)dx, (3.21)

T

b= [ weitarte — | W3 Epeayie (3.22)

Solving the problem (3.18) corresponds to minimize the semi-norm |- |; on G
of the extension vy under the orthogonality constraints (3.11). The optimization
problem (3.18) can be solved by means of the standard Euler-Lagrange formulation
which leads to the following two steps:

step 1: n=(TQ'TT) b+ TQ'4q, (3.23)
step 2: E=Q N (—e¢+TMy). (3.24)
Here 7 denotes the Lagrange multiplier.

Remark 3.5. Instead of solving the problem (3.18) which aims at minimizing the
H;-seminorm one could consider the following minimization problem

1 ~
mgin 2§TM§ +eéle st TE=D, (3.25)
where M = (m;;) € R ¢ = (¢;) € R! with

miy = [ eilaley(@)ds (3.26)
a\Q

T
i = / eil@)( Y &@;)da, (3.27)
j=l+1
In this second approach the goal is to minimize the Lso-norm on the extension. In
practice however this approach leads to highly oscillating solutions at the interface
and as a consequence to numerical instabilities (see Figure 1).

3.3. Extension method

By solving the problem on computer, rounding errors cannot be avoided. Hence,
the computed extension initial value may have some components in the unstable
manifold. At some point this may lead to a blow up of the computed solution in
the extended domain. In order to avoid this phenomenon, we check at which stage
the state solution stops to decrease in time. Let t; be a such a time step. In order
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FIGURE 1. Extension of the function vo(z) = sin(2z) from Q =
[0,37/4] to G = [0, 7] assuming v = 3 in (5.5). This configuration leads
to one unstable mode 1 (z) = sin(z). Here we consider the extension
approach based on (3.23), i.e., on the minimization of Lo norm of the
extension. This approach is numerically not adequate since it leads to
a solution which is highly oscillating at the interface between €
and G\Q.

to damped the unwanted component lying in the unstable manifold we restart the
whole extension process at ¢ = {1, i.e., the operator E is applied to u(x,t1):

vi(x) := Exu(x, ty).

Let v(z,t) be the solution of the system (3.2)—(3.3) with ¢ € (¢1,T) and the initial
state v(x, t1) = v1(x), and

(u("t)v q('vt)) = (U|Q('at)7 U|F('7t))a te (tlaT)'

Let to > t1 be the next exploding point, we then restart the stabilization process
again at t = t2 and so on. By combining the controls in subintervals we obtain the
control in (0,T). The overall process leads to the following algorithm:

Algorithm (Stabilization algorithm for linear problems). Given an initial value
ug, an extended domain G, a decreasing rate oy, a convergence constant ¢, and
constants ki and ko, e.g., k1 = 1 and ko = 3. Let V}, be a given finite element
space and {to, ..., t;,} be a grid in time.
e Compute an extended initial value vy by using one of the algorithms (EFM)
or (LSM).
e Set i =1and k=0.
e do while i <m
1. Solve the discrete variational problem of the extended state
equation at ¢ = t; and obtain v}, ().
2. If k > Ky and v}l > |Jv '|lo then go to 5.
3. If k > ko and v} |lo > ce™7°% then go to 5.
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4. Goto 7.
Set =14 —1and k = —1.
6. Let v} be an extension of v} |q calculated by using one of the
algorithms (EFM) or (LSM).
7. Seti=i+1and k=Fk-+1.
end do
e Set ¢ = vp|r.

ot

4. Optimal control based solution process

4.1. Formulation
We consider the system (2.1)—(2.4) with

F(u) = vAu+ H(u),

where H is a functional of w and first order derivatives of u. Let (Q, | - |lg) be
the space (Hé/Q(F), | 1l22(ry) or (H§(T), || - |2 (ry) depending on the considered
formulation of the optimization problem. We denote further Q.4 := L*(0,T;Q).
Assume that there exists for each ¢ € Q.4 a unique weak solution u of the system
(2.1)—(2.4), which is continuously depending on the control ¢ € Quq.

Our problem reads as follows: Find ¢* € (Q,q such that
J(@") < J(9), Yq € Qaa, (4.1)

where

T T
="y [ lacolas, [ RO o —wlhe @2)

K1 >0,0< K9 < Ks(t) < Ki for all t € [0,T], and u is the weak solution of the
system (2.1)—(2.4). We should set K5 as a function, which increases in time, and
K should be sufficiently small compared with Ks.

We describe the optimization problem in case || - [[g = || - [ z2(r) as an L*-
optimization problem, and in case of || - [|g = | - ||m: () as an H'-optimization
problem.

Since (Hé/2 (I), || - [[2(ry) is not complete the standard existence theory can
not be directly applied while the existence of an optimal solution for the H'-
optimization problem at least for linear parabolic problems is guaranteed. In that
last case, the regularity requirements for ¢ are however usually to high in practice.

4.2. First order optimality condition

We first consider the L2-optimization formulation, that means

@11+ ll@) = (Ho"* (@), ]| - IIr)-

The case of the H!'-optimization formulation can be treated similarly.
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Theorem 4.1. For the L?-optimization problem there holds for each q € Qaq
VJ(q) = Kiq — vz, (4.3)

where z € VO i solves the following adjoint system

—0z —vAz — H'(u)"(2) = Ko(u—us) in Qx(0,T), (4.4)
z2(x, T) = 0 for x € Q, (4.5)
z(x,t) = 0 on 0Qx(0,T), (4.6)

with H'(u)* is the adjoint operator of H'(u) and
Vau = H' (0, L§(€)) N L*(0, T; Hy(92)).
Proof. From the definition of the functional F' we have
F'(u)(v) = vAv + H'(u)(v).

Let ¥ = Q x (0,7). With every function z belonging to the space V.2, we have

/ H'( czdrdt = / - H'(u)*(2) dx dt. (4.7)

In order to compute VJ(g), we shall use a formal perturbation analysis. Let us
consider ¢ € QQuq and a small perturbation dq of q. We then have

T
0J(q) = /O/FVJ(q)ﬁqudt

T T
Kl//q-équdt+//Kg(t)(u—us)-éudxdt, (4.8)
0Jr 0Jo

where du satisfies

Oou — vASu — H'(u)(du) = 0 in Qx(0,7), (4.9)
ou(z,0) = 0 for z € Q, (4.10)
du(x,t) = on (OOQ\T) x (0,7), (4.11)
du(z,t) = dq(z,t) on I x(0,7T). (4.12)

Let us consider z € Vaod. Multiplying both sides of (4.9) by z and integrating
over X, we obtain

/8t6u-zdxdt—/VA&u-zdxdt—/H'(u)(&u)-zdmdtzo.
) ) o
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Integrating by parts over ¥ and taking into account relations (4.10)—(4.12) and
(4.7) gives

0 = / ou(x,T) - z(z,T) dx — / ou(z,0) - z(z,0)dr — / ou - Opzdx dt
Q Q b

7/ vOpou - z dO dtJr/ vou - OpzdO dt
a0 (0,T) a0 (0,T)

7/V(SU'AZd:Udtf/5U’H,(u)*(z)d$dt
b b

= / ou(z,T) - z(z,T) dx + / véq - OpzdOdt
Q

'x(0,T))
+/ (= 0z —vAz — H'(u)*(2)) - dudax dt. (4.13)
b

Suppose that, in addition to the condition z € Vaod, the function z satisfies the
adjoint system (4.4)—(4.6). Then from (4.13) we have

/Kg(ufus)oéudxdt:f/ vdq - OpzdO dt. (4.14)
by I'x(0,T)

It follows from (4.8) and (4.14) that

T T T
//VJ(q)-équdt = Kl//q-équdt—//V&q-@ndedt
0JT

= // (K1q —vOpz) - dqdO dt. (4.15)
Since (4.15) is valid for all (small) perturbation dq, we finally obtain
VJ(q) = Kiq — vOpz. O

The first order necessary optimality condition of the L?-optimization problem
reads as follows.

Theorem 4.2. If ¢* € Quq s a local minimizer of the L?-optimization problem,
then

Kiq" =v0,2",
where z* is the adjoint solution corresponding to the control q*.

With an analogous argument we obtain the optimality condition of the H'-
optimization problem.

Theorem 4.3. For the H'-optimization problem the gradient of the objective func-
tional solves

T T T
//VJ(q)-cdedt:Kl/ (q,ap)Hl(p)dt—//V@nz-gadOdt,
0Jr 0 0Jr

for all p € L>=(0,T; HY(T)), where z is the solution of the adjoint system (4.4)—
(4.6).
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Theorem 4.4. The first order necessary optimality condition of the H'-optimization
problem reads as follows:

T T
Kl/ (¢, 9) syt — / / VO - pdOdt =0, Vi € L(0,T; HA(T),
0 0Jr
where z* is the adjoint solution corresponding to the control q*.

4.3. Solution process

In order to solve the optimization problem we use the L-BFGS method, which
needs only the gradient of the objective functional. The advantage of the L-BFGS
method in the comparison with the BFGS method is that the approximation of
the Hessian matrix does not need to be stored (see, e.g., [15])

At each step of the L-BFGS method we have to calculate the gradient of
the objective functional, this means the primal and adjoint state solution has be
available. To solve the primal and adjoint equations numerically we apply the
implicit Euler method for discretization in time and finite element method for
discretization in space.

Let 0 = tg < t1 < -+ < ty, = T be a grid in time, k; := ¢; — t;—1 (I =

1,2,...,m), and Vj, and V;? be given finite element spaces
Vi = {vh e 0(9Q) ‘ wnlk € P(K), VK € Th}
V;? = {vh eV, ’ vploa = 0}.

We denote

Qp = {Uh|1" ’ Vp € Vh} ﬂHS(F),

for some suitable s > 0. Let ¢} (i = 1,2,...,m) be the interpolation of ¢(-,#;) in
Qpn. Then the discrete variational problem of the primal equation (2.1)—(2.4) at
the ith time step (i = 1,2,...,m) is the following: Find u}, € ¢! + V)2 such that

(uli-u (p)ﬂ + kz a(u;u (P) = (U;L_la 90)97 V(p S V}?v (416)
up(z) = uo(x) in Q, (4.17)

where the bilinear form a : H*(Q) x H}(Q) — R is defined by
a(v,w) :=v(Vv,Vw)q — (H),w)q.

The discrete variational formulation of the adjoint problem (4.4)—(4.6) at the ith
time step (i =m — 1,m — 2,...,0) reads: Find 2z} € V¥ such that there holds for
all p € V2

(Z;La QO)Q + kiJrla* (Z;m 2 U;L) = ( ;L+17 90)9 + ki+1 (KQ(tl)(u;L - US), SD)Qv (418)
=0, (4.19)
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where
a* (v, p;w) :=v(Vu,Vo)g — (H’(w)*(v),qb)ﬂ.

Discretizing the gradient of the objective functional at the continuous level, we
obtain that the ith coordinate of the discrete gradient VJ, at(gn,a¢) solves the
following problem: Find V.Jj, a¢(gn.at)i € Qn such that

(Vnatlanae)i X)p = (K1gh, — vOnzj,, X)pn - VX € Qn. (4.20)

5. Numerical experiments

5.1. Unstable linear parabolic problem in 1D

First, we consider the following one-dimensional linear parabolic problem:

ou—Au—~vyu = 0 in [O,?ZT]X(O,T), (5.1)
w(@,0) = wulx) for zel0, ?ZT], (5.2)
w(0,) = 0 for te(0,T), (5.3)
u(gz,t) — qlt)  for te(0,T). (5.4)

Our goal is to stabilize the problem toward the stationary solution us = 0. For
the extension method we assume for the extended domain G = (0, gmax) Where
obviously gmax > 3I . Note that the eigenvalues of the operator Av 4+ av with
v: G — R and v|pg = 0 depend on v and gmax. For the discretization we use
uniform grids in time and space with At = 1072 and h = 278,

Table 1 shows the condition number of the linear system (3.12) for various
values of gimax and 7 leading to different number of unstable modes. The solution of
the linear system (3.12) is needed to compute the extended initial value by means
of the numerical approach EFM (see Section 3.2). Table 1 clearly shows that this
condition number drastically increase for a decreasing size of the extended domain
and for an increasing number number of unstable modes. For a small extended
domain, the linear system is badly conditioned even if a few number of unstable
modes has to be filtered. The method LSM should be therefore preferred in that
context and is used for all presented numerical tests.

The extension method performs efficiently and robustly for the problem (5.1—
5.4). Corresponding results are depicted on Figures 2-7. Especially for an increas-
ing number of unstable modes no special tuning of the method is needed to obtain
the stabilizing control variable. The optimal control based approach describes in
Section 4 behaves well for a small number of unstable modes (see Figure 8). For an
increasing number of unstable modes a fine tuning of the parameters K; and Ko
as well as a feedback control approach are needed to attain convergence if possible
at all.
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Jmax 1.1 1.2 1.5 2
NEV
2 5.13e+04 3.90e+03 1.33e+02 1.22e+01
3 2.66e+09 1.53e+07 1.88e+04 1.97e+02
4 5.0de+12 5.39e+10 2.55e+06 4.08e+03
) 1.59e+13 3.41le+13 3.55e+08 9.63e+-04
6 7.67e+12 5.89e+13 5.18e+10 2.44e+06
7 9.7le+12 5.06e+13 6.11e+12 6.51e+07
8 1.34e+13 2.83e+14 2.53e+13 1.79e+09
9 2.89e+13 1.04e+14 2.54e+13 5.05e+10
10 1.70e+13 1.71le4+14 2.34e+13 1.31le+12

TABLE 1. Condition number of the linear system (3.12) for various val-
ues of gmax and v leading to different number of unstable modes NEV.
The solution of the linear system (3.12) is needed to compute the ex-
tended initial value by means of the numerical approach EFM (see Sec-
tion 3.2).

5.2. Unstable nonlinear parabolic problem in 1D

The extension method presented in Section 3 relies on a linearization at u, of
the considered partial differential equations. Our goal in this section is to exhibit
some of the properties of this approach for a nonlinear problem. We consider the
following one-dimensional nonlinear parabolic problem:

ou—Au—~yu—u®> = 0 in [0, 3;] x (0,7, (5.5)
u(z,0) = wg(x) for z€]0, 3;], (5.6)

u(0,t) = 0 for te(0,7), (5.7)

u(?’f,t) — glt)  for te(0,T). (5.8)

Our goal is to stabilize the problem toward the stationary solution us = 0. We
prescribe G = (0, 7). In the range v < 8, the extension method performs robustly
and efficiently toward a stabilization of this unstable problem (see Figure 8). For
more than two unstable modes the stabilization of the equations could not be
obtained even for small initial data. The optimal control based approach shows
for this problem similar stabilizing properties in comparison to the linear case
(5.1)—(5.4).
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5.3. Unstable linear parabolic problem in 2D
Let Q = (0,1) x (0,1), T' = (0,1) x {1}, and T" = 1. Consider the following two-
dimensional linear parabolic problem:

ou—Au—25u = 0 in Qx(0,7T), (5.9)
w(z,0) = wup(x) for ze€Q, (5.10)
u(z,t) = 0 for (z,t) € (OQ\T") x (0,T), (5.11)
u(z,t) = q) for (z,t) el x(0,7T), (5.12)
where
uo(x) = sin(waq) sin(rwa) for = (z1,22) € Q. (5.13)

Without control, i.e., ¢ = 0, the state solution blows up (see Figure 9). Our
goal is to stabilize the problem toward the stationary solution us = 0. For the
discretization we consider a uniform grid in time and space with At = 0.01 and
h = 279 and discretize the problem in space by means of Q; finite elements.
We consider the optimization based approach described in Section 4 for different
coefficients K and K»(t) (see Table 2).

Casel Case?2 Case3 Case4
K, 103 107* 107% 1073
Ks(t) t ett et 0.1¢8

TABLE 2. Setup of the coefficients for the optimization based approach
(see Section 4) used to solve the problem (5.9)—(5.12).

The obtained optimal controls and the corresponding state solutions and
there norms are presented in Figures 10-15. These results clearly show that for a
wide range of parameters Ks this numerical approach allows to obtain the needed
stabilizing properties.

6. Conclusion

In the extension method, the computational costs are mainly related to the com-
putation of the unstable eigenfunctions as well as one forward solution of the
considered partial differential equations. The costs related to the computation of
the extension operator are almost negligible. The delicate and still open issue for
this approach is the adequate choice of the extended domain especially for higher-
dimensional problems. The optimal control based approach is more straightforward
to apply since it does not rely on the definition of an extended domain. The main
computational costs are related to the calculation of the gradient, i.e., the com-
putation of the primal and adjoint state solution. For highly unstable problems, a
feedback control approach has to be considered for both methods.
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problem (5.1)-(5.4) with v = 3 (one unstable mode).

L2N
—

Fi1cURE 3. The description of the plots is identical to Figure 2. Problem
(5.1)—(5.4) for v =5 (two unstable modes).
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FIGURE 8. Results obtained by means of the optimization based ap-
proach depicted in Section 4 for the stabilization problem (5.1)—(5.4)
assuming K1 = 1072 and K»(t) = e*!. For the upper (resp. lower) plots
we imposed v = 3 (resp. v = 5). The plots on the left column describe
the time variation of logyo(||u(-, )| £2(0))- On the right column the time
behavior of the control g is plotted.
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FIGURE 9. The function logq ||u(-,?)|q assuming no control for the
stabilization problem (5.9)—(5.12).
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F1cURE 10. Isolines of the computed stabilized solution of the problem
(5.9)—(5.12) for t = 0,0.2,0.4,0.6,0.8, 1. (case 1)
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F1GURE 11. Isolines of the computed stabilized solution of the problem
(5.9)—(5.12) for t = 0,0.2,0.4,0.6,0.8, 1. (case 2)
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FIGURE 12. Optimal control for problem (5.9)-(5.12) and case 1.
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FIGURE 13. Optimal control for problem (5.9)—(5.12) and case 2.
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FIGURE 14. The function log;, ||u(-,t)|lq for problem (5.9)-(5.12) as-
suming corresponding optimal Dirichlet control.
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FIGURE 15. Comparison between optimal controls in the 4 cases (see
Table 2) at z; = 0.25 and z; = 0.5.
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Fast Solution Techniques in
Constrained Optimal Boundary Control
of the Semilinear Heat Equation

M. Hintermiiller, S. Volkwein and F. Diwoky

Abstract. Efficient numerical techniques for the solution of constrained op-
timal control problems for the nonlinear heat equation are considered. The
nonlinearity in the governing equation is due to the boundary conditions which
cover the Boltzmann radiation boundary condition. With respect to numeri-
cal algorithms, variants of semismooth Newton methods are proposed which
allow a convergence analysis in function space. For the latter aspect the con-
cept of generalized (Newton, or slant) differentiability is invoked. The paper
ends with a comparison of the proposed algorithms among each other and
with a sequential quadratic programming method.
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1. Introduction

In this paper we study methods for the numerical solution of constrained opti-
mal control problems for thermal processes. The governing time-dependent partial
differential equation is given by the heat equation

ye—aAy=f inQ, y0)=y on, (1.1)

where 2 represents the domain of interest and @ is the space-time cylinder. Fur-
ther, f is a given source, y, denotes the initial temperature, and o > 0 is a given
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constant reflecting heat conduction properties. We consider (1.1) together with
nonlinear boundary conditions of the type

dy B
0 bly) = P (12)

with a given possibly nonlinear function b. Above, u denotes the control, and 8 # 0

is a given constant. Note that (1.2) covers locally radiative heat transfer across the

boundary which is modelled by the Stefan-Boltzmann-radiation boundary condi-

tion P
o 91yl = Bu.

The latter law is of interest, e.g., in crystal growth phenomena [21].

In many practically relevant situations the control u has to obey certain
restrictions. For instance, due to technical limitations and/or to prevent phase
changes it is required that the control only acts within certain bounds. This can
be modelled by bilateral pointwise inequality constraints of the type

ug < u < up, almost everywhere in Q.

Also, it might be of interest to constrain the available “volume” of the control
action. This results in inequality constraints of integral type. The control problem
stated in the next section contains all these constraints simultaneously. In addition,
it also covers integral state constraints.

For theoretical investigations of constrained optimal control problems involv-
ing parabolic partial differential equations we refer to, e.g., [7, 21, 23] and the many
references therein. These sources essentially focus on the derivation of practically
relevant first or second order optimality conditions. This is a complex task due to
the presence of the inequality constraints, and requires a careful investigation of
the solvability of the state equation, the adjoint system, and of the choice of the
involved function spaces. We point out that the first order optimality system is
usually the starting point for the development of numerical solution algorithms.

Besides the modelling issues and the theoretical aspects mentioned above,
in practical applications the efficient numerical solution of the underlying control
problem is of utmost importance. In the present work we emphasize variants of
semismooth Newton techniques. The latter algorithm class is based on a general-
ized differentiability concept in function space [18] and turned out to be extremely
efficient for classes of elliptic control problems; see some of the references in [18].
For its globalization we propose a combination of problem dependent modifica-
tions of the Hessian of the Lagrangian (see [15, 17]) and a line search procedure.
Let us point out that an alternative trust-region globalization for a related prob-
lem class was considered in [11]. The resulting algorithm is implemented in the
trice-project (see www.caam.rice.edu/ trice).

The subsequent sections are organized as follows: In Section 2 we give a brief
introduction highlighting the model problem together with the involved function
spaces. Further we state the first order optimality system for characterizing (local)
solutions. In order to avoid conflicting situations due to constraint requirements,
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we introduce an augmented Lagrangian penalization approach for the integral con-
straint. For later purposes we also study the reduced problem and differentiability
properties of the control-to-state mapping. Section 3 is concerned with the de-
velopment of algorithms for the efficient solution of the augmented Lagrangian
subproblems. We introduce a partial semismooth Newton method, which only lin-
earizes some parts of the first order system and leaves the state equation nonlinear,
and we study classical semismooth Newton methods. In either case we consider
two subtypes of methods: The first variant considers the state equation as an ex-
plicit constraint, while the second one performs a reduction process via the state
equation by expressing the state as a function of the control variable. Finally, in
Section 4 we report on numerical results, and we provide a comparison with a se-
quential quadratic programming method. Due to the augmentation of the integral
constraint, the latter method is also a variant of semismooth Newton algorithms.

2. Optimal control problem and augmented Lagrangian formulation

In this section we formulate the optimal control problem with integral constraints
and review first order necessary optimality conditions. Moreover, to handle the
integral constraints, we propose an augmented Lagrangian approach.

2.1. The constrained optimal control problem

Suppose that €2 is an open and bounded subset of RY, with d € {2,3}, with
Lipschitz boundary T' = 9. For T > 0 we set Q = (0,7) x Q and ¥ = (0,T) x
I'. Moreover, by L?(0,T; H'(2)) we denote the space of (equivalence classes) of
measurable abstract functions ¢ : [0, T] — H'(), which are square integrable, i.e.,

T
/0 o (8) 12 gt < 0.

For the definition of Sobolev spaces we refer the reader, e.g., to [1, 14]. When ¢ is
fixed, the expression ¢(t) stands for the function ¢(t,-) considered as a function
in © only. Recall that

W(0,T) = {¢ € L*(0,T; H(Q)) : ¢, € L*(0, T; H'(Q))}

is a Hilbert space supplied with its common inner product; see [10, p. 473], for
instance. Notice that L?(0,T; L?()) can be identified with L?(Q).

We consider an optimal boundary control problem for the heat equation with
pointwise control constraints and integral constraints. The goal is to minimize the
cost function J : W(0,T) x L?(X) — [0,00) given by

/ / agly — zQ| dxdt + / aq ly(T) — ZQ|2 dx
(2.1)

+ / /|u|2dsdt,
2Jo Jr
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where the state y and the control u are coupled by the following semilinear bound-
ary value problem

ye(t, x) — aAy(t,x) = f(t, %) for all (t,x) € Q, (2.2a)

0
az (t,s) + bly(t, 8)) = Bult, s) for all (,5) € %, (2.2b)
y(0,%x) = yo(x) for all x € Q. (2.2c)
In (2.1) we assume that g and agn are non-negative weights satisfying ag €
L>*(Q) and ag € L>®(Q), respectively. The desired states zg € L™(Q) and zq €
L>(Q) are given, and x > 0 denotes a regularization parameter. For the data in
(2.2) we suppose that the inhomogeneity f belongs to L>®(Q), « > 0 and 8 # 0

hold true, and the initial state satisfies y, € C(2). Moreover, the nonlinear function
b : R — R is twice continuously differentiable, and there exist real constants
C1,C5,C3 with C1,C3 > 0 such that

b(0)| < Cy and Cy <V (r) < Csn(|r]) for r € R, (2.3)

where 7 : [0, 00) — [0, 00) is a non-decreasing function. It was proven in [7] that for
any u € L7 (X), with o7 > d+1, there exists a unique solution y € W(0,7)NC(Q)
to the state equation (2.2). Moreover, the mapping u — y(u) is continuous from
L7 (%) to C(Q).

We also impose bilateral control constraints on the control variable u. For
that purpose let u,, up € L72(X), with oo > o1, be given lower and upper bounds,
respectively. Then the admissible controls u are required to belong to the closed
convex set

Usa = {u € L*(Z) | g < u < wp on ¥ almost everywhere (a.e.)} C L7%(X).
(2.4)
In addition, an integral constraint has to be satisfied, i.e., we assume that

T
/ /(1 —7)u + Ty dsdt +C/ ydxdt < Cy (2.5)
o Jr Q

where C; € R, and 7,( € [0,1] are fixed. Note that for 7 = { = 0 we have an
integral control constraint, whereas for 7 = 1 condition (2.5) becomes an integral
state constraint.

For a compact formulation of the optimal control problem we introduce the
two Banach spaces Y = W(0,T7)NC(Q), X =Y x L1 (¥), and the nonlinear
mapping e : X — L2(0,T; H*(Q)") by

T
(e(ysw), @) 20,1511 (@)7), L2 (0,73 () :/ (e (1), () gy 11 () At

/ /aVy Vo — fcpdxdtJr/ / — Bu)pdsdt
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for ¢ € L*(0,T; H(2)), where (-, Y H1 (@), H1 () denotes the duality pairing be-
tween H'(Q2) and the dual H'(Q)’. The feasible set is given by

F(P) = {x = (y,u) € X ‘ e(z) =0, y(0) =yo, u € Uag, (2.5) is satisfied}.

Throughout the paper we assume that F(P) # (. Note that in the special case
7 = ¢ = 0 this can be guaranteed by the requirement

T
/ / uq dsdt < Cf. (2.6)
o Jr

Our infinite-dimensional optimal control problem now reads
min J(z) subject to (s.t.) z € F(P). (P)

Since F(P) # () by assumption, there exists at least one (global) solution z* =
(y*,u*) to (P). For a proof we refer to [4, 7].
Next we introduce the Lagrange functional £ : X x L2(0,T; H'(Q)) — R by

E(x,p) = J(J?) + <€($>,p> L2(0,T;H(Q)),L2(0,T;H (Q))

for the primal variable x = (y,u) € X and the dual variable p € L?(0,T; H*()).
The first order necessary optimality conditions in the next theorem follow, e.g.,
from the results in [7] and [23].

Theorem 2.1. Suppose that (y*,u*) = x* € F(P) is a local solution to (P). Then
there erxist unique Lagrange multipliers (p*, \*, &%) in W(0,T) x L*(X) x R sat-
isfying, together with (y*,u*), the dual system (here written in its strong form)

—pi — aAp" = —aq(y* —2q) — (& inQ,  (2.7a)
8 *
a]; +V ()" + 7€ =0 on¥,  (2.7b)
p*(T) = —ay™(T) — zq) in Q, (2.7¢)
ku* —afp*+ (1 —71)+ A" =0 on 3, (2.7d)
A" =max (0, A" + o(u" —up)) + min (0, \* + o(u* — ug)) on %, (2.7¢)
T
g* = max <O7§* + Q(/ /(1 _ T)u* +Ty* dsdt (27f)
o Jr
+C/ yrdxdt — C]>> in R
Q

for any o, 0 > 0, where in (2.7e) the functions min and max are interpreted in the
pointwise almost everywhere sense. In particular, if zq € C(Q), p* € C(Q) holds
true.
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In (2.7b) and (2.7d) we identify £*(s) = &* for all s € 3; analogously for £* in
(2.7a). Further, (2.7¢) and (2.7f) are nonlinear complementarity problem (NCP)
function based reformulations of the complementarity systems

A >0, ug—u"<0, Ai(ug—u*)=0, ae. on, (2.8)
Ap >0, u—up <0, Aj(u"—up) =0, a.e on, (2.9)

with A* = A\j — A%, and
€20, [y Jol—r)u* + 7y dsdt + ¢ [,y"dxdt — Cp <0,

T (2.10)
& ( fo fr(l — T)u* + Ty*dsdt + CfQ y*dxdt — Cz) =0.
2.2. Augmentation of the integral constraint

In our approach we handle the integral constraint (2.5) by an augmented La-
grangian penalization. See, e.g., [5, 6] for a detailed account of this technique. In
fact, for o > 0 and £ € Ra' we introduce the modified cost functional

1 N T
J2(y,u) = J(y,u) + max{0,§+g</ /(177)u+7ydsdt
¢ 20 o Jr

2
—&—(/dexdt—C&)} .

Then, we consider the optimal control problem

min Jég(x) st e(x) =0, y(0) =yo and z = (y,u) €Y X Uyg (P9)

for fixed o > 0 and € € Ry instead of (P). Using analogous arguments as for (P)
one can prove that (P?) has at least one global solution for arbitrarily ¢ > 0 and
é € Ra' . Notice that (P?) does not involve the integral constraint explicitly. Rather
this constraint is realized by adding an augmented Lagrangian-type penalty term
to the original objective function. It is well known that the augmented Lagrangian
penalization is exact for sufficiently large p > 0, i.e., a local solution z* € Y x U,q
to (P) is also a local solution to (P?).
The corresponding augmented Lagrange function

cg : X x L?(0,T; HY(Q)) — R
associated with (P?) is
ﬁg(l’,p) = Jg(l’) + <6(:C),p>L2(O,T;H1(Q)/)7L2(O,T;H1(Q))

for x = (y,u) € X, p € L2(0,T; HY(2)), 0 > 0, and £ € R{.
Suppose that 22 = (y2,u?) € X denotes a solution to (P?) for fixed p > 0
and ¢ € R{. The first order necessary optimality conditions of (P¢) involve the



Optimal Control of Semilinear Heat Equation 125

dual system

— P8 — et = —aq(y? — #q) — CE° nQ  (211a)
e
8822 +0 (yo())p? +71€2=0 onY, (2.11b)
p(T) = —aqy(T) — za) in Q, (2.11c¢)
u—afp?+(1-7)+X =0 onY, (2.11d)
A¢ =max (0, A° + o(u? —up)) + min (0, \° + o(u? —u,)) on X, (2.11e)

T
&% = max <0,£+ Q(/o /F(l — 7)u? + 7y° dsdt (2.11f)

+g/zﬂdmﬂ<h>> nR.
Q

In contrast to (2.7f) the scalar £2 is now given explicitly by (2.11f) since £ is fixed.

Let us review the augmented Lagrangian algorithm, which can be interpreted

as a combination of penalty functions and local duality methods.

Algorithm 1 (Augmented Lagrangian algorithm).

1.

Choose a starting value ¢° € R for the Lagrange multiplier associated to the
integral constraint (2.5), the initial parameter oo > 0 for the augmentation,
a factor 42 > 1 and a stopping criterion; set n = 0.

2. Determine a (local) solution "1 = (y" T u"t1) € YV x Uy of (P?) with
p = pn and € = £,
3. Set
T
£ = max (0, &+ on (/ /(1 — 7)u™ 4+ ry" T dsdt+
o Jr
g/ y " Tdxdt — C,)).
Q
4. Unless the stopping rule is satisfied, set 9,41 = 5%0,, 7 = n+1, and continue
with step (2).
Remark 2.2.
1. Other augmentation rules for the parameter ¢ than the one realized in step

2.

(4) can be found, e.g., in [6, p. 405].

In the process of solving (P) the augmented Lagrangian algorithm acts as the
outer iteration of our whole optimization method, whereas at each level of
Algorithm 1 the solution of (P?) is computed by an inner iteration method.
In section 3 we propose variants of semismooth Newton techniques for solving
(P) with p = . o
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2.3. The reduced optimal control problem

Since for any u € L7 (X) there exists a unique solution y € Y to the state equation
(2.2), we can define the nonlinear solution operator

S L) - Y
by y = S(u) for v € L7 (X). Introducing the so-called reduced cost functional
Je(u) = JE(S().u),
the problem (P?) can be equivalently expressed as

minjg(u) S.t. u € Uy (P?)

with ¢ > 0 and € € R fixed. Notice that (P?) is a minimization problem with
bilateral control constraints, but with no equality constraints. For accessing the
gradient of J g we have to guarantee differentiability of S(u) with respect to w.

This is the content of Theorem 2.3. For its proof we refer to [24, Theorem 5.10].

Theorem 2.3. The solution operator S of the state equation is continuously differ-
entiable as a mapping from L7 (X) to Y. The action of the derivative S'(u) (we
also write y'(u)) on some v € L7 (), i.e., S'(u)v = w, is characterized by the
solution w to the initial-boundary value problem

wy—alAw = 0 inQ, (2.12)
ZZH'(S(U))w = Bv %, (2.13)
w(0) = 0. (2.14)

We obtain an analogous differentiability result for the adjoint state p? satis-
fying (2.11a)—(2.11c) and considered as a function of u¢ and &°.
The derivative of Jé) at a point u € L7'(X) is represented by

oS 0(Sw).u)
(Jé) (u) = oy S'(u) + 9 =—afp+ru+(l—7) onX

(compare (2.11d)), where p € W(0,T) solves the adjoint system (2.11a)—(2.11c)
for the state y = S(u). Further, £ satisfies

T
£ = max (0,f+g</0 /F(lT)u+7ydsdt+C/dexdtCI>>. (2.15)

Recall that the quantity f is fixed by the outer iteration, i.e., the augmented La-
grangian algorithm. From (2.11) we derive that the first order necessary optimality
condition

((Jé’)/(u@), u— u9>L2(Z) >0 forall u€ Uy

for (P?) is equivalent to

kul —afp?+(1—7)+X=0 onXx, (2.16a)
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where the Lagrange multiplier A\¢ associated with the bilateral control constraints
satisfies

A¢ = max (0, A? + o(u? — up)) + min (0, \° + o(u® —u,)) on % (2.16b)

for some arbitrarily fixed o > 0. Thus, the first order necessary optimality condi-
tions for (P?) are given by (2.16) together with (2.11a)—(2.11¢) and (2.15) with
E¢=¢&2 and u=u?, y =S(u?).

3. Solution methods for (P?)

In this section we describe different strategies for solving (P¢), which is a nonlinear
optimal control problem with bilateral pointwise control constraints. The efficient
solution of (P?) is the key part in our augmented Lagrangian method. Here, we
explore several variants of semismooth Newton techniques and compare them with
a (reduced) sequential quadratic programming (SQP) method.

3.1. Partial semismooth Newton methods

Our first method aims at solving (P?) by a Newton-type algorithm applied to
the first order necessary optimality conditions of either the full problem or its
reduced variant (159). In this context, the non-differentiability of the min- and
max-functions in (2.16b) complicates the treatment. In order to cope with this
difficulty, we recall the notion of Newton differentiability, which holds true in
finite as well as in infinite-dimensional spaces; see, e.g., [8, 18]. It generalizes the
classical Fréchet differentiability concept, and it allows to formulate a generalized
variant of Newton’s method for solving (P2), respectively (P2).

Definition 3.1. Let V, W be two Banach spaces, S C V a nonempty open set,
F : S — W agiven mapping, and v* € S. If there exists a neighborhood N (v*) C S
and a family of mappings G : N(v*) — L(V, W) such that
lim F@w*+h)— F@")—Gw*+h)(h =0, 3.1
i VPG R = FO%) = GO £ B0y (31)
then F is called Newton-differentiable at v*, and G(v*) is said to be a generalized

derivative (or Newton map) for F at v*. Here, L(V, W) denotes the Banach space
of all bounded and linear operators from V' to W endowed with the common norm.

Remark 3.2. The function max : LP(X) — L9(X) is Newton differentiable for
1<g<p<oo(see[18]). If F: L"(X) — LP(X) is Fréchet differentiable for some
1 <r < oo, then the function

(t,8) — xalt,s) - VF(u(t,s)), (t )€, (3.2)

is a generalized derivative of max(0, F(+)) : L"(X) — L%(X). Here, x4 denotes the
characteristic function of the set A C £, where F(u(-)) is positive, i.e., x4(t,s) =1
if F(u(t,s)) > 0and x.a(t,s) = 0 otherwise. From min(0, F'(-)) = — max(0, —F'(-)),
we see that an analogous differentiation formula holds true for the min-function. ¢
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Using this concept of generalized differentiability, we can formulate semis-
mooth Newton variants for the solution of (P¢). In this section we realize a partial
semismooth Newton method; compare [20] for a related approach. This method op-
erates with a linearization of the nonlinearity due to the min- and max-operations,
whereas u — S(u) is kept nonlinear. Choosing o = & in (2.16b), a prerequisite for
proving locally superlinear rate of convergence of semismooth Newton methods
[18], and taking into account (2.16a), we find

— kuf + afp® + (1 — 1)£° — max(0, afp® + (1 — 1)£° — Kkuy)
— min(0, afp? + (7 — 1)€° — ku,) = 0. (3.3)
Now suppose (u,&) € L7 (X) xR is some given approximation of (u2,£2). Let S(u)
be the corresponding state, and let p(u, £) be the pertinent adjoint state satisfying
(2.11a)—(2.11c) with (y?,&9) replaced by (S(u), ). Further assume that A = A(u)
satisfies (2.11d) with (u?, p?,£2) replaced by (u, p(u,§),£). Then, since p(u,§)|s is
continuously differentiable from L7 (X) x R to L?3(X) with o3 > 01, Remark 3.2

provides Newton differentiability of the min- and max-terms in (3.3), respectively.
Using (3.2) and defining

={(t,s) €S| A+ K(u—up) >0 ae.},
={(t,;s) €S| A+ K(u—1u,) <0ae.}, (3.4)
I =Y\ A, with A=A4A,UA,,

we obtain the following linearization of (3.3) at (u, p(u, ), ) with respect to the
independent variables u and &:

— k(u+ 6u) + af (p(u,§) 4 pulu, §)ou + pe(u, £)0€) — (1 — 7)(€ + 6¢)
= XA, (@B(p(u, &) + pulu, §)0u + pe(u, §)68) — (1-7)(§ + 6¢) — kup)  (3.5)
= XAo (@B(p(u, &) + pu(u, E)du + pe(u, §)5) — (1=7)(€ + 6§) — Kua) = 0.
Here du € L7t (X) and §¢ € R represent the increments. A closer look reveals:
ut =aon A, (3.6a)
ut =bon Ay, (3.6b)
kit + 0 (p(,€) + pu(us E)0u + pe(,€)€) — (1~ 7)EF =0 onZ,  (3.60)
where u™ = u + du and €T = £ + 6. Note that (3.6¢) can be viewed as
A+dA=0o0n7Z, (3.6d)
with
O = —kdu + af (pu(u, §)ou + pe(u, £)5€) + (1—1)d¢.
Define

T
'yg(y,u) =(+p </o /F(l —T)u—&—Ty(u)dsdt—&-C/dexdt—C&) .
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The linearization of (2.15) in the generalized sense yields
¢ =0 if 2{(y,u) <0, (3.7a)

and

ct=E+ p(/ /(1 —7mut + 7(y(u) + v (u)du) dsdt (3.7b)

+C/ w)du dxdt — CI> else.

The active respectively inactive set behavior of the variables in (3.6) moti-
vates the following algorithm.
Algorithm 2 (Partial semismooth Newton (pSSN) method).
(0) Inputs are ¢ > 0 and € € R (from Algorithm 1).
1. Choose starting values Ag and u§, compute y§ = S(uf) and (pg, &) satisfying
(2.11a)~(2.11d). Set k := 0.
2. Unless some stopping rule is satisfied, determine the active and inactive sets
Ab ={(t,s) €S| A + k(uf — uq) <0 ae.},
Ay ={(t,s) €S| A + k(uf —up) >0 ace.},
7" =%\ A", with A" = AF U AL
3. Compute a local solution zf = (y{,u]) with pertinent multiplier A{ and
adjoint state pj of
min Jg(x) over z = (y,u) €Y x L9(X)
st. e(z) =0, y(0) = yo, 38
u = u, on A, (3:8)
U = up on A’lf.

Set k =k + 1, and return to (2).

In our numerics Section 4 we report on two variants of Algorithm 2 which
differ in the way how the subproblems (3.8) are solved:

pSSN-SQP. This variant achieves the solution of the nonlinearly constrained prob-
lem (3.8) by a SQP method. In every iteration of the SQP iteration a quadratic
program of the type
min VJQ(xk Doz + 5 (Hg’k Y52, 6x)  over 6z = (Jy, du)
s.t. e(xk_l) + Ve(z}_1)0 =0, dy(0) =0,
uf_ |+ 0u =u, on A%,
u$_ |+ 0u=up on Ay.

(3.9)

has to be solved. Above, Hg denotes the generalized Hessian of Eg, the Lagrange

function of
min Jg(x) st. e(x)=0
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defined by
ﬁg(%p) = Jg(ﬂf) + <e(x)ap>L2(O,T;H1(Q)’),L2(O,T;H1(Q))-

The use of the generalized derivative in the computation of the Hessian is necessi-
tated by the augmented Lagrangian penalty term, which is only once continuously
Fréchet differentiable. Due to the integration process inside the max-operation of
the penalty term, the non-differentiability is on the level of the reals only. Hence,
standard non-smooth theory (see [9]) applies when differentiating the objective
function in (P?) and when analyzing the algorithm. In fact, the SQP method for
computing a solution of (3.8) can be interpreted as a semismooth Newton method
for solving the firstorder optimality system of (3.8). In our implementation we use
the following generalized derivative of max(0,-) : R — R{:

Imax(z) = 0if 2 < 0, and gmax(z) =1 else.
With this definition, it is easy to check that F: L7 (X) — R,

T
F(u) = max (0,/0 /F(l —7)u + Ty dsdt + C/dexdt - C1>

satisfies (3.1). Hence, from [18, Theorem 1.1] it follows that the SQP method with
subproblems (3.9) converges at a superlinear rate, provided that (Hg )71 exists
and is bounded in a neighborhood of a (local) solution z{ and the SQP starting
point (zf o, Py > Ak o) is sufficiently close to (z7,pf, AY)-

pSSN-Newton. In our second approach, (3.8) is solved by a reduction process and
a subsequent application of a the semismooth Newton method: First, the state
equation is used to obtain y = y(u) = S(w). This allows us to consider the reduced
problem

min jé’(u) st. u=u,on A¥ and u=1wu on AF (3.10)

instead of (3.8). Its first order necessary optimality conditions are given by

A=0 onZF (3.11a)
u=u, on A, (3.11b)
u=u, on A (3.11¢)
yi—aly=f inQ, (3.11d)
gz +h(y() =pu on, (3.11e)
y(0) =yo in (3.11f)

—pi —aAp = —aq(y —2q¢) —¢§ inQ, (3.11g)
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Zi +b(y)p+71E=0 onx, (3.11h)
P(T) = —aq(y(T) - 20) 9, (3.11)
ku—afp+(1—7)+A=0 onX, (3.11))

T
& = max (0,é+p</0 /F(lfT)quTydsdt (3.11k)

+C/dexdtC’1>>.

As for pSSN-SQP, we obtain generalized differentiability of the max-operation
in the last equation of (3.11). Hence, we can again apply a semismooth Newton
method for computing a solution to (3.11). Also, we obtain a locally superlinear
rate of convergence, provided that the generalized Jacobian of the system has a
bounded inverse in a neighborhood of a solution to (3.10).

3.2. The semi-smooth Newton method

Next we turn to our second class of methods, which also linearizes the nonlinear
mapping u — S(u) when computing the new iterate uj 41+ Again, we study two
variants, one operating on the full first order system (2.11) and the other one
utilizing a reduction process similar to the one in Section 3.1.

SSN. We first describe the full semismooth Newton method. For this purpose
recall that the choice 0 = x and inserting (2.16a) in (2.16b) yield (3.3). Hence, the
first order system (2.11) is equivalent to

yl —alAy? = f in@, (3.12a)
ay°

on + b(y?) = pu? on X, (3.12b)
y2(0) = 9o inQ, (3.12)
—p2 — aAp? = —ag(y? — 2q) — C£° in @, (3.12d)
%I;:) + 0 (y9)p? +71€29=0 on Y, (3.12¢)
p°(T) = —a(W(T) — zq) in Q, (3.12f)
— ku? + afBp? + (1 — 1)€2 — max(0, afBp? + (7 — 1)£2 — Kkuy) (3.12g)

— min(0, afp® + (7 — 1)€° — Ku,) =0, on X,
€2 = max <o,$+ g(/T /(1 — )l + 1y dsdt (3.12h)
o Jr

+ (/ yodxdt — C’1>> in R,
Q

Let (27,&7) € X x R be some guess of (2%,£7) with y; satisfying either (3.12a)-
(3.12¢) at uj or a linearization thereof at some reference point. Note that in either
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case yp = y{(u?) is differentiable as a mapping from L7 () to W(0,7) N C(Q).
Further let p{ satisfy (3.12d)—(3.12f) with (y¢, &) replaced by (y{,&7). Then the
max- and min-expressions in the corresponding equation (3.12g) are Newton-
differentiable (consider p} as a function of (u?,£?)). Further, (3.12h) is generalized
differentiable as it was the case in Section 3.1. Hence, the semismooth Newton sys-
tem, which aims at finding a zero of the generalized linearization of the nonlinear
system (3.12) at (z{,py,&7), is well defined. From the linearization of (3.12g) we
obtain

uf + ouf =u, on A¥ and  uf + duf = u, on AY, (3.13)

where duj denotes the semismooth Newton update direction for uf and AF =
AF U A} is determined as in step (2) of Algorithm 2 with A{ given by (2.11d) at
(uf,py,&F). Summarizing, the linear system which has to be solved in every step
of the (full) semismooth Newton method is given by

M +0A=0 onIF (3.14a)
ou=u, —uf on AX, (3.14b)
Su=up —uf on Af, (3.14c)
oy — aAdy =0 in Q, (3.14d)
ddy oy,

on T V' (y2)dy — Béu = ( a; +b(yp) —Puf) onX, (3.14e)
6y(0) = yo — y(0) in Q, (3.14f)
—dpr —aAdp + agdy + (66 =0 in Q, (3.14g)
o) op?

af%’(yi)&pﬁb"(yﬁ)pi, 8y)+16E= —(aﬁf + V' (yg)pf + Té;i’) on Y, (3.14h)
Ip(T) + aqdy(T) =0 in Q, (3.14i)
Kou —afBdp+ (1 —71)06 + A =0 on X, (3.14j)
06 = =& if v <0, (3.14k)
5 =~ + (3.1

T
+ Q(/ /(1 — 7)ou + Toydsdt —G—C/ 5ydxdt> if v¢ > 0.
o Jr Q

Above, 7y is given by

T
R=£E+ g/ /(1 — 7)uy + Tygdsdt + C/ ypdxdt — Cf.
o Jr Q
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The next iterates are then defined by x}, |, =z + 0z}, pp ., = pp + 0py, &4y =
§R 4062, and A7, | = AZ+6Af. The relations (3.13) and kéu = 3p on I*, as well
as regularity theory for parabolic equations yield that uj 41 € L7 (X) provided
that uf € L°'(X). Further, from parabolic regularity theory we obtain p,‘;_H =
Pri1 (Ui 1, &841) € W(0,T) N C(Q) for 29 € C(Q). Hence, the left-hand side
of (3.12g) is Newton differentiable at (uy_,,&7, ), and the semismooth Newton
system is again well defined. As a consequence, under a bounded invertibility
assumption in a neighborhood of a solution to (3.12) the resulting semismooth
Newton method converges at a superlinear rate provided that the initial point =8
is sufficiently regular, and p§ satisfies the adjoint system for given &§ € R.

We summarize the full semismooth Newton method in the following algo-
rithm.

Algorithm 3 (Semismooth Newton method).
(0) Inputs are ¢ > 0 and € € R (from Algorithm 1).
1. Choose starting values u$, A3, and & and compute y§ = S(uf), and p§ by
solving the adjoint system (2.11a)—(2.11c). Set k := 0.
2. Unless some stopping rule is satisfied, determine the active and inactive sets

Ab = {(t,s) €S| A + k(uf —up) >0 ace.},
Ay ={(t,s) € S| A + k(uf — uq) <0 ae.},
TF =5\ A", AF=AFuAf
3. Solve the Newton system (3.14), and compute the new iterates
(0 PR Ak Sin) = (@ PR AR €6) + (9, Opi, AL, 065).
Set k := k + 1, and return to (2).

SSN-Newton. The second variant performs first a reduction by expressing y as
y(u) = S(u) through the solution of the state equation, and then it utilizes a
semismooth Newton method for the solution of the resulting minimization prob-
lem. Note that in contrast to SSN for SSN-Newton the nonlinear state equation
is always satisfied. Thus, in every step of SSN-Newton the boundary condition of
the state equation reads

06y

on
The rest of (3.14) remains valid. When computing the next iterates, one first
updates uy, A7, and & as above, and then computes y?,,; = S(ug,,) and p;,, by
solving the adjoint system at (yy 41 & +1). Arguments similar to the ones given for
SSN yield a locally superlinear rate of convergence of SSN-Newton.

+b'(yR)dy — Bou = 0. (3.15)

3.3. Reduced SQP methods

In order to compare the methods in Sections 3.1 and 3.2 with standard optimiza-
tion methods for nonlinear problems, in Section 4 we also report on results obtained
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by a reduced sequential quadratic programming (rSQP) algorithm, where the re-
duction onto the control space takes place when solving the QP-subproblems. For
details on rSQP methods we refer the reader to, e.g., [22]. In our case, in every
iteration of the rSQP method we have to solve a linear-quadratic optimal control
problem with bilateral control constraints. Its solution is computed by a variant
of the primal-dual active set strategy, which is based on a generalized Moreau-
Yosida approximation of the indicator function of the set of admissible controls.
The method was developed in [3] and extended in [16]. Its local convergence is
g-superlinear (the analysis is similar to the one in [17]), and it exhibits a mesh in-
dependent behavior. The latter aspect can be made rigorous following the analysis
in [19] and is the subject of a subsequent paper.

3.4. Globalization strategy

The globalization of our SQP method is achieved by applying a line search strategy.
It is realized with the backtracking Armijo-rule for the L!-merit functional

D (x5 pa, p2) =J¢ () + pa (@) 120,711 (001
+ pao (|| min(0, u — uq)||r2(x) + || max(0, u — ub)||L2(2))

with penalty parameters pg, o > 0, see, e.g., [22]. In Section 4 we also report on
line search results for the augmented Lagrangian functional

U(@,p; Aas Avs ©) = JZ (@) + (e(), p) 2 (0,131 (@), L2031 ()

Cc

1
Ty ||6($)||%2(0,T;H1(Q)/) + 9% <|| max(0, Ap + c(u — Ub))”%z(z) - ||/\b||2L2(2)

T min(0, A+ efur — ug)[agsy — ||Aa||iz(z)>

with penalty parameter ¢ > 0.

To ensure that the search direction has a descent property we employ a
technique that modifies the Hessian of the Lagrange function in an appropriate
manner. In fact, it utilizes the particular problem structure, i.e., the convexity
of the objective function and the way how the nonlinearity enters into the state
equation. If a lack of positive definiteness occurs while computing the new up-
date direction, the nonlinear term in the state equation and correspondingly its
derivatives occurring in the Hessian are dampened by a parameter v € [0, 1]. Since
this modifies the (QP)-subproblem, the computation of the search direction is re-
started. In Section 4 we report on two different implementations of this strategy:
The ~y-strategy adjusts v € [0, 1] by a backtracking technique starting with v = 1.
Hence, 0 < v < 1 is possible. The second technique sets v = 0 whenever lack
of positive definiteness of the Hessian of the Lagrangian in the actual direction
is detected. In this second case, positive definiteness can be guaranteed after the
~v-reduction step. We refer to this strategy as 0/1-strategy. For more details on
these strategies we refer to [15, 17].
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4. Numerical tests

This section is devoted to numerical test examples. We consider three different
problems including integral control as well as integral state constraints, terminal
observations in ) and partial observation in @. All coding is done in MATLAB
using routines from the FEMLAB package for the finite element discretization. All
computations are performed on a standard 1.7 GHz desktop PC. We stop the
respective algorithm as soon as the relative violation of the first order necessary
conditions drops below 10712

Example 4.1. In our first example we consider the problem

. 1 9 w [T 9
win J(gw) = [0 =P o+ [ [ jupas

subject to the non-linear heat equation

yr — Ay =0 in@Q=(0,T) x £,
&yl = on % = (0,T) x T,
y(0) =8 in Q

and the inequality constraints

—15<u(t,s) < —5+15t for (t,5) € X,

T
/ /udsdt < —20.
o Jr

We choose the heat conduction parameter a = 0.1 and the terminal time 7" = 1.
The spatial domain € C R? is the unit circle with center at the origin. Moreover,
ya(z1,m2) = 2 — 2sign(w1 )z is the desired state (see Figure 1) and x = 10~* the
regularization parameter. Setting zo = yq, ag = 0, ag = 1 the cost functional
coincides with the one in (2.1). The spatial domain is discretized with triangular
finite elements with a maximal edge length of h = 0.064. The time interval is
discretized uniformly with stepsize At = 0.01 in the time interval [0,7]. This
yields 3.58 - 10* degrees of freedom (d.o.f.) for the state y as well as for the adjoint
state p, 5.2-10% d.o.f. for the control u and the dual ), respectively. The geometry
together with the given data yield a symmetric solution. Up to the discretization
error, this solution symmetry should be preserved in the discretized setting. Notice
that the influence of the non-linear radiation term b(y) = y3|y| is 10 times larger
than that of the diffusion term aAy. In Figure 1 the desired terminal state is
compared with the discrete optimal temperature y at ¢ = T'. The discrete optimal
control u together with the associated adjoint p at time ¢ = T are shown in
Figure 2. One can clearly identify the nonempty upper and lower active sets from
the shaded region in the left plot. Also, the integral constraint is active at the
discrete solution. The multiplier £* associated to the integral constraint has the
value £* = 4.27-107% > 0.
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desired state Yd reached state y(. T)

0.5 0.5

© 05

=)
“n

xi

FIGURE 1. Example 4.1: desired state (left) and discrete optimal state
at ¢t =T (right).

space-time diagram of u adjoint state p

Space 0 fime

FIGURE 2. Example 4.1: perimeter-time diagram of the discrete optimal
control u (left) and discrete optimal adjoint p at t =T (right).

Next we compare the performance of our algorithms. First we choose rSQP,
where each QP subproblem is solved by the primal-dual active set strategy (PDA),
see [16, 18]. In Table 1 we present the results if we apply the v-strategy for the
globalization of the Hessian and the augmented Lagrange merit function with n,uge
denoting the iteration of the augmented Lagrange method, n,sqp the iteration of
the reduced SQP algorithm and #nppa total number of PDA steps for each rSQP
iteration. Only in the first rSQP step a modification of the Hessian is required.
The corresponding y-value is v = 0.09987. It turns out that this method needs two
outer augmented Lagrange iterations, and fast local convergence is observed for
the inner rSQP algorithm. Furthermore, the number of inner PDA steps decreases
as the outer rSQP steps increases. This behavior can also be seen in the following
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Naug NrSQP #nPDA ||Vy£§(y7uap)” ||€(y7u)||

1 1 ) 1.901e-03 1.111e-00
1.192e-03 1.730e-01
1.780e-04 5.403e-02
3.669¢e-06 2.074e-03
2.952e-09 3.081e-06
3.854e-11 7.004e-12

2.135e-11 7.362e-10
2.243e-11 6.075e-15

N = O W
== = N R Ot Ot

TABLE 1. Example 4.1: performance of rSQP with augmented La-
grangian line search combined with the ~-strategy for hp.x = 0.064
and At = 0.01.

Naug NrSQP #nPDA ||Vy£§(y7uap)” ||€(y7u)||
1 1 4 3.234e-04 8.363e-01
1.859e-04 1.173e-01
8.884e-05 5.885e-03
5.394e-06 4.997e-03
8.946e-08 1.634e-04
6.532e-11 1.208e-07
3.539%e-11 4.506e-14

2.097e-11 7.363e-10
2.197e-11 5.567e-15

N = O Ot Wi
= = W W R

TABLE 2. Example 4.1: performance of rSQP with augmented La-
grangian line search combined with the 0/1-strategy for hpa.x = 0.064
and At = 0.01.

tests. If we utilize the 0/1-strategy to modify the Hessian then we obtain the
results presented in Table 2. Compared to the previous variant with y-strategy two
modification of the Hessian are necessary (n.sqp = 1 and n,gqp = 2). The behavior
of the algorithm is similar in both cases. Next we combine rSQP with the line search
based on the L' merit function ® and the ~y-strategy; see Table 3. The performance
of rSQP with the L!-merit function and 0/1-strategy is shown in Table 4. While
the total number of PDA iterations is comparable for the v-strategies in case of
both line search functions and for the 0/1-strategy with the augmented Lagrangian
line search, the combination of the 0/1-strategy with the L! line search requires
significantly more PDA steps. The difference in computational effort with respect
to cg iterations when solving the linear systems in each method is exhibited in
Table 5. It turns out that rSQP combined with the 0/1 strategy and the line search
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Naug NrSQP #nPDA ||Vy£§(y7uap)” ||e(y7u)||

1 1 ) 1.256e-03 9.679e-01
1.377e-04 1.973e-01
7.973e-06 1.255e-02
1.006e-07 9.385e-05
1.292e-11 7.249e-09
6.794e-13 5.499e-15

6.958e-13 7.363e-10
8.124e-13 6.090e-15

N = OO s W N
— = = =W Ot O

TABLE 3. Example 4.1: performance of rSQP with L' line search com-
bined with the ~y-strategy for hpa.x = 0.064 and At = 0.01.

Nang Mesqp  #nppa Vo LE (v, wp)[| [le(y, u)]
1 1 5 4.408¢-02  3.624e-02
8.472e-03  1.402e-01
3.311e-04  3.738¢-01
2.246e-05  4.191e-02
8.172e-07  6.982¢-04
3.830e-10  3.325¢-07
3.662e-11  9.693e-14

2.072e-11 7.363e-10
2.213e-11 6.168e-15

N = J O Ui W N
— RN W RO

TABLE 4. Example 4.1: performance of rSQP with L' line search glob-
alization and 0/1-strategy for hpyax = 0.064 and At = 0.01.

Modification of Hessian Merit function relative amount
y-strategy augmented Lagrangian 0.73
0/1-strategy augmented Lagrangian 0.68
y-strategy L' function 0.77
0/1-strategy L' function 1.00

TABLE 5. Example 4.1: relative amount of cg iterations for rSQP with
different modification strategies for the Hessian and different line search
methods.

based on the L' function requires more cg iterations than all other three variants,
which, among themselves, do not differ significantly. Therefore, we continue our
numerical comparison by choosing the y-strategy combined with a line search based
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Naug TpssN #msqp  [IVyLE(, u,p)l - [le(y, v
1 1 9 8.565¢-13  2.464e-11
9.977¢-13  5.430e-15
9.580e-13  6.111e-15
8.811e-13  5.477e-15
6.856c-13  1.990e-13
7.284e-13  4.965¢-13

7.566e-13 5.489%e-15

= O U = W N
N = DN Wk Ut

2

TABLE 6. Example 4.1: performance of pSSN-SQP with line search
globalization for Apax = 0.064 and At = 0.01.

Naug TMpSSN #nNewton H (jg)/(u) |I ||

1 1 8 2.933¢-12
2 5 2.041e-11
3 4 9.332¢-13
4 3 8.745¢-13
5 2 7.842¢-13
6 1 7.271e-13
2 1 1 6.089¢-12

TABLE 7. Example 4.1: performance of pSSN-Newton with line search
globalization for hpax = 0.064 and At = 0.01.

on the L'-merit function. Next we turn to the pSSN-SQP variant that also needs
2 outer augmented Lagrange iterations; see Table 6. Further, it turns out that
the number of inner SQP iterations per pSSN iteration decreases as the number
of pSSN iterations increases. In particular, in the sixth pSNN iteration only one
SQP iteration is necessary to achieve convergence of the first augmented Lagrange
iteration. To avoid negative curvature, the y-strategy is applied twice at the first
two pSSN iterations to modify the Hessian. Now we test pSSN-Newton, where
in contrast to pSSN-SQP problem (3.11) is not solved by applying the reduced
SQP method, but the Newton algorithm. Analogously to pSSN-SQP the number
of inner Newton iterations per pSSN iteration decreases as the number of pSSN
iterations increases, see Table 7. Since the equality constraint e(y,u) = 0 is always
fulfilled within the reduced problem (P¢), we do not present the norms ||e(y, )| in
Table 7. The ~y-strategy is applied twice at the first two pSSN iterations to modify
the Hessian. Note that both variants, pSSN and pSSN-Newton, behave similarly.
Next we apply SSN-Newton to our example, i.e., the semismooth Newton method
for (f’g). As for the previous variants we need two outer augmented Lagrange
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Naug NSSN || (Jg)/(u) Fal
1 1 1.103e-02
2.822e-03
2.706e-03
2.708e-04
1.016e-04
5.490e-05
1.395e-05
6.387e-07
1.660e-09
7.232e-12

2 1 7.986e-12

© 00 J O T = W N

—_
o

TABLE 8. Example 4.1: performance of SSN-Newton with line search
globalization for Apax = 0.064 and At = 0.01.

nang nssN [V LE(y,u )l [le(y, u

11 1.286e-03  1.172e-00
1.230e-03  2.608e-00
6.002e-04  9.327e-01
1.552e-04  2.372e-01
6.744e-05  1.038¢-01
1.191e-05  1.448¢-02
6.238¢-07  8.967e-04
2.194e-09  3.791e-06
8.391e-13  4.902e-11

8.537e-13 7.363e-10
8.025e-13 5.548e-15

N — © 00O Ui Wi

TABLE 9. Example 4.1: performance of SNN with line search globaliza-
tion for hAmax = 0.064 and At = 0.01.

iterations; see Table 8. In the first augmented Lagrange iteration we observe fast
convergence for ngsy > 7. Let us mention that in the first and sixth iteration,
the Hessian has to be modified due to negative curvature. As for pSSN-Newton
the equality constraint e(y,u) = 0 is satisfied for each iteration so that we do
not present the norms ||e(y, u)||. Finally, we test the semismooth Newton method
SSN. The results are presented in Table 9. In contrast to SSN-Newton the equality
constraint e(y, u) = 0 is only approximately satisfied in the course of the iteration.
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Algorithm Relative amount
rSQP 1.00
pSSN-SQP 0.99
pSSN-Newton 0.95
SSN-Newton 0.56
SSN 0.50

TABLE 10. Example 4.1: relative amount of cg iterations for all variants
with 7-strategy and L' line search globalization for Ama., = 0.064 and
At = 0.01.

Pmax At #Q #E #Aa(%) #Ab(%) nPDA(naug = 1) Naug = 2
0.064 0.010 3.58e04 5.20e03  10.69 5.62 55 54211 1
0.032 0.010 1.39e05 1.00e04  11.18 6.60 5 6 53 211 1
0.016 0.010 5.46e05 1.96e04  11.40 6.57 6 6 54211 1
0.064 0.005 7.16e04 1.04e04 9.06 4.57 5543 211 1
0.032 0.005 2.77e05 2.00e04 9.86 5.31 5 6 53 31 2 1

TABLE 11. Example 4.1: influence of mesh size on the number of PDA
iterations per rSQP step for each augmented Lagrange iteration.

Comparing the pSSN-variants to the SSN-variants, we observe that the latter ones
require a smaller number of iterations for successful termination.

We compare the efficiency of the algorithms in Table 10, where the relative amount
of cg iterations when solving the respective linear systems to compute the next
iterates is presented. It turns out that SSN is the most efficient method for our test
example. The variant SSN-Newton requires only slightly more cg iterations. We ob-
serve that pSSN-SQP as well as pSSN-Newton are as efficient as rSQP. In Table 11
the degrees of freedom in @ and on X are shown. Moreover, #A4, (%) and # Ay, (%)
denote the relative amount of active points, e.g., #A4q(%) = 100% - (#A4a) / (#2).
Finally, we observe strong mesh-independence for rSQP; compare Table 11. Let
us mention that it is well known that the SQP method is mesh-independent
for twice continuously Fréchet differentiable cost functional and constraints; see,
e.g., [2, 12, 25]. Moreover, the primal-dual active set strategy satisfies a mesh-
independent principle; see [19]. From Table 11 we can see that the combination of
the augmented Lagrangian method with the rSQP (with augmented Lagrangian
line search) and the primal-dual active set strategy has mesh-independent behav-
ior. Notice that in our case, the cost functional possesses only a generalized second
derivative; compare Section 3.1. We point out that L' line search globalization
yields also a mesh-independent algorithm. O
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desired state y,,

FIGURE 3. Example 4.2: spatial domain 2 with edge ordering (left) and
desired state (right).

Ezample 4.2 (Integral state constraints). In our second example we consider the

problem
min J(y, u / /|y yal? dadt + / /|u|2dsdt

yr —aAy =0 in@=(0,T) x Q,
ai +4°yl = Bu onY = (0,T)xT
y(0) =4 in

and the inequality constraints

0 < uf(t,s) for(t 5) €3,

/ / ydsdt < <

We choose the heat conduction parameter « = 0.1, § = 100 and terminal time
T = 1. The spatial domain  C R? is the unit square with a circular hole of
radius 0.2 centered at the point (0.3,0.4); see left plot in Figure 3. Moreover,
ya(x1, 2, t) = 6 —5(x1 —0.6)sign (x1 —0.6) is the desired state (compare right plot
in Figure 3) and x = 1073 the regularization parameter. Setting zg = ya, aq = 0,
ag=1in(0.2,T) x Qand ag = 0 in (0, 0.2] x £ the cost functional coincides with
the one in (2.1). The spatial domain is discretized with triangular finite elements
with an maximal edge length of h = 5.3 - 1072. The time interval was discretized
non-uniformly with stepsize At = 0.01 in the time interval [0,0.3] and At = 0.02
in the time interval (0.3,1]. This reflects the dynamics of the control as well as
the temperature, i.e., the state y. In total, we have 2.68 - 10* d.o.f. for the state y
and the dual p and about 5.7 - 10 d.o.f. for the control u and the multiplier A. In
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FIGURE 4. Example 4.2: optimal temperature at ¢ = 0.2 (left) and at

t =T (right)
naug =1 naug =2 naug - 3 naug =4 total
rSQP 6 11 15 11 43
PSSN-SQP 6 32 94 56 188
SSN-SQP 6 6 16 11 39

TABLE 12. Example 4.2: Number of KKT solves for SQP, pSSN-SQP
and SSN-SQP.

fact, the boundary of the domain, where the control action occurs, consists of two
disjoint components. In Figure 4 (left plot) the optimal temperature at ¢t = 0.2 (the
beginning of the observation interval) and ¢t = T (right plot) are shown. In this
example, the pointwise control constraint from below is only active at the circular
hole. In Figure 5 we present the active sets for the unilateral control constraint
u > 0 on Y, where the outer boundary is revolved onto the larger block with edge
ordering: 2, 4, 3, 1 (see Figure 3), the circular boundary is represented above with
edge ordering: 7, 8, 6, 5. Moreover, the integral constraint is active. In Table 12
we compare the variants rSQP, pSSN-SQP and SSN-SQP. We observe that SSN
is the fastest variant and that rSQP is nearly as efficient as SSN. On the other
hand, pSSN-SQP needs five times more systems solves than SSN. O

Example 4.3 (Rail profile example). We set T = 600, o = 2.27-1075, y4 = 800 and
% = 1076, Consider the problem

1 T
min J(y,u) = 2-/Q|y(T) —yd|2dx+;/ /|u|2dsdt
o Jr
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active sets

o 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
time

FIGURE 5. Example 4.2: distribution of the active set (black color) for
the unilateral bound u > 0 in a boundary-time diagram of the control,
where the boundary is projected onto the xs-axis (bottom). The outer
boundary is revolved onto the larger block with edge ordering: 2, 4, 3,
1, the circular boundary is represented above with edge ordering: 7, 8,
6, 5, compare Figure 3.

subject to the non-linear equation

yr —aAy =0 inQ=(0,T) x Q,
9
az—%709-107Hyﬂy|::0522ﬁ—u on¥ =(0,T) %I,
y(0) = 300 in O

and to the inequality constraint

8-10% < u(t,s) <3.2:10* for (t,s) € %,

T
/)/u®&§6lm
0 T

Here, the spatial domain corresponds to a rail profile; see Figure 6. The material
parameters reflect the thermal properties of steel; see [13]. All units are given in
SI, e.g., space is given in [z;] = m, time in [t] = s, the state in [y] = K, the
control in [u] = W/m?, the cost parameter in [k] = K?m?/W?  and the integral
constraint in | fOT Jp wdsdt] = J/m. The parameters are assumed to be independent
of temperature, which is a simplification in the temperature range of interest.
The ambient temperature is assumed to be 300K . The boundary nonlinearity is
weak due to the small value of the radiation coefficient 7.09-10~!!. We apply the
variant rSQP and point out that — due to the smallness of the nonlinear term
— all variants have similar performance. Already the initial guess lies within the
attraction basin of fast local convergence. Hence, in this example only 4 rSQP
steps are needed for the first augmentation step to converge, and a ¢-quadratic
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FIGURE 6. Example 4.3 finite element mesh of the rail’s profile (left)
and discrete optimal temperature a time ¢t = T' (right).

Naug NrSQP #nppa ||Vy£§(yauap)”
5.386e-04
8.893e-07
7.338e-12
1.499e-12
1.102e-09
4.947e-12

6.383e-11

1

3

1

=N R W N

5

o= N N

le(y, w
4.365e-03
5.499e-06
1.268e-10
3.590e-14
7.246-09
3.377e-14

2.843e-14

J(y,w)
53.58
54.15
54.15
54.15
54.19
54.19

54.19
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TABLE 13. Example 4.3: Iteration results with Ay = 0.004 and At = 0.02.

hmax

0.004
0.004
0.004
0.002
0.002
0.002
0.001
0.001
0.001

At
0.020
0.010
0.005
0.020
0.010
0.005
0.020
0.010
0.005

#Q
3.16e04
6.32e04
1.26e05
1.07e05
2.13e05
4.26e05
4.13e05
8.27e05
1.65e06

>
8.10€03
1.62e04
3.24e04
1.48¢04
2.96e04
5.92¢04
2.91e04
5.82e04
11605

#Aa (%) #A(%)

9.037
8.907
8.821
9.662
9.500
9.449
9.973
9.773
9.680

6.037
5.932
5.975
5.101
5.068
5.081
5.034
4.973
4.974

4

Y OY Oy O UL Ut Oy O Lt
[ N L
N W WNNDNNNDN

nPDA(naug = 1)

1

el T T T S =S S

LW W W WWWNNDN

N e e

TABLE 14. Example 4.3: Influence of the mesh fineness on the power of
the active sets, the cost functional and the overall number of cg-

iterations.

el e el e el e e v
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rate of convergence is achieved from iteration one on. Also, we observe that the
amount of cg-iterations is significantly lower than the one in the previous examples.
The corresponding convergence behavior is shown in Table 13. In Table 14 the
degrees of freedom as well as the relative amount of active points are presented
for different discretizations. From the results in Table 14 we observe (strong) mesh
independence of rSQP already on the coarsest mesh considered. %
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Optimal and Model Predictive Control
of the Boussinesq Approximation

Michael Hinze and Ulrich Matthes

Abstract. We discuss optimal and model predictive control techniques ap-
plied to the Boussinesq approximation of the Navier-Stokes system. We focus
on mathematical modeling, discuss possible control scenarios, and provide
a concise description of the numerical implementation. Furthermore, several
numerical examples are provided.

Mathematics Subject Classification (2000). 35Q30,49J20,49K20.

Keywords. Boussinesq approximation, model-predictive control, optimal con-
trol,numerics.

1. Introduction

The Boussinesq approximation of the Navier-Stokes system is frequently used as
mathematical model for fluid flow in semiconductor melts. In many crystal growth
technics, such as Czochralski growth, and zone-melting technics the behavior of
the flow has considerable impact on the crystal quality. It is therefore quite natural
to establish flow conditions which guarantee desired crystal properties.

As a first step towards controlling the crystal-melt complex in Czochralski
growth we study in the present paper optimal and model predictive control tech-
nics for the Boussinesq approximation. As control actions we consider distributed
forcing, distributed heating, and boundary heating, as well as its combinations.

To the best of the authors knowledge up to now there are no contribution to
model predictive control for the Boussinesq approximation. However, in the past
decade considerable progress has been made in the field of flow control, see [5] for
a comprehensive overview and further literature in the field. In the literature also

The authors acknowledge financial support of the Collaborative Research Grant SFB 609 Elektro-
magnetische Stromungsbeeinflussung in Metallurgie, Kristallziichtung und Elektrochemie, spon-
sored by the Deutsche Forschungsgemeinschaft.
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contributions to optimal control of the Boussinesq approximation can be found.
Here we mention the works [1] and [12].

The paper is organized as follows. In Section 2 the variational form of the
Boussinesq approximation is introduced and the time discretization scheme is pre-
sented. In Section 3 model predictive control is introduced, and in Section 4 nu-
merical results are given. In Section 5 we summarize the numerical results and
give some conclusions.

2. Mathematical model

2.1. Boussinesq approximation

The Boussinesq approximation of the Navier-Stokes system in the primitive setting
is given by

WovDAy+Vp = —(yVly-yg7+ur nQ,
—divy = 0 in Q,
y = 0 on X,
y(0) = wo in Q, 1)
‘?d; —aAT = —(yV)T+ug in Q,
adp,t = alu—r1) on X,
7(0) = 79 in Q,

were y, p, T denote the velocity, pressure and temperature field, respectively. Fur-
ther a denotes the thermal diffusivity, v the kinematic viscosity, g € R? the accel-
eration of gravity, v the coefficient of volume expansion, and « a positive number.
Here Q C R? denotes an open, bounded domain, with boundary I' = 92 which
is assumed to be sufficiently smooth. We set @ := (0,7) x Q and ¥ := (0,7) x T’
with T' denoting the time horizon.

The variables u, ur,ug denote the control actions; u the boundary temper-
ature, ur distributed force, and ug distributed heating.

To prepare for the variational formulation of (1) we further introduce the
solenoidal spaces

H={veCr)?’: dive= 0}7”'”Lz<9>2
and
V={veCr®)?: dive=0} "Mur@?2.
Also if X is a Banach space, LP(0,T; X) denotes the space of LP-integrable

functions from (0,7 into X, which itself is a Banach space.

2.1.1. Variational formulation. Following [1] and [15], the variational formulation
of (1) reads: Given f = (up,ug)? € L2(0,T;V* x HY(Q)*),u € L*(0,T; L*(T"))
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and Yp € H x L*(Q), find Y € L?(0,T;V x HY(Q)) satisfying

d
dt (Y,U) +a(Y,U) +b(y, Y,U) + (vg7,v) L2(0)2 + (@7, 0) L2(1)
= (L, U)(vxm ) (vxm ) + (o, )2
YU €V x HY(Q), and almost all t € (0,T), (2)
and
v . ( v(0)
v =vo= (%0 ) ®)

Here we use the notation
() o (3) e ()
and forms a(-,-) and b(, -, -) are defined by
a(Y,U) := V/QVqudx + a/Q VrVndx VY, U €V,

(U, Y, W)

/(vV)yw dx + /(W)m dr YU, Y,W €V x H'(Q),
Q Q

and

(at,-) := (S(at),S)p2ry € V* with S denoting the trace operator.

2.1.2. Existence and uniqueness. Analogously to [15, Chap. III] we can prove ex-
istence and uniqueness of solutions to (2)—(3).

Theorem 2.1. Let up € L*(0,T;V*),uq € L*(0,T, H'(Q)*),u € L*(0,T; L*T))
and yo € H, 79 € L*(Q). Then there exists an unique solution Y of (2)—(3) which
satisfies Y € L*(0,T;V x HY(Q)),Y' € L?(0,T;V* x H*(Q)*). Moreover, Y €
C([0,T); H x L*(Q)) and

Y(t) — Yy, in H x L*(Q), ast — 0. (4)

For the convenience of the reader a proof of this theorem is provided in the
Appendix 6.

2.2. Time discretization

As time discretization scheme for (1) we use a semi-implicit Euler with time step
size dt. Semi-implicit here means that the convective parts are discretized explic-
itly.
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Giving 3°, 7 at time instance t; the resulting system for 3**! and 7°*! at
time instance ¢;4; in the primitive setting reads:

i+l i

’ dt Vo uAy ™t 4 Ot = (V)Y - r gt i (5)
—div ™t = 0 in Q, (6)
gt = 0 onl, (7)
it _ i _ N
i aAT = —(y'V) T+ ug_l inQ,  (8)
Dy = ) ol (0

where 3% := 5o and 7° = 7y with yo, 79 from (1).

The treatment of the convection term in (8) allows to compute the tempera-
ture 7+ by solving (8),(9), and subsequently the velocity y**! and p*! by (5)—(7).
To anticipate the discussion, this coupling is also advantageous for the evaluation
of descent directions in the formulation of the instantaneous control method.

It is worth noting that for given y*, 7, ui;rl, ugl, u T in V x HY(Q) x V* x
(H')* x L?(T) the system (5)—(9) admits a unique weak solution y*** € V, ri*!
H(Q), compare [3].

3. Model predictive control

For an integer M > 1 given, model predictive control, frequently also called reced-
ing horizon control, applies repeatedly optimal control on a finite discrete time
horizon containing M time steps, and uses the optimal control action associ-
ated to the first time step to steer the system towards a prescribed desired state
(2,5) = (2(t,2),S(t, 2)). In the present work the optimization problem associated
to time step ¢ is given by:

i+M

. _ Co . 9 cl . 9
min J(y, 7, u, up, ug) = Z (2 /(yJ — 27)*dx + 5 /(7—3 — 892 dx
=i+l g Q
+622 /ude;U+ 023 /u;2dx+ 024 /ugfdx) (10)
T Q Q

for (y, 7, u,up,ug) € VM x HY( Q)M x L2(T)M x HM x (L*)M | subject to:
It dta ATt = dtcquly 4+ 77— dt (V)7 in Q

ady T = a(uitl — 7T onT
Yt — dtv Ayt 4 Y (dip ) = —dtygrI T + dtcpul + (11)
—dt(y? V)y? in Q
—div ¢/ t1=0 in Q
Yt =0 onT
with j =14,...,i4+ M — 1. In particular in this setting we assume that controls are

at least square integrable functions.
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Since the transition constraints (11) for given ug,ur,u admit an unique
solution, we may introduce the reduced functional

J(u,up,ug) = J(y(u,up, uq), T(u, uf, ug), u, Up, uUQ)-
Problem (10),(11) then is equivalent to
min J(u, up,ug), for (u,ur,uq) € L* ()M x HM x (L*)M. (12)

Since J is a quadratic functional and the constraints (11) are linear, problem (12)
admits a unique solution.

It is well known, that the gradient j’(u, up,ug) can be expressed with the
help of the adjoint variables associated to (10),(11). Let us discuss the details for
the case M = 1 which also forms the starting point of our investigations of the
instantaneous control strategy. In the following, superscripts are dropped. The
adjoint equations associated to problem (11) for M =1 are given by

pY —dtvApY +VpP = oy — 2) in Q,
pY =0 onT,

—divpY = 0 in Q,

pT —dtalAp”™ = ci(t—85)—dtygp? inQ,

adyp”™ = —ap” onT,

where pY, p? denote the adjoint velocity field and pressure, respectively, and p” the
adjoint temperature field. With the adjoint variables available, there holds

(jl(uv up,uq), (v, vy, UQ)) = (cou —dtadyp”, U)L2(F)2
+ (csup + dtp”,vrp) i + (caug + dtp”,vg) ;. (13)

In the instantaneous control approach the reduced optimization problem (12) is
solved approximately, by applying only one steepest descent step to obtain an
approximate solution [2, 7, 8, 9, 10, 11, 13, 16]. Instantaneous control therefore
may be regarded as an inexact variant of MPC for M = 1.

To compute the gradient j’(u7 up,uq) for given u, up, ug the coupled system
of equations (11) and (13) has to be solved for p¥, p?,p™. This is accomplished
by using a preconditioned conjugate gradient method for the associated Schur-
complement as proposed in [4] and [6], say.

In system (1) different control actions are possible. To optimize all of them
simultaneously a suitable scaling of the gradient J’ (u,up,uq) in the steepest de-
scent method has to be introduced. This may be regarded as preconditioning and is
achieved by replacing J’ by DJ' with D denoting as suitable 3 x 3 diagonal matrix.
For more details see Section 4.3.2. The step size in the steepest descent method for
J is computed exactly for the instantaneous control (IC) method. This is possible
since J is quadratic in its arguments u, up and ug, compare [6]. The optimal step
size in direction d is computed via a steepest descent step with trial step size p, and
calculating the minimum of the parabola defined by J(w.), J' (u.) and J (u. + ppd),
where u, = (u,ur,uq)?. For more details we also refer to Section 4.3.4.



154 M. Hinze and U. Matthes

4. Numerical results

4.1. Introduction

We test IC and MPC for two numerical examples. The control goal in both exam-
ples consists in tracking of a desired velocity and a desired temperature field. In
Example 1 the desired (normalized) temperature is zero and the desired velocity
field is obtained from a forward simulations with pre-specified boundary tempera-
ture, see Section 4.3 for details. We investigate the performance of IC for all three
control actions. It turns out that IC performs very well. These control results can
be improved by applying MPC to larger time horizons, i.e., for M > 1. This is
illustrated for boundary control in Section 4.4.1.

In Example 2 the desired velocity field is zero, and a non-trivial temperature
field is desired. The control action here is given by boundary control alone. The
control aim is to find a good trade-off between reaching the two aims in the case
of boundary control. Difficulties are introduced into this control problem through
the different time scales of steering the temperature vs. steering the velocity field.
The IC fails, see Section 4.4.2, but the MPC is able to compute an acceptable
control.

4.2. Implementation and numerical examples

All numerical examples are computed on a 20 x 20 equidistant grid on  := (0,1)2.
For the velocity-pressure discretization the related staggered grid is used. The
temperature is taken on the pressure nodes. The discretization of the Laplacian is
based on the 5-point star. The parameters in our computations can be found in
Table 1. The resulting Reynolds-number for Example 1 is Re = L y” = 33.2 (with

L =1 unit square), and for Example 2 it depends on the control. The Grashof-

number for Example 2 is Gr = V‘gliz(és) = 2060 (were §S denotes the maximal
temperature difference in the desired temperature field S) and for Example 1 it
depends on the control.

All elliptic subproblems are solved with the SSOR method, which for the
numerical examples presented below converges within a few steps.

For the parameter « in the boundary condition we also choose a = o0, i.e.,
Dirichlet conditions, to test the robustness of the algorithm.

The boundary conditions are y = 0 on I', and 7 = 0 on T' if no boundary
temperature control is used. The initial conditions are chosen as yg = 0 and 79 = 0.

The time horizon for the integrations of J is given by [0, T], with T = 360.

4.3. IC and Example 1

In this example we present a detailed discussion of the instantaneous control
strategy (IC), which proves very powerful in various applications to flow con-
trol, see [2, 6] and the literature cited there. IC is an inexact variant of MPC for
M = 1. For the approximate solution of the optimality system in this case only
one steepest descent step is applied. The parameters used in our computations for
this case can be found in Table 1, left.
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Parameter Example 1 Example 2

o 2106 2.106

C1 2 20

o 2.10¢ 2.1073

3 210724t 2-1073dt

s 2.-1072dt 2-1073dt

a 1.44-10~* 1.44-1073
v 25-100% 1-1073

o 21-107% 2.1-107*

g (0,—-9.81)  (0,—9.81)

TABLE 1. Parameters for the examples 1 and 2.

The desired state z for Example 1 is depicted in Figure 1, left. It is the
stationary velocity field obtained after a time of ¢ = 10000 by choosing the constant
boundary temperature of 1 on the right half of the lower boundary, and 0 otherwise.

As desired temperature S = 0 is chosen but with only a small weight in the
cost functional, see Table 1. For tracking of an optimal trajectory (see 4.3.8) the
desired state is the solution of an optimal control problem. For further details and
results see [14].

4.3.1. Control actions. Three different control actions are investigated: distributed
force, distributed heat, boundary temperature, and also their combinations. In all
cases the steepest descent step for IC is initialized with zero control. The optimal
steepest descent step size is used and the time step is set to dt = 0.8. The results are
shown in the Figure 1, right, and figures 2, 3, 4. This figures show the temperature
and velocity field at T' = 360. In all cases the IC performs very well and is able
to reach the desired state approximately. The evolution of cost functional J is
shown in Figure 5. We take up again the case of boundary temperature control in
Section 4.4.1.

4.3.2. Gradient scaling. Gradient scaling is preconditioning of the steepest descent
method. It needs to be applied if combinations of control actions are used. In
Figure 6 the values of the time integrated cost functional are presented for the
parameter range cr,co € [1077,1071] x [1075,10]. As expected, for this example
small values of ¢g give the best reduction of the cost functional. Here we apply
diagonal scaling with the diagonal matrix

1 0 0
D= 0 Cp 0
0 0 cQ

In all numerical computations presented (except those of Figure 6) we set cp =
1073, cq = 0.3. For this choice of parameters IC also performs very well on the
other three examples investigated in [14]. However, we note no general rule for
choosing the parameters cr, c¢g is known yet.
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F1GURE 1. Left: Desired state. Right: Flow controlled by

0.9
0.8

It is remarkable, that IC initialized with the control of the previous time slice

in the long run performs similar to MPC with M = 1, provided the controls vary

FI1GURE 2. Left: Flow controlled by distributed heat. Right: Flow con-
not too much between the time slices.

trolled by distributed force.
4.3.3. Initial controls in steepest descent. As initial values for the steepest descent
method either the zero control or the control from the optimization at the previous
time slice are chosen. It is observed that choosing zero control as initialization the
performance of MPC/IC is very sensitive with regard to gradient scaling.
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F1GUurRE 3. Left: Flow controlled by boundary temperature and dis-

tributed heat. Right: Flow controlled by boundary temperature and
distributed force.

<~ ~ N N N v by o

FIGURE 4. Left: Flow controlled by distributed heat and distributed
force. Right: Flow controlled by all three controls.

Start with zero control is worse in cases where combinations of controls are
used. On the other hand using the control from the previous time slice sometimes
turns out to be less robust. This strongly depends on the dynamical behavior of
the underlying physical process, see [14] for details.

4.3.4. Steepest descent step size. Since the IC control problem (10),(11) is linear-
quadratic the optimal step size p* in the steepest descent algorithm can be cal-
culated exactly. In the calculations presented the value p* is taken as minimum
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10" | - dist.force |
- ~< — - — dist.heat
~ — — —boundary
~ ~ o no control

N — -~

FIGURE 5. Evolution of cost functional J for some differed control actions.

JJdt

FiGURE 6. Different scaling of controls, all controls.

of the scalar parabola h(p) defined by the function values J(u), J(u + ppd) and
the derivative J'(u)d, where d := —J'(u) and p, is an estimation of the steepest
descent step size taken from the optimization problem at the previous time slice.
Compared to taking constant steepest descent step sizes the numerical overhead is
caused by an additional function evaluation J (u+ ppd), which amounts to solving
(11) with control u + ppd.

Using a constant steepest descent step size p results in a slightly faster al-
gorithm but requires knowledge about the magnitude of this step size. If the step
size is too large the method diverges. Too short steepest descent steps lead to
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Jydt
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[

FIGURE 7. Left: Distributed heat, integrated functional for different
constant steepest descent step sizes. Right: distributed heat, dt = 0.1.

ineffective controls, in particular when using zero initial control. In Figure 7, left,
the dependence of [ Jdt on p is shown. Short steepest descent steps are worse with
regard to reducing the functional .J. On the other hand, if the steepest descent
step is too large, the steepest descent method diverges. Because a useful steepest
descent step size is not known a priori, we suggest to use the optimized steepest
descent step size instead of a fixed steepest descent step.

4.3.5. Time step. The quality of controls obtained by the IC method depends on
the length of the time step. Small time steps cause only weak control actions, so
that time steps as large as possible, obeying the CFL conditions, should be taken.
At greater time steps the control is more effective and so the IC predicts a greater
win from producing stronger forces and heatings.

So the time step for reasons of control effectivity and computing time should
be made as large as possible.

Now the performance of control at different time steps is investigated. For
distributed heating compare the flows together with the temperature field in Fig-
ure 7, right dt = 0.1, Figure 2, left dt = 0.8, and Figure 8 dt = 6.4 respectively.
As one can see flows and temperature distributions in all three cases look very
similar. For larger time steps the controls and states are oscillating between two
states, which are depicted in Figure 8. We note, that this is a purely numerical
behavior caused by the large time step chosen.

The dependence of [ Jdt of dt is shown in Figure 9, left. As one can see cost
reduction is most effective for dt ~ 1.1.

4.3.6. Simulation of practical control. In order to check the liability of numerically
computed control procedures, the controls calculated on a 20 x 20 grid are applied
to a discrete problem on a 39 x 39 grid. To extend the control, linear interpolation
is used.
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FicURE 8. Distributed heat, dt = 6.4, the state and control are oscil-

lating between these two states.
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FI1GURE 9. Left: Distributed heat and boundary temperature for differ-
ent time steps dt. Right: distributed heat. The control from the coarser

grid also works well on the finer grid.

fudt

As Figure 9, right shows, instantaneous controls obtained on the coarse grid

perform pretty well also on the finer grid.

4.3.7. Comparison of IC and optimal open loop control. We now compare IC to
optimal open loop control (OC). To obtain a discrete in time optimal open loop
control on the time horizon [0, 7] the latter is divided into M time slices, and the
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10 T T T

Optimal control

no control

Ficure 10. Instantaneous control vs. optimal control.

cost functional

i=1
+ 622 /(ui)de + 023 /(uFi)de + 024 /(ud)%[w)
r Q Q

is minimized s. t. the constraints (5)—(9), i.e., we solve (10),(11) on [0, T]. Numer-
ically this is performed by applying a limited memory BFGS method on the fully
discrete system. We note that the discrete optimization problem contains 3 - 10°
unknowns. The evolution of the cost functional (at each time slice) is compared to
that obtained by IC in Figure 10. The control mechanism in this case is distributed
heating. Parameters taken are M = 100 and dt = 0.1 for OC. For IC dt = 0.8 is
chosen because shorter time horizons are worse, see Section 4.3.5 for the discussion
of this fact. The coefficients and desired states are that of Example 1, compare
Section 4.2.

M
Joc(y, 7 u,up, uq) = Z(C; J=2pdn s [ - 52 (14)
Q Q

4.3.8. Tracking of optimal control with IC. Once an optimal open loop trajectory
is known it may serve as dynamical desired state to be tracked by the MPC
strategy. In this context MPC, and in particular IC, serve as (nonlinear) closed
loop control mechanisms. In Figure 11 the results for IC and varying time step
sizes dt are shown, where the control mechanism is distributed heating. As can be
seen, IC is able to track the optimal open loop trajectory.

We note that for IC tracking the optimal trajectory and IC applied to original
desired state the cost functionals are different. In the case of IC tracking the
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optimal trajectory, the functional is

7o) =5 [ w®) =i+ [ o) = vl P+

where (y(t)*, 7(t)*) denotes the optimal state. The original cost functional is given
by
Jit) =" /(y(t) —2)2dt+ ! /(T(t) — 8)2dt +--- .
2 /o 2 Jq

In Figure 11, top, the evolution of J, for tracking the optimal control for
different time steps, is shown. The method works very well, especially for dt = 0.1
and dt = 0.2. In Figure 11, bottom a comparison of J for optimal control, IC for
tracking of the optimal state, and IC applied to tracking of the desired state of the
optimal control problem with dt = 0.8 is presented. Note that .J is also calculated
for IC tracking the optimal trajectory (whose cost functional is in fact J,). The
dashed line represents the evolution of .J for IC applied to track the desired state
of the optimal control problem. The dash-dotted line shows the evolution of J
for tracking of the optimal trajectory y*,7* obtained from the optimal control
problem. The solid line shows the evolution of J for the optimal control. For
IC is dt = 0.8 in both cases. Note that, as shown in the Figure 11, bottom, IC
tracking the optimal trajectory would even perform better with shorter time steps
(in contrast to IC applied to the original problem). As one can see IC in this
example is well suited to track optimal trajectories (in the sense of a nonlinear
closed loop controller) and also provides suboptimal controls with cost of the same
magnitude as those of the optimal control procedure.

To investigate whether IC is able to stabilize a disturbed system random
disturbances 3 are added at each time instance;

ul =up + fBr,  u®=uq+ o

The functions Br, Bg are random numbers defined in the corresponding nodes
equally distributed over [—1, 1]. To get an impression of the size of the disturbances
we mention that their size is approximately 17 times that of the control action in
the undisturbed case after the initial decrease.

Figure 12 shows the same quantities as Figure 11, but for the disturbed case.
In the top figure J represents the cost functional of IC with z(t) = y*(¢), S(t) =
7*(t), where y*,7* denote the optimal state. In the bottom figure J represents
also the cost functional of IC but z and S are the same as for the optimal control.

As one can see, IC is able to track the perturbed optimal trajectory in the
sense of a closed-loop controller, whereas the unperturbed optimal control strategy
seems to fail.

4.4. Model predictive control with M > 1

4.4.1. MPC and Example 1. Now we try to improve the boundary temperature
control by using MPC. As in the case of IC, we only use one steepest descent step
to solve the corresponding optimization problems approximately. The results are
presented in Figure 13. To compare the performance of MPC to that of IC only
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— tiC0.1
- -tico0.2

Optimal control
— —IC-Tracking OC

---ic

no control

F1Gure 11. Tracking of optimal control with IC: evolution of J, for
tracking of optimal state (top), and comparison of J for optimal control,
IC for tracking of the optimal state, and IC applied to tracking of the
desired state of the optimal control problem with dt = 0.8 (bottom).

the values of the first addend in 10 are shown. Their values compare to those of the
cost functional used for IC. As a result MPC with M = 16,...,64 and boundary
heating reduces the (instantaneous) cost functional slower but in the long run
as good as distributed heating with IC, see Figure 5 and Section 4.3. This is a
substantial improvement compared to the control with IC.

4.4.2. MPC and Example 2. IC is not always successful in steering system states
to desired states. However, as will be presented in the following, MPC on larger
time horizons in general achieves this goal instead. In the present example we
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— o1

--02
0.4
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F1GURE 12. Tracking of optimal control with IC including perturba-
tions; evolution of J for tracking of optimal state (top), and comparison
of optimal control and IC tracking the optimal state (bottom).

choose z = 0, and the desired temperature distribution is given by

{1 n[051)x(0,1)
S'—{o in (0,0.5) x (0, 1),

As control action boundary control is chosen. This means that the control problem
consists in establishing different temperatures in the left and the right part of the
domain, respectively, with velocity as small as possible. The parameters of the
computation are shown in Table 1, right. We investigate (10),(11) for varying M,
i.e., we vary the length of the prediction horizon in MPC.

As Figure 14 shows, MPC with M > 8 has to be applied in order to reduce the
value of the cost functional. Smaller prediction horizons do not yield a reduction
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F1GURE 13. Performance of MPC in Example 1, start with control from
last time slice.

—M=1=IC
- - —M=2
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M=8
|| | ——Mm=16
0T |-~ —m=32
— — V=64

no control

F1GURE 14. Performance of MPC in Example 2.

which is mainly caused by the fact that the velocity only has a negligible influence
on the gradient of the cost functional for small time horizons. We also note that
in this case the increase of |y — z| is superior over the decrease of |7 — S)|.
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5. Discussion and conclusions

Several control approaches to the Boussinesq approximation of the Navier-Stokes
system are presented. Against the background of real-time control the instanta-
neous control method (IC) and model predictive control (MPC) mechanisms are
studied in detail. As control actions, volume forces, distributed and boundary
heating are considered.

IC performs very well in most of the investigated scenarios. Concerning the
use of the control actions we may propose the following recipes;

e If tracking of a velocity is the control goal, either volume forces, or distributed
heating, or a combination of both should be applied. Compared to their
performance boundary temperature is less effective.

e If tracking of temperature distributions is the control goal, distributed heating
combined with boundary heating should be applied. The influence of volume
forces in this case is negligible.

e If a combination of control actions is chosen, the gradient of the cost func-
tional has to be appropriately preconditioned in order to obtain a successful
control method.

As is pointed out in Section 4.4.2; especially for tracking of temperature distribu-
tions, MPC on sufficiently large time horizons has to be applied.

IC also presents a powerful tool in the context of nonlinear closed-loop con-
trol. If an open-loop optimal control strategy for a process is given (i.e., computed
a priori), IC may be used as a fast closed loop control mechanism which is ca-
pable of tracking the optimal open-loop control strategy, even in the presence of
perturbations.

It is astonishing how well IC, and MPC perform in the sense of suboptimal
control strategies for optimal control problems, as figures 10-12 indicate. These
technics therefore also offer promising control tools for more realistic and complex
configurations as they are dealt with in crystal growth, say.

6. Appendix

Proof of existence and uniqueness

Subsequently we use the notation U = (v,n),Y = (y,7), W = (w, k), and ¢ denotes
a positive generic constant. Similar to [15, Lemma 3.4]. we have

Lemma 6.1. There holds
U Y, W)l < cllp Yy wmio) Wllyxm@ YveV, Y WeVx HY(9).

If U belongs to L*(0,T;V x H*()) N L>(0,T; H x L*()) then b(U,U,-) belongs
to L2(0,T; V* x (H*(Q))*) and

|b(U’ U, ')|L2(O,T;V*><(H1(Q))*) <c |U|L°°(0,T;H><L2(Q)) |U|L2(0,T;V><H1(Q)) :
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Proof of Lemma 6.1. By definition

b(U,Y, W) = /

Q(UV)ywder/(vV)Tnd:v.

Q
With Hélders inequality and interpolation inequality, see [15, Lemma 3.3], we get
WU Y,W) < clvlpa [Vylp2 [wlpa + clvfpa [Tl g 5] s

1 1 1 1 1 1 1 1

< clolfe [Volfs [wlis [Vwl s [Vylpe + clvl72 [Vl 22 ] 72 6] 7 7]

If U, Y,W €V x H(Q), the relation b(U,Y, W) = —b(U, W,Y) gives

1 1 1 1 1 1 1 1

bUY,W) < clvlfz [Vl 7 [yl7e [VYlTe Vw2 4 clvl 7o VOl (7] 7 (7] 7 (Kl o -
This implies
|b(Ua Ua Y)| < C|U'|L2 |U|V><H1 |Y’|V><H1 .

If now U € L%(0,T;V x HY(Q)) N L>=(0,T; H x L*(Q)), then b(U(t),U(t),") €
(V* x HY(Q2)*) for almost every t and the estimate

|b(U(t)’ U(t)7 )

vesc@)s < U@ 2 [U@)y g

implies that b(U, U, -) belongs to L?(0,T;V* x H*(Q)*). O

Proof of Theorem 2.1. We begin with proving existence.

i) We apply the Galerkin procedure. Since V x H! () is separable and V x C*°(£2)
is dense in V x H(Q), there exists a sequence wi, ..., Wn,... of elements of
V x C*(Q), which is free and total in V' x H(2). For each m € N we make the
ansatz

m
i=1

for an approximate solution Y, of (2). Inserting Y,, into (2) and using w; as test
functions we obtain

(Ynlz (t)v wj) + a(Ym (t)a wj) + b(ym(t)v Y (t)a wj)
+ ('YQTm(t)a wj12)L2(Q)2 + (aTm(t)ij3)L2(F) (15)
= (f(t),w;) + (ou(t), wj;)r2ry, t€[0,T],j=1,...,m,

Y (0) = Yom, (16)
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where Yj,, is the orthogonal projection in H x L?(Q2) of Y, onto the space spanned
by w1, ..., wy,. Equations (15), (16) form a nonlinear system of differential equa-
tions for the functions gim, ..., Gmm:
m m m
Z(wz‘, W;)Gim (t) + Z a(w;, wj)gim(t) + Z b(wirg, wi, w;)gim (t)grm(t)
i=1 i=1 il=1
m m
+ Z ngsawgu L2(Q)29iMm m(t) + Z(awiSawjg)Lz(F)gim(t)
i=1
<f(t ) w]> (au(t)v wj3)L2(F)-

Since the mass matrix (w;, w;)"
the form

=1 is nonsingular this system can be rewritten in

m
g;m + Zal]g]m + Z aljkg]m gkm( )
= i,k=1 (17)

=D Bi (F@&),wy) + Y Bijlau(t), wiy) 2oy,
P i=1

Gim(0) = (Yom)s, (18)

with appropriate coefficients o, caiji, Bij, B”

System (17), (18) admits a maximal solution defined on some interval [0, t,,].
If t,, < T, then |Y;,(T)| must tend to +00 as t — t,,; the a priori estimates we
shall prove in ii) show that this can not happen and therefore t,, = T

ii) A priori estimates.
We multiply (15) by g¢jm(t) and add the equations for j = 1,...,m. This
gives

(Yo (), Yin (8)) + a(Yin (£), Yon (8)) + b(ym (), Yin (t), Yon ()
+ (VQTm(t)v Ym (t))LQ(Q)2 + (aTm (t)a Tm (t))LQ(l")
= (f(1),Ym (1)) + (qu(t), 7m (t)) L2(r),
With [12, Lemma 2.1] and the fact that div y,,(t) = 0 we get
b(ym(t)a Y (t)v Yo (t)) =0,
and
(Y9Tm (), Ym (0) 22 ()2 = =1 Yo (8)] T 120y -
We conclude now
;lt |Ym|2 +2a(Yon(t), Y (1)) + 2(am (), 7 (t)) L2 (1)

<2a |Ym(t)|iz(g) +2(f(), Y () + 2 (o, Ton () p2(ry
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which implies
d
Yol 4 20l ()12 + 2 o ()] + 203 (8), 7 () 22

< 201 [Yon ()70 + 2 (up, ym (1)) + 2 (uq, Ton (£)) + 2 {tt, T (£)) 2 -

Using
0 < (ca—c'b)* =c*a® + ¢ %b* —2ab Va,b,c €R,c#0

we get the estimates

2 (ur Y (1)) < 2 ur(t)]
< lm @I+ Nur @) (19)
2 (g 7n (1) < 2 () vy 70 ()
< allm(@ B+ | lug®ly. (20)
2 (0u(t) 7 (1)) ey < 2 (0| o 1)

ym(t)HV

2 1 2
< allrm(®llzery + | low®lLa ) (21)

and thus,
d
dt

1
<201 YOy + , Iur (0]

V() + v lym ()1 + @ |7 (017 + @ () 72y

2 1 2 2
v+ Q. + 1wz

as well as

d 1
g YO < 21 [Vl Fa0) + e (2)]

2 1 2 2
2t Ol + ) - (22)

Integrating (22) from 0 to s we obtain

S
Yon () < [Yon(O)] + 201 / Y (8) 3y
0

[ 2 1/ 2 s 2
by [ @®IRde s | [ @l de+ [ uo]?ae
vV Jo a Jo 0

Gronwall’s Lemma then yields:

) < (¥alO)F + | [ selt)
0

2
2. dt

1 S 9 S 9 s
b [ M@l de+ [ ol ae,
aJo 0
2 s 17 2 e 2
V)P < YO+ [ hur @ dt+ [ lug(®)2, dt
VJo aJo

T
+/ u(t)]® dt)e* T Vs € [0,T).
0
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Hence,

2
2. dt

1 (T
sup |Yin()[* < (|Ym(0)] + / [ur(t)]
s€[0,T) V.Jo

I 2 4 2 1\ 2T
*, | luQ (@)l g1y~ dt + | lu(®)||” dt)e=",

which implies that the sequence {Y;,,},, remains in a bounded set of L>(0,T’; H x
L*(Q)). Since c2 |7l 1) < 17l 113 ) + 7l L2y for some ¢z > 0 we get
2 2 2
3 1Yo ()l 1) < v lym Dy + allTn Oy ) + @ llTm (Ol z2(r) -
From (22) we now deduce

d
dt

2 1 2 1 2
< 21 YOl + ) lur@®lly- + e (ay. + llu(?)]

Yo ()17 + 3 1Y (D) 71
(23)
|2

Now we integrate (23) from 0 to T and apply Gronwall’s Lemma once more to
obtain the estimate

2
2. dt

VP +ea [ W@l de < (YalOF 5, [ furto)

1 [T T
+a/0 ||“Q(t)||?H1)*dt+/0 u(t)||? dt) exp(2¢1 T).

This implies that the sequence {Y;,},, remains in a bounded set of L(0,T;V x
HY(Q)).

It is now straightforward to conclude that a subsequence Y,/ exists such that
Y — Y in L2(0,T,V x H'(Q)) weakly, and in L>(0,T, H x L?(Q2)) weak-star.
iii) Now we will show that Y,y — Y in L?*(0,T, H x L*(2)) strongly.

For this purpose we firstly show that { %Y} C LAB(V* x (HY(Q))*),
see Constantin and [3]. First let us consider (15). Since {Y},},, is bounded in
L2(0,T;V x HY()) it follows that a(Y,,, ) is bounded in L2(0, T; V* x (H(Q))*).
This also holds for the forms (yg7m,")r2Q)2 + (aTm,)r2r). Note that Y,, =
(Ym, Tm)T). By assumption f is bounded in L2(0,T;V* x (H(2))*).

It remains to investigate the term b(ym, Yo, -)-

Using

[Vl Loy S MVOll o) S Mvllvxm o) -
1 1
||ym||L4(Q) < C||ym||f2(9) ||Vym||i2(sz) )

1 1
||Tm||L4(Q) < C||Tm||22(g) ||Tm||i(1(9) )
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and the Holder-inequality we get

/(ymV)Ymvdxz/(ymV)ymvydx—l—/(ymV)vade
Q Q Q

<a ||ym||L4(Q) ||Vym||L2(Q) ||”y||L4(Q) tc2 ||ym||L4(Q) ||Tm||H1(Q) ||”T||L4(Q)
1 1
<c3 ||ym||22(9) IIVym||Z2(Q) (”vym”L?(Q) vy lly + HTm”Hl(Q) ||UT||H1(Q))

1 1
< es lymll 220y IVYmll 220y (IVYmll L2y + 1Tmll 2 0) 1Vl < ) -
so that

T 4
' 3 3 ! .
< 04/0 ||ym||L2(Q) (HVZ/mHLz(Q) + ||Vym||L2(Q) ||Tm||H1(Q))3dt

T 2 2 4
2
< 264/0 ||ym||22(9) max(||Vym||L2(Q) ) ||viym||22(9) ||TM||13;(1(Q))dt~

Since Yy, (¢)|| 12 is bounded uniformly, the right argument of the max-function
can be estimated as

2

3

T , . T ) T )
L 19t Ity it < ( [ 19l at) ([ Imallipayat)

and since || Vym (t) ||2LQ(Q) and || T, (t) ||ill (o are uniformly integrable with respect to
m, we have { &Y, } € LY3(V* x (H'())*). Together with {Y;,,} C L*(0,T;V x
H'(Q)) from ii) it follows that {V;,} C W2 5(0,T;V x H'(Q)) is bounded.

By the Aubin-Dubinskii-Lemma, see [3], W42/3(0,T; V x HY()) compactly
embeds into L2(0,7; H x L?(f2)). Therefore Y,,, — Y in L%(0,7, H x L*(Q2))
strongly for a subsequence.

1
3

iv) This convergence results enable us to pass to the limit in (15)—(16). Let ¢ be
a continuously differentiable function on [0, 7] with (T") = 0. We multiply (15)
by ¢ (t), and integrate by parts. This leads to

_ / (Vo (8), 0/ (£)uw; )t + / (Y (£), w3 06(8))dt + / by (£), Vi (£), w3 05(1)
0 0 0
T T

+ / (Vg (), 05 80 (8)) L2yelt + / (0o (8), w5,0(1)) 20y (24)
0 0

- / (1), wyo(t)) di + / (c(t), wy (1)) 120yt + (Yom, w;)5(0).

Passing to the limit with the sequence m’ is easy for the linear terms; for the
nonlinear term we apply [15, Lemma 3.2 | and obtain for every vector function w
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with components in C1((0,7T) x

Q)
Ab@mx ﬁe/b w(t)dt (- o).

In the limit we find that the equation

—/(ﬂmwwmﬁ+/awwﬂwmﬁ+/bwmywﬂwmw
0 0 0
T

T
+—j€ (797(ﬂ70¢(0)L2@n2dt47]€ (o (t), wip(t)) 2 oy dt (25)

=A<ﬂmvwmﬁ+é<wwwwmpmﬁ+a@mww

holds for U = (v, w)T in the set {wy, ws, ...}; by linearity this equation holds for U
equal to any finite linear combination of the w;, and by a continuity argument (25)
is still valid for any U € V x H(Q2). Thus, Y satisfies (2) in the distributional sense.

Finally, it remains to prove that Y satisfies the initial condition (3). To show
this we multiply (2) by ¢, and integrate. Integrating the first term by parts, gives

T T T
—/<wmwwmﬁ+/awwﬂwmﬁ+/bwmywﬂwmw
0 0 0

+1/“(vg¢<w,vw<w>L2“n2dt+l/“<ow<w,w¢mt»Lzaudt (26)
0 0

T T
=A<ﬂmmem+A<mmmwwnmwuwwmﬂwm»

By comparison with (25),
(Y (0) — Yo, U)b(0) = 0
Now we choose ¢ with (0) = 1; thus
(Y(0) =Yy, U)=0. VYU €V x Hi(Q),
and (3) follows.

Uniqueness:
i) We first note that b(U, U, -) belongs to L*(0,T;V* x H'(Q)*), see Lemma 6.1,
which implies that Y also belongs to L2(0,T;V* x HY(Q)*).
This enables us to apply [15, Lemma 1.2 in Ch. III], which claims that Y is
almost everywhere equal to a continuous function. Thus
Y €C([0,T]; H x L*(9)),
and (4) follows immediately. The same lemma asserts that for any function Y in
L2(0,T;V x H'(2)) which satisfies Y’ € L%(0,T; V* x (H'(Q))*), the equation
d

dt
is valid, which will be used below.

Y (1)) =2(Y'(), Y () (27)
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ii) Proof of uniqueness. Let us assume that Y7 and Ya are two solutions of (2)—(3),
and let Y = Y; — Y. As shown before Y7, Ys, and thus Y are in L2(0,T;V* x
(H(£2))*). The difference Y = Y; — Y5 satisfies

d
&t (Y,U) +a(Y,U) + (vg7,v) 122 + (aT,m)2(r) = b(y2, Yo, U) — b(y1, Y1, U)
YU €V x H(Q), and almost all t € (0,T), (28)
Y (0) = 0. (29)

Taking U = Y (¢) and using (27), we get

SR +20 [yl + 20 7O + 20 |7(0) g, + 2 (ra7(2),y(0)
= 25(y2 (1), Ya(0), Y (1)) — 20(31(8), Y2 (), Y (1)
)

Since b(v, W,W) =0 Vv e V,W € H}(Q)? x H(Q), the right-hand side is equal
to

—2b(y(1), Y2(t),Y(t)).
From Lemma 6.1 we deduce
|=2b(y(t), Ya(t), Y (1))
< clyl2 [VylEa o3 [Vylis [Vusl o+ clylfa (V9 7122 1713 (72l
< clylpz Vylp2 Yy g o) + clylpe [72lg Yy g
<clY|pe |Yé|VXH1(Q) |Y|V><H1(Q) :

Using Young’s inequality we estimate further

. 2 1
Y2 1Yaly o) Y v i o) < 2min(v,0) [Vl o ) + ¢ Char |Y2|V><H1(Q))2'

The term
12 (g7 (1), y(D)] < 279l [V [72(0
is also majorized. We can conclude

d

2
C
YO < (1%l @) + 219D 1Y (O v € 0.7,

so that p
G YO < e(v,0,99, %50, Y ()30 ¥t € 0,7,

Integrating from 0 to s and using (29) gives
V)P < [ elrang Ya(t).0) [V (O de
0

Finally Gronwall’s-Lemma implies |V (s)|* < 0 Vs € [0, T], which gives
Y1 =Y,

so that the solution of (1) is unique. O
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Applications of Semi-smooth Newton Methods
to Variational Inequalities

Kazufumi Ito and Karl Kunisch

Abstract. This paper discusses semi-smooth Newton methods for solving non-
linear non-smooth equations in Banach spaces. Such investigations are mo-
tivated by complementarity problems, variational inequalities and optimal
control problems with control or state constraints, for example. The func-
tion F(z) for which we desire to find a root is typically Lipschitz continuous
but not C* regular. The primal-dual active set strategy for the optimiza-
tion with the inequality constraints is formulated as a semi-smooth Newton
method. Sufficient conditions for global convergence assuming diagonal dom-
inance are established. Globalization strategies are also discussed assuming
that the merit function |F(x)|? has appropriate descent directions.

1. Introduction

Examples which motivate our study include nonlinear variational inequalities of
the form: find = € C' such that

(f(x),y—2)>0 forall yeC, (1.1)

where C is a closed convex set in a Hilbert space X and f: X — X is C'. It can
equivalently be written as

F(z) = o - Projo(z — f(2)) = 0, (1.2)

where Projc is the projection of X onto C. In particular, let Q be a bounded
domain in RN and if C is a hypercube {z|¢ < x < ¢} in X = L?(Q), with ¢ <o
and the inequalities are defined pointwise, then (1.1) can be expressed as

F(x):M*maX(Oau+x*¢)7min(0mu+x*¢)a ,LL:*f(CU) (13)
The first author is partially supported by the Army Research Office under DAAD19-02-1-039.

and the second author is supported in part by the Fonds zur Forderung der wissenschaftlichen
Forschung under SFB 03 “Optimierung und Kontrolle”.
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where p € X is the Lagrange multiplier. For example, consider a boundary control
problem for the heat equation on a bounded open domain D in R?;

w2 [ [y gdudt+ Ol (1.4)
min — X u .
wex 2 J, JoW Y g 141X

subject to

0

oY = Ay, y(0,:) =yoin D

(1.5)

0 3
gy Ty =uon (0,T) x 0D

with X = L2((0,T) x D), § and yo € L?(Q2). Then f: X — X is defined by
f(u) = au+plop
where p satisfies the adjoint equation

0 .
8tp+Ap+y—g=0, p(T,)=0in D

0
p+3y2p:00n oD.
ov

Note that F is a locally Lipschitz continuous functions but is not C!, even if f
is C.
If F is locally Lipschitz continuous on R™, then according to Rademacher’s

theorem, F' is differentiable almost everywhere. Let Dr denote the set of points
at which F is differentiable and let OpF(x) be defined by

OpF(x) = {J = lim F’(xl)} (1.6)
x;—x, z;€EDp
We denote by OF (x) the generalized derivative in the sense of Clarke, i.e.,
OF (z) = the convex hull of O F(x). (1.7)

A generalized Newton iteration for solving the nonlinear equation F(z) = 0 is
defined by

" = 2k — VoL F(2%), where Vi, € 9pF (2F). (1.8)
In the finite-dimensional case a generalized Jacobian Vi, € dgF (xk) Local conver-
gence of {2*} to *, a solution of F(x) = 0, is based on the following concepts;

|F(z* + h) — F(z*) — V h| = o(|h]), (1.9)
where V = V(a* + h) € OpF(xz* + h), for 2* 4+ h in a neighborhood of z*. Thus,
letting h = 2 — 2* and V* = V(2*) we have
| — ¥ = VT (E(a?) = Fa*) = Vi(@® —2%))] = o(|2* —a*]).

In the finite-dimensional case under appropriate assumptions (1.9) is equivalent to
semi-smoothness of F' at 2* [18, 17]. The notion of the semi-smooth was introduced
originally by Miffin for functionals [15]. Convex functions, smooth functions and
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subsmooth functions are examples of semi-smooth functions in R™. Rademacher’s
theorem does not hold in Banach spaces. The discussion on the generalized New-
ton’s method suggests the following definition [6] in Banach spaces X, Z (we refer
to [2, 14, 19] for similar concepts and discussions):

Definition 1.1.

(a) Let D C X be an open set. F: D C X — Z is called Newton differentiable at
x, if there exists an open neighborhood N(x) C D and mappings G: N(x) —
L(X,Z) such that

i |F(z+h)— F(z) — G(x + h)h|z
|0 |hlx
The family {G(z) : © € N(z)} is called a N-derivative of F' at x.
(b) F is called semi-smooth at x, if it is Newton differentiable at x and

=0. (1.10)

h%l+ G(z +th)h exists uniformly in |h| = 1. (1.11)
t—s

Now, we have a generalized Newton method in the Banach space X
" = 2k — Vo F(2%), where Vi = G(2F) (1.12)

assuming G is a Newton derivative of F.

The outline of the paper is as follows. In Section 2 we discuss semi-smooth
functions in infinite-dimensional spaces and convergence of the generalized Newton
method (1.12). In Section 3 we formulate the primal-dual active set method for
(1.3) as a semi-smooth Newton method and verify global convergence under diag-
onal dominant conditions. In Section 4 we discuss variational inequality problems
in Hilbert spaces and the application of the semi-smooth Newton method for as-
sociated regularized problems. Globalization of the semi-smooth Newton method
is addressed in Section 5.

2. Semi-smooth functions and local superlinear convergence

Let D C X be an open set.
F is directionally differentiable at = € D, if
F th)—F
lim L@ F@) e
t—0+ t
exists for all h € X.
F is B (Bouligand)-differentiable at = € D, if F' is directionally differentiable at x
and
F — F(z) — F'(x;
L F(a )~ F(a) ~ F'(x;h)

=0.
|h[—0 |h|x

Lemma 2.1. Suppose that F: D C X — Z is Newton differentiable at x € D with
N-derivative G.
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(1) F is directionally differentiable at x if and only if
11%1+ G(x +th)h exists for all h € X. (2.1)
t—

In this case F'(x;h) =lim;_ o+ G(x + th)h for all h € X.
(2) F is B-differentiable at x if and only if

lir(§1+ G(z +th)h exists uniformly in |h| = 1. (2.2)
t—
Proof. (1) If (2.1) holds for h € X with |h| = 1, then
F - F
i TEH=F@) G .
t—0+ t t—0+

Since h € X with |h| = 1 was arbitrary this implies that F is directionally differ-
entiable at z and
F'(x;h) = lim G(z + th)h.

t—0+t
Similarly, the converse holds.

(2) If F is directionally differentiable at x, then
o I 2T
lim F(zx+h)— F(x) — F'(x;h)

= 0 if and only if
|h|—0 |h|x Y

lim F(z + tv) — F(x)
t—0+ t

If F' is B-differentiable at x then it is differentiable and from (1) we have
F(z + tv) — F(x)

— F'(x;v) = 0 and the limit is uniform in |v|x = 1.

lim = lim G(z + tv)v.

t—0 t t—0
The Bouligand property and the equivalence stated above imply that the
limy—0 G(z + tv)v exists uniformly in |v] = 1. The converse easily follows as
well. O

Corollary 2.1. If F is semi-smooth at x, then F is B-differentiable at x and
G(z +th)h — F'(z;h)  uniformly in |h| =1
for arbitrary family G of N -derivative.

Example 2.1. Let ) is a Lipschitz, semi-smooth function at every x € R and define
the substitution function F : L1(Q) — LP(Q) by

F(s) =v¢(x(s)) ae s€Q
where Q is a bounded open domain in R®. Let
G(x(s) + h(s)) = V(x(s) + h(s))

where t € R — V (t) is a measurable selection such that V(t) € 0y. In fact, since
1 is semi-smooth,

i(a +v) — (@) — Viz +0)| = (e, ool zveR
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with e(x,t) — 0 as t — 0F. For § > 0 let
Qs(h) ={s €w:|h(s)| >}

Then

|hlg > 6 |Q(;|t117 thus lhl‘im |Qs5] =0 for every 6 > 0.
qe—0

Since 1 is Lipschitz there exists L such that €(|h|) < 2L. Now,
|F(z +h) — F(x) = G(z + h)hlp < |e([h])] [Pl

with r = qq_pp, where

()], < 2010 + /Q e((s), 6)| ds

By the Lebesgue bounded convergence theorem, the second term of the right-hand
side converges to 0 and therefore
|F(z+ h) — F(x) — G(x + h)h|p -~
|la—0 [helq
Similarly, since
lim
lv|—0 |v]
F is semi-smooth and

F'(z;h) = ' (x(s); h(s)).

Example 2.2. Let F': LY(Q}) — LP(Q) denote the pointwise max-operation F(x) =
max(0, ) and define G by

0 ifz(s)<0

Gx)(s)=<¢ ¢ ifx(s)=0

1 ifz(s) >0,
where § € R. Tt follows from Example 2.1 that F' is semi-smooth from L7(f2) into
L?(Q) provided that 1 < p < ¢ < co. If p = ¢, then it is easy to see that F is
directionally differentiable at every x € LP (). But F is not Newton-differentiable
with G as N-derivative in general. For this purpose consider z = —|s| on Q =
(=1,1) and choose hy(s) as | multiplied by the characteristic function of the

interval (_vlw }L) Then |h, |7, = , and
n

+1
/ VP (4 B — F(&) — Glo 4 h)hol? ds = / T = 2 (e,
-1 -1 p+1'n
Thus,
|F(z + hy) — F(@) — G(a + hn)ha|Lr 1
S | o =l )70

and hence condition (1.10) is not satisfied at = for any p € [1,00). Similarly, for
p = oo [6].
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The following chain rule is proved in [6].

Lemma 2.2. Suppose H : D C X — Y is continuously Fréchet differentiable at
x €D and ¢ : Y — Z is Newton differentiable at H(x) with N-derivative G. Then
F = ¢(H) is Newton differentiable at x with N-deriative G(H(x+h))H'(z+h) €
L(X,Z) for h sufficiently small.

We have the local superlinear convergence results for (1.12) [18, 2, 6]

Theorem 2.1. Suppose that x* is a solution to F(x) = 0 and that F is Newton
differentiable at x* with N-derivative G. If G is nonsingular for all x € N(z*) and
{IIG(2)7Y| : z € N(2*)} is bounded, then the Newton-iteration

" = 2k — G(a?) T R ()

converges superlinearly to x* provided that |x° — z*| is sufficiently small. If, more-
over, F' is Newton differentiable of order o at x*, i.e., there exists a o > 0 such
that

i e F@ 1) = F@) = Gl + Wl =0, (2.3)

then 2% converges to x* with g-order 1+ «, i.e., we have |2*t! — 2*| = O(|2*F —
r*|1TY) as k — oo.

3. Primal-dual active set method and global convergence
The primal-dual active set method for (1.3) is defined by

Primal dual active set method
(1) Initialize 2°. Set k = 0.
(2) Set the index sets;
A ={—f@®)+2F -y >0}, A ={-f@@")+a" -9 <0}, I = (A UA, )"
(3) Solve for xF+1
@) (@ T — 2P+ f(2®) =0 in Ty
"t =y on AF, 2" =¢on A,
(4) Stop, or set k =k + 1 and return to (2).

The primal-dual active set method for (1.3) is a specific semi-smooth Newton
method [6] observing the fact that

1 forz>0
G(z) = { 0 forz <0 € 0p max(0,x).
The primal-dual active set method is known to be extremely efficient for solving
discretized variational inequalities and constrained optimal control problems [6].
Suppose X = L?(Q) and f : X — L4(f), ¢ > 2 is continuously differentiable. It
follows from Lemma 2.2 and Theorem 2.1 that the primal-dual active set method
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converges locally superlinearly. For the boundary control example in the introduc-
tion such a condition holds with 2 < ¢ < 4.
For the affine case f(z) = Az—b the primal-dual active set method (unilateral
case) is equivalent to
(1) Imitialize 20, u°. Set k = 0.
(2) Set T = {u* +c(z* — ) <0}, Ap = {pF + c(a* —¢) > 0}.
(3) Solve for (zk+1 pk+1)
Al’k+1 + Nk+1 =p
2Pl =9 in A, and pFt! =0in Zy.
(4) Stop, or set k =k + 1 and return to (2).
Sufficient conditions for global convergence were established in [6] for the finite-

dimensional case X = R". The sufficient condition we discuss here is more general.
It is related to diagonal dominance of A and will imply that

M(zFHE :max(ﬁ/ (2Tt *d’)ﬂdffa/ () | d)
9 Q

with 8 > 0 acts as a merit functional for the primal-dual algorithm. Here we set
¢+ = max(¢,0) and ¢~ = —min(¢,0). Note that by step (3) of the algorithm we
have

M ) = max(8 [ 1@ e, [T, G
Iy Ap

The natural norm associated to this merit functional is the L'(Q)-norm and
consequently we assume that

A€ L(LYQ)), a € LY(Q) and ¢ € L(Q). (3.2)

The analysis of this section can also be used to obtain convergence in the L”()-
norm for any p € (1,00), if the norms in the integrands of M are replaced by | - |
norms and the L (£2)-norms below are replaced by LP(2)-norms as well.

We assume that there exist constants p;,7 = 1,...,5, such that for all parti-
tions A and Z of Q and for all 4 > 0 in L*(A) and ¢z > 0 in L?*(Z)

A7 67]7] < p1 |¢z]

47 Azagal*| < p2 1ol .
and
[Aaga]l”| < p3loal
[Aaz Az ¢2]7| < paléz] (3-4)
[Aaz A7 Azad Al | < ps |dal-
Here | - | denotes the L'(2)-norm. Assumption (3.3) requires in particular the

existence of A7 ! By a Schur-complement argument with respect to the sets Zj,
and Ay, this implies existence of a solution to the linear systems in step (iii) of the
algorithm for every k.
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Theorem 3.1. If (3.2), (3.3), (3.4) hold and p = max(Bp1+p2, ) +pa+75) <1,
then M is a merit function for the primal-dual algorithm of the reduced system
and limy_ oo (2%, u¥) = (2, u*) in L1(Q) x LY (), with (z*, u*) a solution to (1.3).
Proof. Let dx = z**1 — 2% and 6pu = p*+1 — pF. Then,
AAkéxAkJrAAk,IkéxszréyAk =0 (3 5)
Azk(sxzk + Azk,AkéxAk — ,LL%C =0. '
For every k > 1 we have (2%+! — )t < (28T —2%)* on 7, and (u*+1)~ = (6p)~
on Aj.. Therefore

M) < max(@ [ (@az)* [ G ). (3.6)
T Ay
From (3.5) we deduce that
dxz, = —Agkl(_‘u%c) + AEkIAIkAk (=0z4,),

with p% <0 and x4, <0. By (3.3) therefore

|(027,)"| < prlpk, | + p2ldz.a, | (3.7)
_ p -

—o [ e [ @) 2 (o ) M)

TpNAg_1 ArNZy_1

Similarly by (3.5),
Since dz.4, <0 and pf <0, we find by (3.4)

- p3+ ps ,
|(6pa,) " | < psloza, |+ palpy, | + pslza, | < ( 3 + p)M(a", pF),  (3.8)

and therefore
M@ ) < max(Bpy + pa, ; "

Thus, if p < 1, then M is a merit functional. Furthermore M (zF+1 p*+l) <
PP M (xt, ut). Together with (3.7),(3.8) and (3.5) it follows that (2%, u*) is a
Cauchy sequence. Hence there exists (z*, 1*) such that limy_, (2%, %) = (z*, u*)
and Az* +p* = a, p*(z* —1) = 0 a.e. in Q. Since (z* — )t — (2" —¢)T ask —
and limj oo [,,(z"T1 —9)T = 0 it follows that z* < ¢. Similarly one argues that
p* > 0. Thus (2*, u*) is a solution to (1.3). O

+ pa) M(*, 1) = p M(2*, 1),

Similar results are established for the nonlinear case and bilateral case [13].

Remark 3.1. In the finite-dimensional case the integrals in the definition of M
must be replaced by sums over the active/inactive index sets. If A is an M-matrix,
then p; = ps =0 and p < 1if 7 + ps+ 5 < 1. This is the case if A is diagonally
dominant in the sense that ps < 1 and (3 is chosen sufficiently large. For such a
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matrix A the property p < 1 is stable under additive perturbation which are not
necessarily M-matrices.

Remark 3.2. Consider the infinite-dimensional case with A = al+ K, where o > 0,
K € L(LY(Q)) and K¢ > 0 for all ¢ > 0. This is the case for the operators in the
boundary control of the heat equation in Introduction, as can be argued by using
the maximum principle. Let || K| denote the norm of K € L(L*()). For || K| < «

and any Z C 2 we have A}l = iII— iKIAfl and hence p; < a(a”f(H”KH)' Moreover
ps = 0. The conditions involving ps, ps and ps are satisfied with py = Ol}l‘(l”(”,

- xp? — IKl? T ;
PL= nla—|IK) and ps am||K| and p < 1 if o is sufficiently large.

4. Elliptic and parabolic variational inequalities and regularization

We consider the case that f(z) = Az — g where the linear operator A of is not a
continuous but only a closed operator in X = L?(Q). Such problem arise in the
obstacle problems, the state constraint optimal control problem and in parabolic
variational inequalities. We discuss the unilateral case C = {z < ¢}:

Az +p =05, p=max(0,u+ (x—1)). (4.1)

Example 4.1. For the obstacle problem A = —Ay where Ag is a second order
elliptic operator with dom (A) = H?(Q) N H}(Q). If 9Q and ¢ are sufficiently
regular, then the solution to (4.1) satisfies (z, ) € (H}(2) N H2(Q)) x L3(Q).

Example 4.2. Consider the state constrained optimal control problem

: 1 _ B .
Jun ly = l72(q) + 5 |ulZ2() subject to By =u and y € C, (4.2)
where E is a closed linear operator in X = L?(Q). We assume that E~! exists and
set V' = dom (F) where V is endowed with the graph norm of E. The necessary
and sufficient optimality condition for (4.2) is given by

B(Ey,E(v—9)+ (y,v—y)— (g,v—y) >0 forallv e VNC. (4.3)
That is, A= E*E and p € V* (not in L*(Q)) in general.

Example 4.3. A class of parabolic variational inequalities is given by A = ;t -
Ag and X = L2((0,T) x Q). If 92 and ¢ are sufficiently regular, then (x,p) €

(HY(0,T;X)N L0, T; HX(Q) N C(0,T; H(Q)) x X [11].

The primal-dual method can formally be applied to all these cases but due
to the unboundedness of A the iterates u* are not necessarily in X. In order to
remedy this difficulty we consider a one-parameter family of regularized problems
based on smoothing of the complementarity condition by

p=oamax(0,u+ (z —v)), with0<a<]1. (4.4)
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This is a relaxation of the complementarity condition p = max(0, u+ (y —)) with
« as a continuation parameter. Note that an update for p based on (4.4) results
in p € X. Equation (4.4) is equivalent to

p = max(0, 1 fa (x — ), (4.5)

with o/(1 — o) ranging in (0,00) for a € (0,1). We shall use a generalization of
(4.4) and introduce an additional shift parameter i € L*(Q) in (4.5). Moreover we
replace a/(1 — «) by ¢ and arrive at

w=max(0, i+ ¢ (z — 1)), with ¢ € (0, 00). (4.6)
This coincides with the generalized Yoshida-Morrey approximation for inequality
constraints [8]. It results in a regularization of (4.1) given by
Ax+pu=5»

p=max(0, i+ ¢ (z —¢)). (1)

Semi-smooth Newton algorithm with regularization

(i) Choose [, ¢, xg, set k = 0.

(ii) Set Ap = {s: (i + c (2" —))(s) > 0},

(iii) Solve for zF*! € X:

A (it e (@M —g)) = b (4.8)
(iv) Stop or k =k + 1, go to (ii).
Assume that (4.8) has a unique solution and moreover that
|A™ 0| () < M |¢lr2(al,  for some g > 2.

It thus follows from Lemma 2.2 and Theorem 2.1 that If |xg — z.|x is sufficiently
small then 2* converges to x., the solution to (4.7) superlinearly in X and thus in
dom (A).

Let x. denotes the solution to (4.7). Suppose i > b — At in distribution. In
the obstacle problem and parabolic variational inequality it is shown in [9, 11] that
for appropriately chosen [i, the regularizes solutions z. are feasible, i.e., z. < 1,
as well as monotone with respect to ¢, i.e., we have

Te < e < 2

and the bound
0 < pte = max(0, i + ¢ (v — 1)) < o

holds for all 0 < ¢ < ¢ where z* is the solution to (4.1). Moreover,

|[iloo

’ (4.9)

|Te — 2% | oo () <

It was also shown in [10, 11] that =z, < xF < zFt! for the iterates of the semi-
smooth Newton algorithms. Special properties also hold for the case i = 0, see
[10, 11].
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Estimate (4.9) is particularly important since
(1) the free surface S = {z* = ¢} can be approximated by S. = {u. = 0} with
the rate ~, and
(2) we can sglect c for the discretized problem to obtain the desired accuracy,

sayc:O(

1

h2) with meshsize h for second order discretizations.

In [10] we use a homotopy method with respect ¢ — oo to accelerate the conver-
gence of the algorithm to x* = lim._ o, .. A path-following strategy for the choice
of ¢ is analyzed in [7].

5. Globalization

The globalization of the iteration (1.8) in R™ on the basis of the merit functional
0(x) = |F(x)|? is achieved by the following

Algorithm Let 3, v € (0,1) and o € (0,5). Choose 2° € R™ and set k = 0. Given
x¥ with F(z*) # 0. Then,
(i) if there exists a solution h* to
Vi ¥ = —F(a*)
with [h*| < b|F(2*)|, and if further
|F (2" +hF)| <y |F(@h)],
set dF = h*, ¢t =2k + dF oy =1, and my = 0.

(ii) Otherwise choose d* = d(z*) according to (A.2) and let o = B™*, where
my, is the first positive integer m for which

O(z* + g™ d¥) — 0(2F) < —op™ O(2F).
Set zFt1 = 2F + oy, d*.

The following assumptions will be utilized:

o (A1) S={z € R":|F(x)| <|F(2°)|} is bounded.
o (A.2) There exist ¢ and b > 0 such that for each z € S there exists d =
d(xz) € R™ satisfying

0 (x;d) < —g0(xz) and |d| <b|F(z)]. (5.1)

e (A.3) The following closure property holds: if xx — 7 and d(z1) — d with
x € S, then 0'(z;d) < —50(Z).
e (A.4) 0 is subdifferentiability regular for all x € S, i.e., 8°(z;d) = 6'(z;d) for

alld € R™.
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Here the Clarke generalized directional derivative 6°(x;d) [1] of € at z in the
direction d is defined by

0°(z;d) = limsup Oy +td) - G(y)

y—x, t—0t t

Convex, locally Lipschitz continuous functions, for example, are subdifferentiabil-
ity regular [1]. Let us also point out that local Lipschitz continuity of F' implies
Fréchet-differentiability of 6 at z* if F(z*) = 0. With reference to the closure
property (A.3), note that it is not required that d = d(Zz).

Condition (A.2) is motivated by the work in [4] where it is shown to guarantee
a nontrivial stepsize 7 such that

x4+ 7d) —0(x) < —o70(x),

if 0 € (0,6) and = € S. We show that combined with (A.1), (A.3) and (A.4)
it also guarantees (subsequential) convergence of {z*} to a solution of F(x) = 0.
Concerning conditions (A.2) and (A.3) we introduce the notion of quasi-directional
derivative in Section 5.1. This notion will allow us to construct descent directions
which satisfy these two conditions.
In [3], Chapter 8, in order to prove convergence, the following condition is
assumed:
lim sup O(xF + 73 d¥) — 0(2F) + 11, 0 (%)

T —0t Tk

<. (5.2)
Alternatively, in [4] a generalized form of the condition

0 k kdk -0 k
lim F(z*)TF'(2*;d*) > limsup (2" +77d") = 6(a")

k—oo k—o0 Tk

(5.3)

for any convergent sequence {(z*,d* 7%)}, is used. In either of the two cases the
directions d* satisfy a condition like (A.2). Conditions (5.2), (5.3) resemble (A.3)
and (A.4) but the latter are simpler to check and more transparent also for the case
that F'is C''. Conditions (A.1)—(A.4) and the notion of quasi-directional derivative
provide us with a rather axiomatic approach to globalization of the semi-smooth
Newton method.

Theorem 5.1. Suppose that F : R™ — R™ is locally Lipschitz and B-differentiable.
(a) Assume that (A.1)-(A.4) hold. Then the sequence {x*} generated by algo-
rithm is bounded, it satisfies |F(z**1)| < |F(2*)| for all k > 0, and each
accumulation point x* of {x*} satisfies F(z*) = 0.
(b) If moreover for one such accumulation point

|h| < c|F'(x*;h)]  for all h € R™, (5.4)

then the sequence x* converges x*.

(¢) If in addition to the above assumptions F is semi-smooth at x* and all V €
OpF(x*) are nonsingular, then z* converges to x* superlinearly.
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Proof. (a) First we prove that for each = € S such that §(z) # 0 and d satisfying
0’ (z;d) < —36(x), there exists a 7 > 0 such that

O(x+7d)—0(x) < —o76(x) for all 7 € [0, 7].
If this is not the case, then there exists a sequence 7, — 07 such that
O(x + 1 d) — 0(z) > —oT, 0(x).
Dividing both sides by 7,, and letting n — oo, we have by (5.1)
—50(z) > 0'(z;d) > —o 0(x).

Since o < &, this shows #(z) = 0, which contradicts the assumption 6(z) # 0.
Hence for each level k at which d* = d(2*) is chosen according to the second
alternative in algorithm there exists m* < oo and aj > 0 such that |F(z**1)| <
|F(z*)|. By construction the iterates therefore satisfy |F(z**1)| < |F(z*)| for each
k>0.

If lim sup ay, > 0, then it is obvious that 6(2*) monotonically converges to 0
and that each accumulation point z* of {z*} satisfies F'(z*) = 0. If on the other
hand lim sup a = 0, then lim my — oco. By the definition of my, for 7, := g™~ 1,
we have 7, — 0 and

0(x" 4+ 11 d*) — 0(z¥) > —or 0(2"). (5.5)

By (A.1), (A.2) the sequence {(z*,d*)} is bounded. Let {(z*,d*)}rex be any
convergent subsequence with limit (z*, d). Note that
0(zF + 7, d*) — 0(z*)  0(a* + 7. d) — 0(a") N O(xF + 73 d*) — 0(zF + 71, d)

Tk Tk Tk ’
where . " .
lim G(x + 71 d )79(% +de) 0,
ke K ,k—oo Tk

since 6 is locally Lipschitz continuous. Since d* = d(x*) for all k € K it follows
from (A.3) that ¢'(z*;d) < —& 6(z*). Then, from (5.5) and (A.4) we find

0(z* + 1 d¥) — 0(z*)

—of(x*) < limsup <0°(z*;d) =0 (x*;d) < -5 0(x*).

kEK, k—oo Tk
(5.6)
It follows that (7 — o) 6(z*) < 0 and thus 6(z*) = 0.
For the proof of (b)—(c) we refer to [18, 12]. O

Remark 5.1.

(1) We point out that the closure property (A.3) as well as the subdifferentiability
regular property (A.4) are used in the proof of Theorem 5.1 only for the case
that limsup,,_, . o = 0.

(2) Since h — F’(x*; h) is positively homogeneous one can easily argue that (5.4)
is equivalent to the condition that F’(z*;h) = 0 implies that h = 0.

(3) If X is a Hilbert space, Theorem 5.1 holds assuming that the iterates (z*, d¥)
are sequentially compact.
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5.1. Descent directions

We turn to a discussion of conditions (A.2) and (A.3) required for the descent
directions d. For this purpose we introduce the following definition.

Definition 5.1. Let F' : R™ — R™ be directionally differentiable. Then G : S x
R™ — R™ is called a quasi-directional derivative of F' on S C R™ if
(i) (F(z), F'(z;d)) < (F(z),G(z;d))
(ii) G(z;td) = tG(x;d), for alld e R™,z € S and t > 0,
(it) (F(7), G(#:d)) < limsup, _, 4_q(F(@),G(z,d)) for all z — 7, d — d, with
z,T €S.

Throughout the remainder of this section we assume that F' : R™ — R™ is a
Lipschitz continuous and directionally differentiable function and S refers to the
set defined in (A.1).

(a) Bouligand direction. If there exists b such that
|h| < b|F'(2;h)| for all z € S, h € R™ (5.7)
and if
F(x)+ F'(x;d) = 0, (5.8)
admits a solution d for each z € S, then a first choice for the direction is given by
the solution d to (5.8), see, e.g., [16]. By (5.7) we have |d| < b|F(z)|. Moreover
0 (x,d) =2 (F'(x;d), F(x)) = —260(x),

and therefore the inequalities in (A.2) hold with b = b and & = 2. For this choice,
however, (A.3) is not satisfied in general, see Section 5.2.

(b) Generalized Bouligand direction. As a second choice, see [16, 4], we assume
that G is a quasi-directional derivative of F' on S, that

|h| < b|G(z;h)| for all z € S, h € R™ (5.9)

and

F(z) + G(x;d) =0, (5.10)
admits a solution d which is defined as the descent direction for each x € S. One
argues as for the first choice that the inequalities in (A.2) hold with b = b and
& = 2. Moreover (A.3) is satisfied, since for any (z,d) — (z,d) in S x R with
d = d(x) we have

0'(z,d) < 2(F(z),G(z;d)) <2 limsup (F(z),G(z;d))

r—T,d—d

= —21lim |F(z)|* = —260(2).

We refer to Section 5.2 for the construction of G for specific applications.
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c) Generalized gradient direction. The following choice was discussed in [4]. Here
d is chosen as the solution to

min J(x,d) = 2(F(x), Glws ) +dP, (5.11)
where 1 > 0 and z € S. Assume that for some L > 0

{ h — G(z;h) is continuous and

5.12
|G(x;h)| < L1|h| for all z € S, h € R™. (5:12)

Then, d — J(d) is coercive, bounded below, and continuous. Thus there exists an
optimal solution d to (5.11) and we have the following lemma [4, 12].

Lemma 5.1. Assume that F : R™ — R™ is Lipschitz continuous, directionally
differentiable and that G is a quasi-directional derivative of S satisfying (5.12).
(a) Ifd is an optimal solution to (5.11), then

(F(2), G(z:d)) = —nd|*.

(b) If d = 0 is an optimal solution to (5.11), then (F(z),G(z;h)) > 0 for all
h e R™.

By Lemma 5.1 the optimal value of the cost J in (5.11) is given by —n|d|2.
If this value is negative, then any solution to (5.11) provides a decay for # since
' (z;d) < —n|d|?. The optimal value of the cost is 0 if and only if d = 0 is the
optimal solution. In this case Lemma 5.1 implies that x is a stationary point in
the sense that (F(x),G(z;h)) > 0 for all h € R™.

Let us now turn to the discussion of condition (A.2) for the direction given
by the solution d to (5.11). We assume (5.9) and that (5.10) admits a solution for
every € S. Since J(0) = 0, we have 2(F(x), G(x;d)) < —n|d|? and therefore

nld* < =2(F(x),G(x;d)) < 2|F(2)||G(x;d)| < 2L |d| |F(x)].
Thus,

2L
ld| < ; |F' ()],

and the second condition in (A.2) holds. Turning to the first condition let d satisfy
F(z) + G(x;d) = 0. Then, using Lemma 5.1(a) and (5.9) we find at a solution d
to (5.11)

J(z,d)

(F(x),G(x;d)) = —n|d]* < 2(G(x;d), F(x)) +nd?

2,72 2 72 (5.13)
=2|F ()" 4+ nb” [F(2)|” = —(2 = nb”) 0(x).

IN

Since G is a quasi-directional derivative of F' on S we have
0/ (x:d) < 2(F(2), G(w: d)) < —2(2 — 7B?) 6(x)

and thus the direction d defined by (5.11) satisfies the first condition in (A.2) with
o = 2(2 — nb?), provided that n < 522.
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To argue (A.3) let x, — Z, dy, — d, with dy = d(zx), vx € S and choose dy,
such that F(zy) + G(xg;d;) = 0. Then

Glar:di)
< limsup(2(F(x1.), Gaws du) + nldul?)
< limsup(2(F(x1.), Gaws dv) + nldel?)
—2|F @) + 7P Jim |F(a)?
—(2 - nb)0(a),

and thus (A.3) holds if n < 522

5.2. Box constraints

We return to the example with box constraints referred to below (1.1). In (1.3) we
can eliminate p by p = — f(x) and work with the single variable . This results in
the equation

F(z) = f(z) + max(0, — f(z) +  — ¢) + min(0, — f(z) +  — ¢) = 0.
Define
AT ={-f@)+2-¢ >0} A" ={-f(x)+2—¢<0}
T = {—f(e)+o— =0}, TP={o—v<f(x)<z—0¢} and
T? = {~f(x) + o - 6 = 0},
where AT = {—f(z) + 2 — ¢ > 0} stands for {i : (—f(z) + 2z —); > 0}, and
analogously for the other sets. We obtain
d on AT UA~
o) fa)d on 72,
Fizd) = max(f'(r)d,d) on T
min(f'(x)d,d) on Z3

and

0 (x;d) =

(@ =¥, d)ar + (z = ¢, d)a- + (f(2), f'(2)d) 2

+ (f(2), max(f'(2)d, d)) 7+ + (f (x), min(f’(z)d, d))zs
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Here ‘on a set’ means ‘for all indices in the set’, for example, (F'(x;d)); =
(min(f’(z)d,d)); for i € Z3. The Bouligand direction (5.8) is given by

d+z—19=0o0n A",
d+x—¢=0o0n A",
f'(x)d + f(z) = 0 on 7%, (5.14)
max(f’'(z)d,d) + f(x) =0 on I*,
min(f'(z)d,d) + f(z) =0 on I°.
It is shown in [12] that G defined by
d on (A* N{f(z) <0}) U (A~ N{f(z) > 0})
f(z)d onZ?N{p <z <}
max(f'(x)d,d) on (AT N{f(x)>0}HUT?>n{xr>y})uUlt
min(f/'(x)d,d) on (A~ N{f(x) <0HUZ?*N{x < ¢})UI3

G(z;d) =

is a quasi-directional derivative for F. The unilateral case was treated in [4].
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Identification of Nonlinear Coeflicients
in Hyperbolic PDEs,
with Application to Piezoelectricity

Barbara Kaltenbacher

Abstract. In this paper we consider the problem of determining parameters
in nonlinear partial differential equations of hyperbolic type from boundary
measurements. In order to investigate the qualitative behavior of this class
of identification problems, we analyze the model problem of identifying ¢
in the nonlinear wave equation di¢ — (¢(dz)dz)> = 0 and discuss stability
and identifiability for this problem. Moreover, we derive applicability of these
results to material parameter identification in piezoelectricity and provide
numerical reconstruction results.

Mathematics Subject Classification (2000). Primary 35R30; Secondary 35L70.
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1. Introduction

Consider the model problem of identifying the function ¢ in the nonlinear hyper-
bolic PDE
pdtt - (C(dm)dm)m =0 z¢€ (Oa L)a [AS (OvT) ) (11)
with boundary conditions
d(0,t) =0
te (0,7), 1.2
el (L 1) de(L1) = g() " O (2)
and initial conditions
d(x,0) =do(z), di(z,0)=di(x) z€(0,L), (1.3)
for given g : [0,T] = R, dop : [0, L] — R, d; : [0, L] — R, from additional boundary

measurements

y(t) = d(L,t).

Supported by the German Science Foundation DFG under grant Ka 1778/1.
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This can, e.g., be seen as a model of a vibrating string of length L, with the elastic-
ity coefficient ¢ depending on the strain d,. At the left boundary « = 0, the string
is clamped, at the right boundary x = L, it is excited in longitudinal direction by
a surface load (mechanical stress) g, and measurements of the displacement d are
made.

Our motivation for studying (1.1) comes from the problem of determining
material parameter curves for piezoelectric materials (see Section 4), in the piezo-
electric PDEs

pgig - BT (cEBJ+ efgradg) = 0 inQ (1.4)
0 .

_div (eBJ — &Sgradg) = in Q.

Here, d denotes the vector of mechanical displacements, ¢ the electric potential,
p the mass density, and B a first order differential operator with respect to the
space variables, that reflects the relation between displacements and strain (see,
e.g., [17] and Section 4 below). The system (1.4) models the piezoelectric effect,
i.e., a coupling between the electrical and the mechanical behavior of certain ma-
terials. The material tensors c¥, €%, and e, appearing in (1.4) are the elasticity
coeflicients, the dielectric constants, and the piezoelectric coupling coefficients, re-
spectively. When large excitations are applied, the material parameters will not
be constants any more but depend on the field quantities, i.e., in (1.4), the entries
of the material tensors ¢, €%, and e are functions of the amplitude of the electric
field |E| = |grad¢| and/or the mechanical strain |S| = |Bd|. An interesting task
is to reconstruct these parameter functions from overdetermined measurements at
the boundary, e.g., voltage-current measurements at an electrode or displacement

measurements at a surface point.

Parameter identification problems for nonlinear PDEs have been studied,
e.g., in [6, 7, 8, 9, 21, 20, 30, 33]). However, in the situation considered here,
identifiability is still an open problem, even in the one-dimensional model problem
(1.1). Therefore it was our aim to do some investigations on the question of whether
the parameter ¢ in (1.1) can be uniquely determined from the given boundary data.

We just wish to mention two additional related applications, namely from
electromagnetics and acoustics, respectively, where models containing such a kind
of nonlinear wave equation play a role:

e the spatially one-dimensional case in Maxwell’s equations
2 A

o = (1.5)

1 -
V x ( V x A) +e
I
for a magnetic vector potential A with B = V x A the magnetic induction,
E=- %‘? the electric field, € the dielectric constant, J the impressed current

density, and p = p(|§ |) the magnetic permeability depending on the magnetic
induction, see, e.g., [31].
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e the acoustic wave equation

1 0%
AY= 5 o
ot
for the acoustic velocity potential ¢ with ¥ = —V1) the acoustic particle

velocity and ¢ the speed of sound, see, e.g., [32]. Since the speed of sound
can depend on the pressure p and we have the relation p = p%f, with p the
density, we arrive at an equation similar to (1.1) in the 1-d case, where the
roles of time and space are interchanged.

The paper is organized as follows: In Section 2 we show well-posedness of
the forward problem corresponding to our model problem. Section 3 contains con-
siderations on stability and identifiability for this model problem. Application to
the piezoelectric problem mentioned above is discussed in Section 4, where we also
provide numerical reconstruction results. The proofs of the statements made in
Sections 2 and 3 are given in Section 5, and we end with a short Section 6 on
conclusions.

2. The forward model problem: Well-posedness

From a theoretical point of view, instead of determining the curve ¢, it is more
convenient to consider the curve ¢: XA — ¢(\) - A as the searched for unknown.

In order to investigate the properties of our model problem in more detail,
we consider the forward operator F' mapping a parameter function ¢ into the
measurement d(L, . ) =: y of a solution d to the PDE

pdtt — (é(dx))x =0 ze€ (O,L), te (O,T) s (21)
with boundary conditions
d(0,t) =0
- te(0,7), 2.2
ol (L1) = g(t) "€ OT) 22

and initial conditions
d(z,0) = do(z), di(z,0)=di(x) z€(0,L). (2.3)

The function d is supposed to be a classical solution, i.e., d € C%2([0, L] x [0,T7),
as we will require it in our identifiability considerations in the next section.
Identifying ¢ now corresponds to solving the operator equation

F@) =y (2.4)

in appropriate function spaces to be specified below.
The derivative of F' into some direction s is formally given as

F'(e)[8] =v(L,.) (2.5)
where v is the solution of
PVt — (6/(dl’)vl’)w - (g(dm))w =0 ze (OvL)v te (OaT)a (26)
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with boundary conditions

v(0,t) =0

& (do (L, ))va (Lo 1) + 3(da(L, 1)) =0, LEOT) (2.7)

v(z,0) =0 wv(x,0)=0 z€(0,L), (2.8)
and d solves (2.1), (2.2), (2.3).
In order to guarantee well-definedness and Fréchet differentiability of F, we
assume that
g€ C*0,T), doecC?0,L), dy€C?0,L) (2.9)
and that the compatibility conditions

(@ 1og)0) =dy(L), (€' 0g)'(0)=dy(L),
P& 0 6)"(0) = (&(dy))" (L) (2.10)
on the right-hand boundary, as well as
do(0) = dy(0) = d§(0) = &} (0) = 0 (2.11)
on the left-hand boundary hold. Thus, we choose its domain of definition as
DF)={ce X |d(\) >\ <CVrxe[0,A], and (2.10) holds}, (2.12)
for some constants v, C' > 0. Here X denotes the linear function space
X ={5€C30,A) | 500) =0} (2.13)

with A > 0. Note that in the applications we are interested in, the parameter curves
are typically strictly monotonically increasing and smooth, so choosing the domain
of definition D(F') and the space X according to (2.12), (2.13) makes sense. The
assumed smoothness of ¢ is also of importance for the efficient solution of initial-
boundary value problems for (2.1) (or (1.1)), after ¢ has been determined. If ¢
is sufficiently smooth, then for this purpose Newton’s method is applicable and
quadratically convergent.

Nonlinear hyperbolic PDEs bear the possibility of blow up of solutions (cf.,
e.g., [1, 14, 29, 34] and Section 11.3.2. in [13] as well as the references therein).
Thus also here, existence of a smooth solution d to (2.1) cannot be expected on an
arbitrarily large time interval, so that we have to restrict 7" in our well-posedness
result. Although existence theory for nonlinear systems of hyperbolic conservation
laws (cf., e.g., [4], [27], [18], [35], to name just a few recent publications, as well as
the references therein and in [13]) would provide us with results on weak solutions
to our model PDE (2.1) on all of R, we here prove a simple result customized to
our special case with the given boundary conditions and in the smoothness class
that we will require for our identifiability and stability considerations in Section 3.

Proposition 2.1. ( Well-posedness of the forward problem)
Assume that T is sufficiently small, A is sufficiently large, (2.9) holds and D(F)
is defined according to (2.12).
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Then, for any ¢ € D(F) there exists a unique solution d € C32([0, L] x [0, T1)
of (2.1), (2.2), (2.3). Hence, the forward operator

F:DF)CX — C?0,7)
¢ +— d(L,-) where d solves (2.1), (2.2), (2.3)

is well defined. Moreover with X' := X N C*(0,\), D'(F) := D'(F) N C*0, \),
F:D'(F)C X' — C?%0,T)

is continuously Fréchet differentiable with its derivative given by (2.5), (2.6), (2.7),

(2.8).

Proof. See Section 5. O

Remark 2.2. An analogous result can be derived with homogeneous Neumann
instead of Dirichlet boundary conditions on the left-hand boundary x = 0, which
corresponds to a stress free left-hand string tip. In the proof of well-posedness,
(see Section 5) the boundary conditions on u = d,, change to
u(0,t) =0
c(u(L,t)) = g(t)

and d is obtained from u via

d(z,t) == /O u(f,t)df—&—;/ot /OT(E(U))QB(O,U) do dr .

te(0,7T),

Remark 2.3. Usually measurements only of zero order derivative values of d(-, L)
(i.e., displacement measurements) can be expected to be available, hence a natural
choice of the image space of F' is Y := L*°(0,T). Observe that by Proposition
2.1, the actual range of F is contained in C?(0,7T) and therewith non-closed in
the data space Y = L°°(0,T"). This smoothing property of the forward operator
corresponds to ill-posedness of the inverse problem. More precisely, a lower bound
for the degree of ill-posedness can be quantified by the difference in smoothness
order of the function spaces C? and L>°. Therewith, the problem of identifying
¢ € X from y € Y has to be expected to be at least as ill-posed as twice numerical
differentiation.

In some applications, it can be realistic to assume that we have measurements
also of first order derivative values of d(-, L) (i.e., velocity measurements). Then the
degree of ill-posedness is still at least as high as for one numerical differentiation.

3. The inverse model problem: Identifiability

Using different norms both in preimage and in image space, we aim at deriving
a stability result with the implication that on a certain interval [0, A] C [0, A] the
parameter curve A — ¢(A) can be uniquely determined from the given measure-
ments.



198 B. Kaltenbacher

The difference F(¢) — F(¢) can be written as the right-hand boundary values
of v solving

pve — (@ vy + @) =0 x€(0,L), te(0,T), (3.1)
with boundary conditions
vy = te 1), (32)

a(L,t) ve(L,t) + ¢(L,t) =0

and homogeneous initial conditions, where we denote

a(e,t) = / & (o, t) + 0(da (2, ) — d(a 1))d6 |
e t) = 3(dale,t), (3.3)

)
5§ = ¢—¢,
and d solves (2.1), (2.2), (2.3), with ¢ replaced by ¢, i.e.,
F(e) - F(e) =v(L,). (3.4)
Hence, our aim is to deduce an estimate of the form
I3l x < Cllo(L, )l ¢
with appropriate function spaces X and Y, that by Remark 2.3 have to be different
from X and Y as defined in the previous section.
For the sake of simplicity, we first of all restrict ourselves to the special case
of constant a(z,t) = @ € R so that we deal with the wave equation
pULE — AUz = Py (3.5)
with boundary conditions
v(0,t) =0
avg(L,t) + ¢(L,t) =0
and homogeneous initial conditions
v(x,0) = v(2,0) =0 =z € (0,L). (3.7)
The following result can be obtained by integrating along the characteristic

lines of (3.5) and therewith deriving a Volterra integral equation of the first kind
for the difference § between parameter curves.

te(0,T), (3.6)

Proposition 3.1. Let v be a solution to (3.5) with boundary conditions (3.6) and
initial conditions (3.7). Here, we assume that ¢ is determined by (3.3) with d €
C32(]0, L] x [0,T)) satisfying the boundary conditions (2.2) and the initial condi-
tions (2.3) with (2.9), g(0) = 0 and g strictly monotonically increasing, dy = 0,
¢ € D(F), and 5 € C%*([0,A1]), for some Ay > 0 such that {d.(z,t) | (z,t) €
[0, L] x [0,T]} C [0,Aq].

Additionally, assume that

£Va/pdya(@,t) + dye(z,1)| > & Y(2,t) € (0,L) x (0,1) (3.8)
holds for some k >0, 0 <t <T.
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Then, with
A=¢c1g() >0 (3.9)
the estimate
151 2200 < CIo(L: M 10 (3.10)
holds with some C > 0.
Proof. See Section 5. g

Since the technique of reformulation as a Volterra integral equation via in-
tegration along the characteristic curves should in principle be applicable also in
the general case (3.1), Proposition 3.1 gives a hint on how the difference between
two curves § = ¢ — ¢ can be estimated in terms of the difference between the
measurements v(L, ) = F(¢) — F(¢):

Conjecture 3.2. (Stability and identifiability)
Let the assumptions of Proposition 2.1 on well-posedness of the forward problem
be satisfied, with

g(0)=0, gt)>0, J@t)>u>0 Vtelo,t, (3.11)
dy(z) =0 Vrelo,L], (3.12)

for some > 0. Let ¢ € D(F'), and d be the solution of (2.1), (2.2), (2.3).
Additionally, assume that

‘(i\/c /P dux + dat) (2 ()t)’zm vie 0,4, (3.13)

holds on an interval [0,t] C [0,T], with some constant k > 0, for all characteristic
curves t — x(t) of (2.1), and that t and L are sufficiently small.
Then, the measurements d(L,t), t € [0,t] uniquely determine é on the interval
[0, ] with
A=¢&1(g(t) >0 (3.14)

and the estimate
€ =¢ll 20,0y < CIF(E) = F(O)ll 10,4y (3.15)

holds with some C > 0 for all ¢ € D(F)N B, (¢) where B, (¢) is a ball of sufficiently
small radius v (with respect to the C* norm) around ¢.

Idea of proof. See Section 5.

Remark 3.3. The assumptions on d, and g that result from (3.11), (3.12), and the
compatibility conditions (2.10), (2.11) can be naturally fulfilled by starting with
vanishing displacement, and (up to some time t) strictly increasing nonnegative
excitation.

Moreover, if ‘(i\/ é(dy)/p dy + d’l) (m)‘ is uniformly bounded away from
zero for all z € [0, L], then by continuity (3.13) will hold for some x > 0 as long
as t is sufficiently small.
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Smallness of L is natural, e.g., in the context of the piezoelectric application
in Section 4, where L is the (typically small) thickness of the probe, see Figure
2. However, smallness of ¢ (as we also require it for existence in Proposition 2.1)
imposes a restriction on the interval on which ¢ can be identified. Although one
might think of choosing a fast increasing g for enlarging A in (3.14), this does
not really help since the smallness condition on ¢ coming from the perturbation
argument in the last part of the idea of proof of Conjecture 3.2 depends on how
fast g and therewith a as defined in (3.3) changes with time.

Note that the basic idea of integrating along characteristics and formulating
the identification problem as an integral equation comes from the book by Isakov
[19], where uniqueness results for identification of spatially varying parameters in
linear hyperbolic PDEs are proven.

4. Application to material nonlinearities in piezoelectricity

Recall the piezoelectric PDEs

pgig - BT (cEBJ+ efgradg) = 0 inQ (4.1)
—div(eBJ —&Sgradg) = 0 inQ, '
where B is the transposed of the divergence DIV of a dyadic,

d

0 5 0
d

B=| o o % |.

0 oz aéy

o 0

882 3 ox

oy ox 0

and the material tensors c® € RY, e € RS, €5 € R3 have a structure depending
on the material class under consideration and the direction of polarization. For
instance, for materials in the 6mm crystal class polarized in 3-direction, they are
of the form

E

ch 0{52 c% 0 0 0
c% cﬁ c% 0 0 0
E E E

E _ €13 C13 €33 0 0 0
Tl 0 0 0 ME-c¢B) o o |° (4.2)

0 0 0 0 cf4 0

0 0 0 0 0 cﬂ

0 0 0 0 0 e

e= 0 0 0 0 ei5 O , (4.3)

€31 €31 €33 0 0 0
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transversal
vibration ﬁ

radial
vibration

thickness
vibration

longitudinal ﬁ I
vibration

shear
vibration

0
e = 0 €, 0 , (4.4)
0 0 &5
(cf. [12], [17]).

By an appropriate experimental setup (cf. [12], [17]), the problem of determin-
ing the ten different scalar entries cﬁ,03{33,0{32,c%,cf4,el5,631,633,5f1,5§3 of the
material tensors in (4.1) can be reduced to five basically spatially one-dimensional
problems, corresponding to the five test samples in Figure 1. Moreover, by ex-
posing the piezo-ceramic probe either to large mechanical pre-stressing or to high
voltages, one can achieve predominance of dependence on either stress |Bcﬂ or
electric field |gradd|.

Since we can collect two different sets of data for each test sample (e.g., for
varying time, the curves of electrical charge and of mechanical displacement at an
electrode!), we expect that we can identify two parameter curves per test sample,
which by independence of the five sample experiments gives the full set of ten
parameter curves in the tensors (4.2), (4.3), (4.4).

Ithat can be obtained from current and velocity measurements
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|

FIGURE 2. Schematic of the experimental setup: Piezoelectric disc po-
larized in thickness direction, electrodes placed on top and bottom of
the sample.

3
&)

To complete this uniqueness argument for the full parameter curve set by
means of our identifiability Conjecture 3.2, it remains to get from the one-dimen-
sional piezoelectric PDEs

Pdtt — (CEdz + 6¢x)x = 0 x¢€ (0, L),t S [O,T]

—(edy — %) = 0 x€(0,L),te[0,T], (4.5)

(where in place of material tensors c”, e, we only have scalars ¢, e, &%) to our

model problem. In many cases of interest, this can be done by eliminating ¢ by
means of the second line in (4.5):

As an example, consider a thin disc according to the third picture in Figure
1, so that the piezoelectric effect in thickness direction is predominant, see Figure
2. One of the electrodes is grounded, the other either loaded with a prescribed
surface charge ¢%(t) or with an impressed voltage ¢ (t).

¢(0,t) =0
(i) (edy — e%¢.)(L,t) = — qLX) (charge excitation) (4.6)
or
(ii) ¢(L,t) = ¢*(t)  (voltage excitation),

E

where A is the surface area covered by the loaded electrode.

When exposing the probe to large mechanical pre-stressing og(t), or(t) on
top and bottom, which corresponds to the boundary conditions

(cFdy + epr)(0,t) = ao(t)

(cBdy + en)(L,t) = op(t), (4.7)

the elasticity coefficient ¢ will exhibit a dependency on the strain d,. Eliminating
¢ by resolving the second line of (4.5) together with the boundary conditions (4.6)
for ¢,

oe,t) = [ (dlwt) = d(0.0) +r(t) @
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with

() r(t) = 8

or

(ii) r(t) = 1 (6"(8) = 5 (d(L,t) — d(0,1))) ,
and inserting this expression into the first line of (4.5) and the boundary conditions
(4.7), we arrive at

diy = ((¢(dz))dz), = 0

with boundary conditions

with

Assuming that e, £° are known (e.g., from experiments at low impressed cur-

rents/voltages and low boundary stresses, see, e.g., [12], [17]), and that we can
measure the displacement difference d(L,t) —d(0,t), we arrive at an identification
problem for determining the curve A — ¢ (), that is almost identical to the model
problem (1.1), (1.2), (1.3).

4.1. Numerical reconstruction results

For a first implementation in a Matlab program, we concentrated on the spatially
one-dimensional case (4.5). We assume that in (4.5), e and £° depend on the
electric field |¢,| and ¢ is constant, (thus, we consider a situation that is in some
sense complementary to the case of stress dependent ¢ with constant e, as it
was just shown to be dirctly reducible to our model problem). Therewith, in

pdt — (cde + e(|¢x|)¢x)x - 0
7(6(|¢I|)dz - 5S(|¢)x|)¢m) - 0 (4.8)

x

with the boundary conditions

(c®de + (162162 ) (0,6) = (eFds + e(|s ) (L.t) = 0
60,) =0 (ellgul)ds — £5(|u)6r ) = =7

(stress free surface, one grounded and one charge loaded electrode), the curves
e and ¢° are to be identified. The given data are the mechanical displacement
d(L,-) as well as the electric voltage ¢(L,-) and the electric charge ¢~ at the
loaded electrode, the latter entering the boundary conditions.

With the forward operator F : (e,e%) — (d(L,-),¢(L,-)) mapping the pa-
rameter curves (e,e%) to the trace of the solution (d, ¢) at = L, we write this as
a nonlinear operator equation

F(e’ES) — (drileas’¢rilea5)
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FIGURE 3. Exact curves for e and €°

that we approximately solve by applying Newton’s method — note that the Jaco-
bian can be expressed in terms of solutions to linearized versions of (4.8) — and
discretization. The latter is here done by using a spline ansatz for the searched
for curves and doing a space and time discretization by piecewise linear finite
elements (i.e., due to the 1-d situation, equivalently, finite differences). Here the
number of spline breakpoints is chosen relatively small, in order to regularize the
inverse problem by coarse discretization (cf Remark 2.3, as well as Section 3.3.
n [11], Chapter 3 in [26], and the references therein, as well as [23]). In contrast
to that, a sufficiently large number of degrees of freedom in space and time is
used for numerically solving (4.8), in order to keep the numerical approximation
error in simulating measurements small, namely of the order of magnitude of the
measurement noise level. Additionally, to avoid an inverse crime, we choose the dis-
cretization for generating synthetic data different from the one used in the inverse
computations.

Figure 3 shows the exact curves taken from a paper by Anderssen et al. [2]. In
Figures 4 and 5, we plot the results with exact data for our reconstruction of e, £
separately and simultaneously, respectively. The separate reconstructions are also
shown for randomly perturbed data with a noise level of one per cent as typical
in this context, see Figure 6. In all these graphics, the starting curves (constants)
are marked by circles, the final ones by crosses, and the exact ones by a solid line.

The experiments show that the results are worse (and noise in the data is
more critical) for e than for €%, which indicates that the measurements might be
less sensitive with respect to the piezoelectric coupling coefficient.

However, we wish to remark that using a numerical reconstruction approach
that is based on a formulation in frequency domain, much better results can be
obtained, see [24].
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FIGURE 4. Separate reconstruction for e (left) and £ (right) from exact data
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FIGURE 5. Simultaneous reconstruction for e and £° from exact data

5. Proofs of Propositions 2.1, 3.1, and idea of proof
of Conjecture 3.2
Proof. (Proposition 2.1)

Consider u := d, as the searched for function in the PDE that is obtained by
differentiating (2.1) with respect to x:

puie — (' (Wug), =0 x€(0,L), te(0,T). (5.1)

We assume homogeneous Neumann boundary conditions on the left-hand bound-
ary, and use the second line in (2.2) to get a condition on the right-hand boundary,

(@ (w)us)(0,8) =0

du(L ) =gty €OT)
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FIGURE 6. Separate reconstruction for e (left) and e (right) from data
contaminated with 1 per cent noise)
ie.,
ug(0,1) =0
- te(0,T). 5.2
u(Loy =gy 1T 2
The initial conditions are
w(z,0) = dog(x), u(x,0) =diz(x) z€(0,L). (5.3)

To show existence of a solution to this nonlinear boundary value problem, we
transfer the hyperbolic PDE (5.1) into standard form by a smooth transform of

variables aligned to the characteristic curves given by @( i\/ t)/p
(cf., e.g., Section 7.2.5 in [13] and Section 2-6. in [15]). Namely, we con51der
U((p(xvt) +w(xat)7(p(xvt) 71/)(55’15)) = U(Cﬂ,t) (54)
with ¢, ¥ solving
Voo VE W =0, pe =V (u)ps =0, (5.5)
which leads to a PDE for U
_1a, ar | 1 1, a, ar | 1
Uﬁﬁ - Uaoz - 8( a + a3/2)¢z (UOz + Uﬁ) + 8( a - 03/2)%0 (UOz - Uﬁ)a (56)

where a := & (u)/p. To see that this transform of variables is in fact regular and C?
smooth on some sufficiently small time interval (0,%), provided u € C?, consider
the Jacobi determinant

det( Oz + Pz or + Yy )

@x+¢x \/é u T/)x)
— e ot — Uy det( )

\/cu <px+1/)x)
= —4/&(u) /pwm. (5.7)
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From the characteristic ODEs for ¢

t( )—1 t(0,s)=s =t(r,s)=7+s
2, (1,8) = /& (u t(r,s))/p x(0,8)=0 (5.8)
QDT(T 5) 0 (0 S) s = Qp('r, 5) =3

for 7 >0, s = t(0,s) > 0, it follows that

l=ps =@z - Ts + s - ts = @x Ts — \/C (59)

and therewith ¢, # 0. The same holds true for ¥, therefore the Jacobi determinant
(5.7) does not vanish. On the other hand, (5.9) implies boundedness of |p,| as
long as

zs(7,8) # /& (u(x(r,s), 7 +5)/p.

The latter can be established for all ¢ and therewith 7 = ¢ — s smaller than some
t > 0 that depends only on v, C, p, and the C'-norm of u, by deriving an ODE
for & := x4 from (5.8):

" (u(z(r, s),t(1,5))) (uz (x(7, 8), t(7, 8))Z(T, 8) + wt (x(7,5), t(T, 8)))

.Z‘T(T, S) = 2\/6'(’&(1’(7‘, S),t(T, S)) p ;
#(0,5) =0,
which implies that
. Cllull ox
Zr(7,8) < +
|2 (7, 8)| < 27 ([z(r, s)[ +1),
SO B
a(rs)] < exp( )N n) S < g < VR uatns) 4 5)
2\/7
for all

oy 24/ p)
- Cllulles
Another differentiation of (5.9) with respect to s yields

d
0 = @ss:d anxs \/C

(Pra®s + @xtt J,‘s \/C /P + oz (Tss — \/C
@xa: Ts — \/C - \/C u x‘Pw Ts — \/C
_pr Tss — \/C

so by reasoning similar to above and using our assumption u € C?, we arrive at
boundedness also of ¢,, for ¢ < t. Analogously boundedness of all other first and
second derivatives of ¢ and also of 1 can be verified. By the Inverse Function
Theorem we therefore know that existence of a C? solution u to (5.1), (5.2), (5.3)
follows from existence of a C? solution to (5.6) with transformed initial and bound-
ary conditions. It therefore remains to show that the latter holds true, which we do
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by the Banach Fixed Point Theorem. Namely, we define the fixed point operator
T mapping a C? function U to a solution T(U) := Z of

1 a, a; . 1 1 a, a; . 1
Zﬁﬁizaa:8(a a3/2)wx(Ua+Uﬁ)+8(a 70/3/2)g0x(
with the transformed initial and boundary conditions. Note that the right-hand
side depends on U not only linearly via the first order derivative terms U, + Ug,
Ua — Up but also nonlinearly via a = & (U)/p and ¢, 1. Also note, that although
the boundary and initial conditions (5.2), (5.3) are linear, they still depend on
U since the transform of variables affects the curves in the «, 8 plane on which
the initial and boundary conditions hold. The operator T is contractive, since Z
is obtained by integrating the right-hand side in (5.10) over a — due to ¢ small —
short path along the characteristics a =+ 3 = const and the right-hand side consists
of the first order derivatives Uy +Ug, U, — Ug, along with factors whose L° norm
can be bounded in terms of ||U]|| ¢z, see the arguments following (5.9).

This implies existence of a solution u € C? to the nonlinear initial-boundary
value problem (5.1), (5.2), (5.3), and therewith, according to

d(z,1) == /Ozu(g,t)dg (5.11)

of a solution d € C32 to (1.1), (1.2), (1.3). Uniqueness of d follows from stan-
dard energy estimates, cf., e.g., Theorem 4 in Section 7.2 of [13], applied to the
differential equation

Uq —Ug), (5.10)

1
PV — (/ &(d2 4 0(d —d?>))dbv,), =0
0

with homogeneous initial and boundary conditions, that the difference v between
two different solutions d*, d? has to satisfy.

Similar arguments can be used to show continuous dependence of the solution
d in C*2((0, L) x (0,T)) on the parameter & in C3.

To prove Fréchet differentiability, note that with F(¢ + 3) = d(L, -) where d
solves (1.1), (1.2) with & replaced by ¢+ 3, the function w := d — d — v solves

PWit — (El(d:c)wx)x = fa

with boundary conditions

where
Therefore, again, the characteristic C? variable transform and a standard result
for the wave equation imply

lwlex < Cllfeles
< C(1+ ||dx||c2) (||C||C4 ||dx _dx||c2 + ||5||C3||d:c _d:c||02) .
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By continuity of F, the right-hand side goes to zero like o(||§]| ¢3), which proves
Fréchet differentiability. Analogously, continuity of the Fréchet derivative can be
shown by deriving a PDE describing the difference between two Fréchet derivative
values. O

Proof. (Proposition 3.1)

Without loss of generality, we set p = L = a = 1. By integrating along the
characteristic curves x +t = const, inserting the boundary conditions at the right-
hand boundary

va(1,t) + =0, (5.12)
as well as the measurement difference (cf. (3.4))
m(t) :==v(1,t), (5.13)

we arrive at the solution

v(x,t) = ;(m(l—l—t—x)—l—m(l—l—t—x—min{l—l—t—x,Q(l—x)}))

1 1+t—x
+ / o(1,0)do (5.14)
2 1+t—z—min{l4+t—2z,2(1—2z)}
min{ } (1+t—z),1-z} v
*/ / (1 —7, 7+ 14+t —2—2v) drdv
0 0
11—z v
_/ / ¢ (l—7,7+1+t—2x—2v) drdv,
min{ ) (1+t—z),1—z} J2v—(1+t—x)

which additionally to (5.12) and (5.13) satisfies
(vt + vz)(x,0) = 0. (5.15)

From the initial conditions as well as the boundary conditions on the left-hand
boundary

v(xz,0) =0, v(0,t)=0 (5.16)
we obtain equations relating ¢ to the measurements, namely
0= v(m 0)
1 1—x
= (m(l x) + m(0)) + 9 / o(1,0)do
0
1
2

(1—=z)
/ qul—TT—&—l—x—Ql/)dez/
0 0

/ / (1l —7,7+1—2—2v) drdv
1-z) J2v—(1—x)

1

2

m(l — ) +m(0)) + /Ol_x oz +o0,0) da) ,

(5.17)
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(e}
Il
<
—
<o
~
~—

(m(1 +£) + m(max{t — 1,0})) + © / " 6(1,0)do

2 1+t—min{1+t¢,2}

min{} (1+t),1}
(I-774+1+t—2v)drdv
/0 / @s ) (5.18)

1
/ (1 —7,7+14+t—2v) drdv
min{ } (1+t),1} —(1+t)

= <m( +t) + m(max{t — 1,0})) + /n

t+1
¢(|t — ol 0) d0> ,

rax{t—1,0}

where we have used the identities

[ s
/ / | bu(6,0) dE do

12 Jmax{oC.coot2(1-0)

9 /1+42b(¢(1’0) — ¢(max{o —(,( —o+2(1—b)},0)) do.

b v
/ / ¢po(1—7,7+ 14— 2v) drdv
(1+C) 2v—(1+¢)

1+¢ (—o+2
- / 02 (.0) dE do
ax{o—(,(—o+2(1-b)}

—2/0 d(C—0+2,0) —¢p(max{oc —(,(—o+2(1-0)},0)) do,

with ( = —z and { = t.

Note that on the other hand (5.12), (5.13), (5.15), (5.16) imply that v as given
in (5.14) solves the PDE (3.5) and satisfies the boundary and initial conditions
(3.6) (3.7) (with p = L =@ = 1), and on the right-hand boundary coincides with
m.

Thus, we obtain from (5.17) with ( = —z € [-1,0]

14+¢
—m(l+¢) = / o(lo - ¢l,0) do, (5.19)

where we have used the fact that m(0) = v(1,0) = 0. while (5.18) with ( =¢ > 1
implies

14+¢

(1 +¢) = m(-14¢) = [ 6o~ o) do. (5.:20)
—14¢

Summing up (5.20) with ¢ replaced by (—21,1=0,..., [142-C] —1 and adding (5.19)

with ¢ replaced by ¢ — 2[1'54], implies that (5.19) holds for all { > —1. Inserting

(3.3), and setting ¢t := ¢ + 1 > 0, we can, due to (3.13), further transform the
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integrals with

= (|0—*C|a )7 (521)
=g (E(N)
1

to arrive at a Volterra type integral equation of the first kind for §oé™" o g:

da(1,t)
—m(t) = / k(A B)5(\) dA
dy ([t—1],0)

& (g(t)
_ / E(L D300 dA
0

- / kE o)1) SE g dr Ve 0], (5.22)

where

k(A t) =

(A1) sign(c —t+ 1)dyz(Jo —t+1],0) + dyt(Jo —t + 1], 0)

with ¢ = o(A,t — 1) according to the identity (5.21) (that due to (3.8) and the
Implicit Function Theorem can be uniquely resolved with respect to o). Now we
apply the theory of Volterra integral equations (cf., e.g., Theorem 4.3 in [10])
using the fact that by our assumptions, the kernel k(¢=1(g(7)),t) é,(é,gl((;)(ﬂ)) is
boundedly differentiable with respect to ¢t and bounded away from zero on the
diagonal set 7 = ¢, to conclude that

130 o gll 20, < ClM|l 12(0,0);

|| ” , ||g||C
L2(0, )\) v

ie., (3.10), with A according to (3.9). O

Idea of proof. (Conjecture 3.2)
In the general situation of curved characteristics in (3.1), we expect that the same
result as in Proposition 3.1 can be derived by using a characteristic transform

of variables a = ¢(x,t) + ¢¥(z,t), 8 = ¢(x,t) — ¥(x,t) where o + \/Z%” =0,

e = /b = 0, and defining V(a, §) by V(p(z.t) + (. 1), @(,1) = (1)) =
v(x,t) as we did in the proof of Proposition 2.1.

Condition (3.13) implies that | & d,(z(t), t)] is uniforrnly bounded away from
zero for all characteristic curves ¢ +— x(t) determined by i (t) = /& (d t))/p
of (2.1), and therewith, by continuity arguments,

<] (0, 0)] = | (£Va/p duw + ) (0,1

also for the characteristic curves ¢t — xz(t) of (3.1), as long as ¢ is sufficiently close
to é. Due to (5.23), the integral transformation replacing (5.21) in the general case

_U(|O—*/B+1|70)a (524)

, (5.23)
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with U(«, ) defined (analogously to (5.4)) by
Ule(z,t) + ¥(x, 1), oz, 1) — P(z,t) = do(,1)

is regular.

More precisely, we can derive the following:
With ®(p(x,t) + ¢ (z,t), o(x,t) —P(z,t)) = ¢(x,t), the PDE (3.1) becomes

1 1
Vg —Vaa = darh ((I)a+q)6)+4a (‘I)a_q)ﬁ)
W=, J4e
=5t =:10"
1 (02 at 1 1 Qg at 1
+8( " + 3/Q)w%’(va +Vs) + 8( y ag/Q)%(Va —V3)
~ ~ - ~ ~ -
=yt =y~
=:r. (5.25)

Since we can choose the characteristic variables «, 3 such that they are aligned to
the original ones at t =0 and x = L, i.e.,

a(z,0) = 7 a(L,t) =1
ﬁ(m,O):O ﬁ(Lvt):

the solution formula (5.14) remains valid and we can make use of the initial values

V(a,00=0 acl0,1]

(5.26)

(note that we do not use an analogon to the second equation in (5.16), since on
the left-hand side « = 0, the characteristic transform of variables in general yields
a curved boundary). In (5.14), we have to replace ¢, by the right-hand side r in
(5.25), and ¢ by §<I>, so that we arrive at

1+¢
(140 = [ (o~ o) do (5.27)
in place of (5.19), where
m(1+¢) = m(1+()
14+¢
- [ =Dl dode
3 (146)
—2/ / o)l =7, 7+ 1+(—2v) drdv
1+¢
—9 L)1 —Tr+14C—2) drd
/1+§ /21/ 1+C(r e o)1 =7, 7+ 1+(—2v) drdv

and a is a constant approximating a. Hence if it can be shown that

lm# —mll g1 < Cllmll g1 + || @] L2 (5.28)
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with ¢ sufficiently small, and

L t
1@ 22 = [16] 22 = ¢ / / 8(da(z, 1) dt dz < O3] 1205, - (5.29)

then analogously to Proposition 3.1 with a perturbation argument one can con-
clude the assertion (3.15).

Indeed, from the fact that a is close (in C??) to a constant in [0, L] x [0, ]
as long as L and t are sufficiently small, we can argue that the factors v*, v, as
well as 64 +_ — ’(:;, 04 —d_ are small, since ay =~ i and 3, ~ 0 by (5.26) Hence,
it is clear that (5.28) with small ¢ is likely to hold; however, it seems that this
cannot be proven rigorously, at least not by standard results on hyperbolic PDEs.
Moreover since for hyperbolic PDEs no maximum principles are available, it is not
clear how (5.29) can be established. O

6. Conclusions and remarks

In this paper we considered the problem of identifying a nonlinear coefficient ¢
in a hyperbolic PDE from additional boundary measurements. We provided a
well-based conjecture on stability and identifiability for the model case of a one-
dimensional elastic string and demonstrated applicability to parameter identifica-
tion in the piezoelectric PDEs.

For an alternative numerical solution approach to this identification problem,
we refer to [24], where a method working in frequency domain is developed and
numerical results are provided.

Future research work will be devoted to the study of the effect of damping,
which plays a role in the applications we have in mind. As a matter of fact, damping
makes the forward problem more stable and therewith can be expected to allow
for more advanced assertions on the inverse problem. Here, we wish to refer to
recent work by Lasiecka and coauthors, cf., e.g., [3].

Currently, we investigate nonlinearity in the sense of hysteresis, (cf., e.g., [5]
and especially [28] for hysteresis in the context of the wave equation, as well as
[16] for hysteresis identification), see [25].

Finally, we remark that the considerations of this paper might give hints
on identifiability also for different identification problems for nonlinear PDEs of
hyperbolic type.
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An SQP Active Set Method for a
Semilinear Optimal Control Problem with
Nonlocal Radiation Interface Conditions

C. Meyer

Abstract. We consider a sequential quadratic programming (SQP) method
for the solution of an optimal control problem governed by a semilinear ellip-
tic equation with nonlocal interface conditions. These conditions arise from
conductive-radiative heat transfer in non-convex domains. After stating first-
and second-order optimality conditions, we introduce the SQP algorithm that
uses an active set method to solve the linear quadratic subproblems arising
in each step. The corresponding optimality systems are discretized by linear
finite elements, using a partly exact summarized midpoint rule for the dis-
cretization of the nonlocal radiation interface conditions. The paper ends with
some numerical results demonstrating the efficiency of the proposed method.

Mathematics Subject Classification (2000). 49M37, 65R20, 49K20.

Keywords. Optimal control, semilinear elliptic equations, nonlocal interface
conditions, sequential quadratic programming, active set strategy.

1. Introduction

In this paper, we continue the work presented in [16] and [15] on an optimal control
problem with nonlocal radiation interface conditions. While the contributions in
[16] and [15] focus on theoretical aspects such as first- and second-order optimal-
ity conditions, the goal of this paper is the development of an efficient numerical
algorithm including an accurate discretization of the nonlocal radiation interface
conditions. The optimal control problem, discussed here, arises from the subli-
mation growth of semiconductor single crystals by the physical vapor transport
(PVT) method. The semiconductor materials, produced with this method, such as
silicon carbide (SiC) or aluminum nitrite (AIN), are used in numerous industrial
applications, e.g., the production blue lasers. For the PVT method, polycrystalline

Supported by the DFG Research Center MATHEON “Mathematics for key technologies” in Berlin.
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powder is placed under a low-pressure inert gas atmosphere at the bottom of a
cavity inside a crucible. The crucible is heated up to 2000 till 3000 K by induction.
Due to the high temperatures and the low pressure, the powder sublimates and
crystallizes at a single-crystalline seed located at the cooled top of the cavity, such
that the desired single crystal grows into the reaction chamber. See [13] for more
details.

Here, we focus on the conductive-radiative heat transfer in the growth appa-
ratus. Therefore, we consider a simplified setup of the growth apparatus, shown
in Figure 1. Here, 25 denotes the domain of the solid graphite crucible, whereas

No

Qs To

Figure 1: Exemplary domain for nonlocal radiative heat transfer.

2, is the domain of gas phase inside. A very important determining factor for the
crystal’s quality and growth rate is the temperature gradient inside the gas phase
[18]. Since we do not consider the electromagnetic induction, we will optimize the
temperature gradient in the gas phase {2, by directly controlling the heat source
u in Q.

The temperature y inside the growth apparatus arises as the solution of the
conductive-radiative heat transfer problem in the growth apparatus. This process
is modelled by the following semilinear PDE (see [13] for details)

—div(ks Vy) = u in Q
—div(kg Vy) =0 in Qg

oy B oy B 11
e <8nr>g fis <8nr>sqr on I (-0

0
Y +eo|ylPy=coy; onTy.
0

on

Here, ng is the outward unit normal on I'g, and n, is the unit normal on I'; facing
outward with respect to Qg (cf. Fig. 1). Furthermore, ¢ is the emissivity, o the
Boltzmann radiation constant, and ks, xg denote the thermal conductivities in ),
g, respectively. By ¢- we denote the additional radiative heat flux on I'; that is
given by

Rs

= -K)(I~-(1-e)K) eolyl’y == Goly|’y. (1.2)

The nonlocal operators K and G will be specified in Section 3. For an explicit
description of the corresponding mathematical model, we refer to [20]. In addition
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to this semilinear state equation, we consider box constraints on the control. Thus,
the optimal control problem, considered here, reads as follows:

1
minimize  J(y,u) := 2/ |Vy7z|2dx+;/u2dx
Q

QS
(P) subject to  (1.1) ‘

and  ug(z) <ulx) <wup(z) a.e. in Q,

where z denotes the desired temperature gradient and v > 0 is a Tikhonov regu-
larization parameter.

The nonlocal radiation on I', represents the main characteristic of our prob-
lem, since the nonlinearity in the state equation (1.1) is in general not monotone
due to the nonpositivity of G (see [20]). Therefore standard techniques for mono-
tone nonlinearities cannot be applied. This complicates the analysis of the state
equation (1.1), see Tiihonen [20], [21], and Laitinen and Tiihonen [14]. Further-
more, a consistent discretization of the nonlocal radiation operators K and G in
a finite element framework is challenging, since the kernel of integral operator K
exhibits a weak singularity (cf. [21]). Therefore, for the approximation of K and
G, respectively, the critical part of K is integrated exactly which is possible due
to the special shape of our computational domain (see Section 7 and Appendix
A). Concerning the numerical treatment of K, our discretization slightly differs
from an approach introduced by Tiihonen in [22], where the boundary integral
over I'} is completely discretized using some quadrature rule. For a smoother class
of domains than the one considered here, Tiihonen proved linear convergence of
his finite element scheme in the H!'-norm (see [22]).

The numerical analysis of semilinear elliptic optimal control problems is well
investigated in various articles. We only refer to Casas [6], Bonnans and Casas [5],
Casas, Troltzsch and Unger [7], or Bonnans [4], and the references therein. How-
ever, in case of problem (P), the standard arguments have to be modified, again
due to the non monotony of the nonlinearity. This especially concerns first-order
necessary conditions (see [16] and [15]). In Section 4, we will shortly sketch the
arising difficulties and how to overcome them. To solve problem (P) numerically,
we use an sequential quadratic programming (SQP) method. Moreover, the lin-
ear quadratic optimal control problems arising in each SQP step are solved by an
active set method, see for instance [2] or [3]. Throughout the paper, we will refer
to the overall method as the SQP active set algorithm. A similar method for the
control of the Navier-Stokes equation is considered by Hintermiiller and Hinze in
a recent paper [11]. In the field of constrained optimal control of nonlinear PDEs,
the SQP method is also investigated by Tréltzsch and Volkwein for the Burgers
equation [25] and for a general class of semilinear PDEs in Goldberg and Troltzsch
[10], Troltzsch [23], and Unger [26].

The paper is organized as follows: After stating the mathematical setting in
Section 2, a summary of the main results concerning the semilinear state equation
follows in Section 3. Sections 4 and 5 present first- and second-order optimality
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conditions for (P), whereas Sections 6 and 7 are devoted to the numerical treatment
of (P). More precisely, the SQP active set algorithm is introduced in Section 6,
and Section 7 is dedicated to the discretization of (P). The paper ends with some
numerical examples in Section 8.

2. The mathematical setting

Throughout this paper, we assume the following conditions on the domain 2 and
on the quantities and functions occurring in (P):

Assumption 1. We assume that Q C R? is a bounded simply connected domain
with Lipschitz boundary I'g. The boundary of the simply connected subdomain
2y C Q, denoted by I';, is assumed to be a closed Lipschitz surface that is piecewise
C'9. Notice that the distance of ', to I'g is positive. Then, € is defined by
Qs = N\Q,.

The Boltzmann radiation constant is assumed to be positive, i.e., o € RT. For the
thermal conductivity, we assume x € L>(Q) with

o(z) = { k() in O

kg(z) in Qg

and K(x) > Kmin > 0 a.e. on Q. Furthermore, the emissivity € € L>®(To UT,) is
bounded by 1 > € > epin > 0 a.e. on g UT,.

Assumption 2. The desired temperature gradient z is given in LQ(Qg)2 and v
is a positive constant. For the box constraints, we assume uq,up € L>(£)s) and
0 < uq(w) < up(x) a.e. in Q. The external temperature yo is a function in L16(T)
and fulfills gy > 1 a.e. on I'g with a positive constant 1.

Moreover, we use the following notation:

Notation. We introduce the set of admissible controls by
Ugd :={u € L= (Qs) | ua(z) < ulx) < up(z) a.e. in Qg}.

The identity operator in the respective function spaces is denoted by I. Moreover,
7, is the trace operator on I'., whereas 79 denotes the trace on I'y. Throughout
this paper, ¢ is a generic constant and ¢ denotes a generic function. Let W be
a Banach space with its dual space W*. Then, for f € W and g € W*, (f, g)
denotes the associated pairing.

3. The semilinear state equations

In this section, some results of Laitinen and Tiihonen [14], Tiihonen [20], [21],
and Meyer, Philip, and Troltzsch [16] are recalled. First, we define the integral
operator K.
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Definition 3.1. The integral operator K is given by

(K@) = [ w2 () dse, (3.1)
Ja
where the kernel w is defined by

[ne(2) - (2 = 2)][a(2) - (2 — 2)]

=(z.2) 2l ~ ol ,forn=2
W, 2) = S, ) )@= 2) - =) L e
! |z — a ’ |

In this definition, x, z denote two points on I'y, and n.(z) is the unit normal at =
facing outward with respect to Qg (cf. Fig. 1). Moreover, Z is given by

- [0 ifzznQs #0,
=z, 2) { 1 if 22N Qs =0, (3.3)

with xz denotes the line between z and z.

In [21], it is proven that w(x, z) has a singularity at z of type |z — z|~(1~9)
in the two-dimensional and |z — z|~2(1=%) in the three-dimensional case, which
is, in both cases, integrable. Based on this result, Tiihonen and Laitinen proved
in [14] some fundamental properties of K and G, in particular that G and G*
are a bounded linear operators from LP(T;) to itself for all 1 < p < oo. Fur-
thermore, using Brezis’ existence theorem for pseudomonotone operators, Laiti-
nen and Tiihonen derived in [14] that for every right-hand side u € H?!(£)*
and yo € L5(Iy), the state equation (1.1) admits unique solutions in the state
space V := {v € H}Q) | v € L°(T,), ov € L5(Ty)}. By standard truncation
techniques, it is shown in [16] that, if the right-hand side is sufficiently regular,
ie., u € L%(Qy) and yo € L*(Tp), solutions to (1.1) are bounded. Thus, we in-
troduce the state space V> := H(Q) N L>(Q). Notice that y € V> implies
7y € L®(T,) and 1oy € L*>(T) (see [16, Remark 3.5]).

4. First-order necessary optimality conditions

Before we state first-order necessary conditions, let us first refer to the following
theorem that covers the existence of an optimal solution for (P). It is proven in
[16] by rather standard arguments.

Theorem 4.1. [16, Theorem 5.2] Under the Assumptions 1 and 2, there exists an
optimal control u € L™ (Qs) with associated state §j € V>°.

The key point in the proof of first-order necessary optimality conditions is to
show the differentiability of the control-to-state operator S : u — y. In preparation
of a corresponding theorem, we consider the following linear equation

/KVy-Vvdx+4/aa|g|3yvds=((p,v>H1(Q)*’H1(Q) Vo e HY(Q) (4.1)
Q To
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with a given ¢ € H'(Q)* and § € V> with § > 0 a.e. in Q. It is easy to verify that
the bilinear form in (4.1) is bounded and coercive in H!(Q). Therefore, the Lax-
Milgram lemma implies that (4.1) admits solutions in H*(£2) for every right-hand
side in p € H'(Q)*. Thus, there exists a linear continuous operator Bg : H*(Q)* —
H(Q), mapping ¢ to y, such that the solution of (4.1) can be expressed as

y=Baep. (4.2)

Notice that the operator By depends on ¢. However, to improve the readability, we
simply write Bq instead of B4(%) and proceed analogously with similar operators
in all what follows. Next, we consider a slightly different equation:

aly,v] := / kVy - Vodr + 4/ (G olg)Py)vds + 4/ o |y vds
) P To (4.3)
= (¢, V(@) m@ YveH(Q).
Since G is not positive, the bilinear form a is in general not coercive. This is also
confirmed by the following numerical example, where we evaluate fFr G(|g)?v) vds

by numerical integration. The discrete scheme for the numerical integration is de-
scribed later on in Section 7. This investigation is realized on the domain presented
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Figure 2: Example for non-coercivity.

in Figure 1, with side lengths 2 for the outer and 1 for the inner square, respec-
tively. Furthermore, § and v are given by continuous piecewise linear functions
that are shown in Figure 2. Here, s denotes the curve parameter associated to I';.
Table 1 shows the results of the numerical integration for different numbers of grid
points n, (cf. (7.1)).

As one can see, the results converge towards a negative number. This indicates
that the exact value is negative, too, and hence, one cannot expect the bilinear
form in (4.3) to be coercive. Thus, the Lax-Milgram lemma cannot be applied.
However, (4.3) is equivalent to

y = Bqy — B, 4Golg]*ny, (4.4)
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Table 1: Results of the numerical integration depending
on the mesh size for € = 0.8.

Ny 2560 5120 7860 10240
fr (|y]2v)vds -6.91145 -6.91152 -6.91153 -6.91153

where B, : L*(T'y) — H'(f) denotes the solution operator to (4.3) if ¢ can be
expressed by

(@, V) EL (@), H () :/fr’vds
I,

with a function f. € L?(T,). Notice that it would be more appropriate to write
(Go || vy) instead of (Go|y|>ry) in this context. However, for the purpose of
readability, in all what follows, we suppress the trace in connection with g since it
represents a fixed reference state. Applying the trace operator to (4.4) yields

Yy +47 B, GU|@|3Try = 1:Bq . (4.5)

To show the existence of solutions of this equation, we rely on the following as-
sumption.

Assumption 3. A = —1 is not an eigenvalue of
B(g)(+) =47 B, Golg’(-), (4.6)
with B(y) : L*(T,) — L2(T,).

Since B, : L*(T,) — H(Q), we have that 7, B, : L*(T;) — H'/?(T',). There-
fore, due to the compact embedding of L*(T',) in H'/2(T',), B(y) : L*(T,) — L*(T;)
is a compact operator. Thus, thanks to Assumption 3, the theory of Fredholm op-
erators ensures that (I + B(%)) has a continuous inverse operator. Therefore, (4.5)
admits a solution in L?(T,), giving in turn the unique existence of solutions to
(4.3). Moreover, by standard truncation techniques, it is proven in [16] that, if the
inhomogeneity ¢ is sufficiently regular such that it can be expressed by

(@, V) ()=, 11 (Q) :/fﬂvdeJr/frvdSJr/fovdS
Q I, To

with some functions fq € L?(Q), f, € L(T;), and fo € L*(T',), then the solution
of (4.3) is bounded a.e. in 2, i.e., y € V°°. Based on these results, one shows the
Fréchet differentiability of the control-to-state operator S by applying the implicit
function theorem.

Theorem 4.2. [16, Theorem 7.1] Under Assumptions 1-3, S : L*(Qs) — V™ is
twice continuously Fréchet-differentiable at (g,u). Its first derivative, denoted by
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y = S'(a)h, h € L*(Qy), is given by
—div(ks Vy) = h in Qg
—div(kg Vy) =0 in Qg

KS(@y) _Kg(8y> +4GolgPy =0 on T, (4.7)
ony, ) on, «

Rs

0 ‘
Y +4eo|yy =0 on Ty.
8n0

Moreover, the second derivative w = S”()[h1, ha] solves the equation

—div(ks V) = 0 in
—div(kg Vw) =0 in Qg
0 9
A (a:) ) o (a: ) +4GolgPw = —12Golglgyy.  onD,  (48)
T s r g
0
ks v +deolylPw = —12¢e0|ylj y1y2 on Ty
(9n0

with y; = Sl(’a)hi, 1=1,2.

Remark 4.3. Clearly, the implicit function theorem also gives that S : L?(Q) —
V' is twice continuously Fréchet differentiable in a neighborhood of 4.

Next we introduce the adjoint equation by

/mVp-Vvdm+4/a|g|3(G*p)vds+4/50|g]|3pvds

Q Ty T'o
(4.9)
= /(sz— z)-Vodr Yve HY(Q).
Qg

Due to 2z € L?*(Qg)? by Assumption 2 and § € V°°, the right-hand side clearly
represents an element of H'(Q)*. Moreover, in [15] it is shown that the solution
operator associated to (4.9) is equivalent to the adjoint of the solution operator
corresponding to (4.3). Therefore, (4.9) admits a unique solution in H!(Q) pro-
vided that Assumption 3 holds true. For the derivation of first-order necessary
optimality conditions to (P), we introduce the reduced objective functional by

. 1 v
J(u) = J(S(u),u) = |V S(u) = 2lliz0, + , llullizca,)- (4.10)
Furthermore, we define the set of admissible controls by

Uad := {u € L*(Q) | ug(z) < u(x) < up(z) ae. in Q).
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With Theorem 4.2 at hand, standard arguments give the following result.

Lemma 4.4. Under Assumptions 1-3 , j is twice continuously Fréchet-differentiable
from L2() to R at . Its first derivative is given by

j'(@)h=(va+p, h)rzq.), (4.11)
where p solves the adjoint equation (4.9). For the second derivative, we obtain
7" @)lh1, he] = (Vyi, Vya)r200,) + v(hi, h2)r2 )

~12( [ Goldlanpds + [ collymppds). 412
I, To
with § = S(@) and y; = S"(u)h, i =1,2.
According to the standard optimal control theory, an optimal solution @ of
(P) must satisfy the following variational inequality

J(@)(u—1u)=(p+va,u—1u)2g,) >0 Yuc Uiy (4.13)

A standard pointwise discussion of this inequality yields

() = Paa {— i p(x)} ; (4.14)

where P,q(x) denotes the pointwise projection operator on [ug(x), up(x)]. In this
way, we have derived the following theorem:

Theorem 4.5. Suppose that Assumptions 1-3 are fulfilled and u is a locally optimal
solution of (P) with associated state jj. Then there exists an adjoint statep € H'(Q)
such that the adjoint equation (4.9) and the condition (4.14) are satisfied.

5. Second-order sufficient conditions

In this section, we follow the lines of [15], where the sufficiency of the second-order
optimality conditions stated below is shown in detail. To obtain some flexibility,
these conditions give local optimality in a L*-neighborhood, where s is not neces-
sarily equal to co, but can be chosen smaller. We introduce the strongly active set
as follows:

Definition 5.1. Let 7 > 0 be given. Then the strongly active set A, is defined by
A ={x e Q] |p(z) +vau(z)| > 7}
Moreover, the corresponding 7-critical cone is defined in a standard way (cf.
Dontchev et al. [9]).
Definition 5.2. The critical cone belonging to (P) is given by

u(z) =0 , ae.in A,
C.(1):=ueL*Q)| ulx) >0 , where @(z) = us(z) and x ¢ A, 3. (5.1)
u(z) <0 , where @(z) = up(x) and = ¢ A,
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In the following, let ¢ be a real number with 4/3 < ¢ < 2. Then the second-
order sufficient conditions for (P) are given by

Let 6§ >0 and 7 > 0 exist such that

(SSC) { v

3" (@) u® > 6 ||u||%q(ﬂs) for all w € Cr(u).

In [15], it is shown that condition (SSC) is indeed sufficient for local optimality.
The corresponding rather technical proof is based on techniques introduced by
Casas, Troltzsch, and Unger in [7] and by Troltzsch and Wachsmuth in [24]. It
yields the following result.

Theorem 5.3. [15, Theorem 5.4] Suppose that Assumptions 1-3 are fulfilled. Let
4/3 < q <2 be given. Define s by

_Ja2=qg , forg<2
S'_{oo , forq=2. (5.2)

Moreover, let (g,u) satisfy the first-order necessary optimality conditions for prob-
lem (P) and assume that condition (SSC) is fulfilled with some § > 0, 7 > 0. Then
there exist £ > 0 and ¢ > 0 such that

() > j(@) + 6 lu—allfuq,) (5-3)
for all u € Uyq with |Ju —

Ls(0.) S €

Remark 5.4. Setting ¢ = 4/3, we obtain s = 2, and hence Theorem 5.3 gives a
L*/3-quadratic growth condition in a L?-neighborhood of @. Choosing ¢ = 2 and
thus s = co, we obtain L?-quadratic growth of j in a L°°-neighborhood of 4.

6. SQP active set algorithm

Next, we present an infinite-dimensional algorithm to solve the semilinear elliptic
problem (P). To keep the discussion concise, we rely on much more restrictive
second-order conditions than (SSC). The stronger conditions are given by

Let 6 > 0 exist such that
®) 5 (@) u? > 6 ||ul2q,) for all ue L*(9).
The SQP method is motivated by the following consideration: Let u,, € Ugq, n > 0,
be a given iterate, then an optimal descend direction v is given by a solution of

min | (uy +v).
(u7L+U)EUadJ( " )

With v = u — u,, this is equivalent to the following optimization problem
P g (o =)
Now, let us assume that w, is located in a neighborhood of a stationary point

@ that satisfies Assumption 3, i.e., ||un — @[/z2(q,) < p. As stated in Lemma 4.4,
j: L?(Qs) — R is twice continuously Fréchet differentiable at @. By means of the
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implicit function theorem, the same holds for u,, if p is sufficiently small (cf. Re-
mark 4.3). Hence, we are allowed to use a Taylor expansion for j and approximate
(P,,) by the following optimal control problem

Q) min {nw) 1= 7 ) = ) () (0 — )},

where we omit j(uy), since, as a constant, it does not influence the optimization.
In view of (4.10), we continue with

3 (un) (= up) = (VS(un) — 2z, VS (un) (u — un))LQ(Qg) +V (Un, U — Un)r2(0,)-
Next, we set y, = S(un), hence y, € V°°, and define y := S'(up)(u — up) + yn.

Thanks to the structure of S’ (cf. (4.7)), it is clear that y solves the following
linearized PDE

—div(ks Vy) = u in Qg
—div(kg Vy) =0 in Qg
v v 3 3
s — kg +4610—|yn| y:3G0|yn| Yn on I’ (61)
on, ) on, o

dy
K +4eo |yn|3y =3¢e0 |yn|3yn +eo yé on Iy.
0

on

Notice that, as mentioned above, the assumption ||u, — @|/z2(q,) < p ensures that
S is Fréchet differentiable at u,, such that S'(u,) : L?(Qs) — V°° is well defined
giving in turn the unique existence of solutions to (6.1). Formal integration by
parts over 'y and T', then yields the associated variational formulation that is
given by

anly, v] ::/nVy-Vvdx+4/(GU|yn|3y)vds+4/5a|yn|3yvds

a v (6.2)
:3/(Ga|yn|3yn)vds+3/50|yn|3ynvds+/uvd:rJr/sayéds
Iy To Qs Lo

for all v € H'(Q2). Using (4.12), j, is transformed into
Jn(w) = (Vyn — 2, Vy = Vyn)r2(q,) + v (Un, U — un)r2(0,)

1 v
Ty Vy — Vyn||2L2(Qg) Ty flu— Un||%2(ﬂs)

- 6/ (Go [ynlyn (y — yn)?) pnds — 6/ €0 [Ynlyn (Y — yn)? pn ds
T, To

= Jn(y7 U),
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where y and y,, are defined as above and p,, solves the following adjoint equation

ay [pn, v] ::/ann~Vvdx+4/U|yn|3(G*pn)vds+4/z—:a|yn|3pnvd5
Q Iy o

= /(Vyn —2)-Vudr Yve HY(Q). (6.3)
Qg

In [15, Lemma 6.1], it is shown that not only S’(u) is well defined in a neighborhood
of i, but also the solution operator associated to (4.3) as a mapping from H'(Q)*
to H(€). Since the adjoint of this operator is equivalent to the solution operator of
(6.3) and the inhomogeneity can clearly be identified with an element of H!(Q)*,
there exists a unique p, € H'(Q) provided that Assumption 3 holds true and
un — @l L2(q.) is sufficiently small. Therefore, J, : V> x L?(Q) — R is well
defined and (Q,,) is equivalent to

minimize J,, (y, u)

(Q,) subject to (6.1)

and ug(x) <ulx) <wup(r) a.e in Q.
Theorem 6.1. Suppose that Assumptions 1-3, and condition (S) are fulfilled. Then,
for every u, € L?(Q) satisfying ||, — |20,y < p with some sufficiently small
p > 0, there exists a unique solution @ to (Qy) with associated state § = S’ (uy,) (i —
Un) + Yn-

Proof. In the following, let h € L?(f)5) be an arbitrary direction. Condition (S)
implies
5" (un) h* = §" (@) h* + (5" (un) — j" (@) h*
> " (@) h? = ¢|lun — @ 2(0,)
> (0 —cp) ||h||%2(95)7

since j is twice continuously Fréchet-differentiable from L?(€) to R. Thus, by
choosing p < §/2¢, we obtain

22 0.)

) 1)

§" (un) h* > 5 122 (q,)- (6.4)
In view of (4.11), we obtain for the first part of j,

j,(un)(u - un) = (Vyn — 2, Vy — vyn)L2(Qg) +v (un , U — un)L2(QS)
= (pn Frvup, u— 7-’fn)Lz(Qs) g

with a constant ¢ > —oo, since p,, is the solution of the adjoint equation (6.3)
and un,u € Uyq. Together with (6.4), this implies that j, is bounded from below.
The remaining part of the proof is along the lines of the standard theory for linear

quadratic problems. First, we consider a sequence {um}S°_; converging to the
infimum of j,. Due to v/2 ||u — 'LmH%z(QS) within the objective functional j,, we
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are allowed to select a weakly converging subsequence, w.l.o.g. {u,,} itself. The
corresponding weak limit is denoted by @. Since S’(u,,) is linear and continuous,
thus weakly continuous, we obtain weak convergence of the states in H'(Q) to
a limit g that satisfies the state equation (6.2) together with @. Moreover, the
coercivity of j”(u,) by (6.4) and the linearity of the remaining part of j, imply
that j, is convex on L2?(Q). Therefore, j, is weakly lower semicontinuous giving
the optimality of (g, @). Furthermore, the convexity of j, implies that (g, @) is the
unique optimal solution. ([

Notice that, with second-order conditions of the form (SSC), one cannot
derive an equation analogous to (6.4) that is essentially needed for the convexity
and the boundedness of j,. Therefore, to keep the discussion concise, the restrictive
second-order conditions (S) are used here, that do not account for strongly active
sets. However, it is possible to deal with strongly active sets in an SQP framework
by considering second-order conditions of the form

Let § > 0 and T > 0 exist such that
3" (@) w? > 6 |[ull 72,y for all w € L*(Q) with u(z) =0 on A,.

In this case, the unique existence of solutions of the associated linearized problems
analogous to (Q,) is an immediate consequence of the convergence theory of the
SQP method that follows from the theory of Newton’s method for generalized
equations. This is in detail discussed in Unger [26] for the elliptic case and in
Goldberg and Tréltzsch [10] and Troltzsch [23] for the parabolic case.

In a standard way, first-order necessary optimality conditions to (Q,) are
derived. The Lagrange formalism gives the following adjoint equation to (Qy),
here denoted in the variational formulation:

a;[p, v] ::/ /prondx+4/J|yn|3(G*p)vds+4/z—:a|yn|3pvds

Q I, To
:/(Vy —2)-Vodzr + 12/ (U|yn|yn(G*pn))(yn —y)vds (6.5)
Q I,
+ 12/(50 |Yn|Yn D) (Yyn — y)vds Vv € H(Q),
To

where y € H'(Q) is the solution of (6.2). As it possesses the same bilinear form
as (6.3) and the right-hand side is clearly an element of H'(2)* because of y,, €
Ve and §,p, € H'(Q), the existence of solutions to (6.5) follows by the same
arguments as in case of (6.3). Similar to the discussion in Section 4, a pointwise
evaluation of the variational inequality to (Q,) gives the well-known projection
formula

W(2) = P { ! ﬁ(m)} , (6.6)
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where p denotes the solution of (6.5) with y = . Problem (Q,,) is solved by a
primal-dual active set strategy (see for instance [2] or [3]). To that end, we define

Ax) = pla) + vi(a)

and introduce the active and inactive sets by
Ag = {z € Qs |u(x) — Mz) < ug(x)}
Ap = {x € Qs |u(x) — AM(z) > up(x)}
T:=Q\{A, UA4}.

(6.7)

With (6.7) at hand, one shows by standard arguments that the optimality system,
consisting of (6.2), (6.5), and (6.6), is equivalent to

5] =3 [ GolunPyods +3 [ <ol Py vds
T, o
+/ ﬂvdx+/ coysds Yve HY(Q)
Qs T'o
aylp,v] = /(sz —z)-Vodx + 12/ (J|yn|yn(G*pn))(yn —g)vds
g Iy (68)
+ 12/(60’ Y|y n) (yn — Gvds Yo € HY(Q)
o
i(x) = uq(x) ae. in A,
i(x) = up(x) a.e. in Ay

vi(z) +p(z) =0 ae. inZ,
Altogether, the SQP method with primal-dual active set strategy proceeds as

follows.
Algorithm 1.
1. Choose initial value ug. Compute yo = S(ug) and pg as the solution of the

adjoint equation (6.3). Set n = 0.
2. Compute inhomogeneities in (6.2) and (6.5) that only depend on y,, and p,.

3. PRIMAL-DUAL ACTIVE SET STRATEGY:
(a) Define initial sets .At(lo) C Qg and .A,()O) C Qg with .At(lo) N Ag)o) = (. Set

7\ = 0\ AP U AP} and i = 0.
(b) Find 4, §;, and p; by solving (6.8).
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(¢) Set A\; = p; + v, and
AUHD = Lo e O i(z) — Niz) < ua(a)}
AP = (1€ Qs (2) — M) > up()}
0 = Q\ (A U AT

(d) If .At(f“) = ((f) and Agfﬂ) = .A,(f) then STOP, else:

Update i =i + 1 and goto (b).
4. Set Upy1 = Uiy Ynt1 = Ui, and ppy1 = Pi-
5. if
5.t (||Un+1 —Unllz2)  NYnt1 —ynllzz)  IPns1 —pn||L2(Q)> < tol
3 [unllLe (o) ynllL2(0) IPnll2(0)
then STOP, else: n = n + 1, goto 2.

In [26], [10], and [23], respectively, locally quadratic convergence of (yy, tn, Pn) to
a locally optimal solution (¢, i, p) of (P) in V°° x L>(Qy) x H(£2) is shown. As al-
ready mentioned above, the underlying analysis is based on the theory of Newton’s
method for generalized equations. Moreover, since (Q,,) is a control constrained
problem, the active set strategy can be interpreted as a semismooth Newton-
method that is superlinearly converging (see, e.g., [12]). For a globalization of the
SQP method, we use a projected gradient method with a line search according to
the Armijo rule to find suitable initial values for the SQP method.

7. Discretization

The following section is devoted to the discretization of the linear PDEs in the
optimality system for (Q,), given by (6.8). To be more precise, we focus on the
treatment of by ,,, b} ,,, and b, i.e., the boundary integrals on I'; and Ty in (6.2)
and (6.5), since all other terms in both PDEs are discretized in a standard way
using linear finite elements. The corresponding linear finite element ansatz func-
tions are denoted by ¢;, ¢ =1,...,n,. The integral with the prescribed function z
is approximated by third order Gaufl quadrature.

The nonlinear integrals over I'. and I'g are approximated by a summarized
midpoint rule. The same technique is used by Atkinson and Chandler in [1] when
they apply the midpoint rule to solve the radiosity equation in the two-dimensional
case. Its advantage is that critical parts of the radiation integral operators can be
evaluated exactly as demonstrated below. In the following, we explain the dis-
cretization of b., as an example for the integrals over I'.. The discretization of
the integrals over I'( is similar, but simpler, since they do not involve the nonlocal
radiation operator. If we insert the ansatz for y, given by

y(x) = Y y; (@),
=0



232 C. Meyer

and the ansatz function ¢; as test function into b., in the bilinear form a, in
(6.2), we obtain the discrete version of boundary integral:

[ Gy ds~2/ (G () 65(x)) $s(x) ds y; = Z&m

QOF

r

Here, d is defined by d(z) := o |y, (z)|>. For the numerical integration of B;;, we
divide the m intervals on I', arising from the triangulation into n; smaller intervals
denoted by T'y, and, thus, I'; can be represented by

I, = U Iy, with n, == n;m. (7.1)
k=1
In all that follows, we denote the midpoint of the subinterval T'y, by xj. With that
partition at hand, the midpoint rule reads as follows:

By = [ (Ga@)6@)a@)ds~ Y a0l Gdo)a). (1)

I, I'pCIy
According to the definition of G in (1.2), we obtain
(Gde;)(wk) = ([ - K)I —(1-e)K) 'edg;)(wy),

~ (7.3)

where the integral operator K is defined by (3.1). Using again the summarized
midpoint rule, K is approximated by

Z hxl / W\ Tk, 2 dszz Z Klkh xl

I cr; Icry

with w as defined in (3.2). For our numerical investigation, we again choose the
domain presented in Figure 1, with side lengths 2 for the outer and 1 for the
inner square, respectively. Hence, according to (3.3), the convexity of ), implies
for the visibility factor Z(x, z) = 1. As already mentioned, in Section 3, the kernel
w exhibits a singularity at z = x;. In our case, this problem only occurs in the
corners of (g, since the definition of w implies w(xy, z) = 0 for all z € I';. Therefore,
a numerical integration of sz w(zk, ) ds, nearby the corners of Qg is critical.
However, in our case, {1 is a convex polygon, and hence we can apply Lemma
Al for the evaluation of K (see Appendix A). Therefore, the integral K;, =
fr w(zy, z) ds, is exactly integrated in our case, and we obtain

1/t . — ty : - i
( (zk) - (w0 —zk)  te(@k) - (200 xk)) Cifap ¢ T
K = 2 ||37l,1 - l‘k” ||37l,0 - xk”

0 ,if z, € T

Here, the unit tangential vector t,(zx) is defined as in (A.2). Moreover, ;¢ and
27,1 are the end points of the interval I'; ordered as required in Lemma A.1.
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Lemma 7.1. Assume that the emissivity is bounded from below by emin > 0. Then
the matriz J :=1— (1 — ¢)K is invertible.

Proof. By construction we have that K;; = 0 if z; € I';. Therefore, K;; = 0 and
thus J;; = 1 hold true for all 1 < i < n,.. Moreover, in case of a convex domain,
the normal vector n,(x) and the difference vector z — x always point into the same
half-space. Since the same holds for n,(z) and = — z, w(z,z) > 0 follows for all
x,z € I';. Hence, we obtain K;; > 0 for all 1 < ¢,j < N,. Together with e(z) <1
a.e. on I'; and K;; = 0, this yields

Z'J’L]| —Z 1 —¢)K;
J#i j=1
— €min Z/ 371, dSZ

J= 1F
= (1 — Emin)/ (3717 )dsz
Iy
From [14, Lemma 1], it is known that K1 = 1 and hence [ w(z;,2)ds, = 1.
Therefore, the assumption on the emissivity implies
Z 1Jij] <1—éemin <1=1J4,
i#£]
which concludes the proof. ([

In view of (I — (1 —¢)K)h = eod ¢, Lemma 7.1 allows us to continue with
h=(I-(1-¢)K) 'cDg, (7.4)

where ¢; and h are vectors of the values of ¢; and h, respectively, at the midpoints
TE, Le., @ = (qu(xk))z;l and h = (h(a:k)):;l Moreover, I denotes the n, X n,
identity matrix and D is defined by D := diag(d(mk))k |- The inverse of - (1—¢)K
is calculated with the help of a Lapack LU decomposition. With (7.3) and (7.4)
at hand, the nonlocal radiation operator is approximated by

(Gdgj)(ar) o, » I-K)I-(1-e)K) 'eD¢; =:GD¢,;.  (7.5)
Next, we introduce the matrix
¢ = (¢1a ¢27 sty ¢np)

Notice that ® € R"*"» je., ® is in general nonquadratic. Together with (7.2)
and (7.5), this definition implies

Q

B~® M,GD®
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with M, := diag(|Fk|)Z;1. Analogously, we obtain for by ,,, i.e., the integral over
I’y in the bilinear form a} of the adjoint equation (6.5),

/ d(x) $i(x) (G* plz)) ds = / (Gd(x) 6:(x))plz) ds (7.6)

T, I
~ Z/ (Gd(x) di(2))é;(x) ds p; = ZB” P, ~ Z @TDGT M, d); p;,
j=OFr 7=0

with GT = (I— (1 —¢)K)"T(I-KT) and D, M., and ® as defined above. On the
other hand, we have

/d ) 6i(@) (G gs(x)) ds ~ S ulan) d(an) [Tl (G* 65) (1)

I, CTy
~ (®' DM, G* ),
where G* denotes a discrete version of G*. Comparing this with (7.6), we choose
G*=M'G™M

and observe that G* is the adjoint of G with respect to the weighted scalar product
vI'M, w as discretization of fl“r vwds.

All other integrals over I'y in (6.2) and (6.5), have the same structure as the
ones described above, except frr(0|yn|yn(G*pn))yvds. With d = o|yn|yn, this is
discretized by

[ e p) y¢zds~z/ G*pa)) 5 61 dsy,;

. =0T,
'“Zy] > Gilan) dan)[Tk| (G*pa)(ax) 85 (xx).

j=0 TpcCl, ~
b =: a(xy)

Similar to above, we obtain
a(zr) ~ (DM, G*®p,), = (DG' M, ®p,),,

since p,, as the current iterate of the SQP method, is also discretized by linear
ansatz functions, and hence, the interpolation of p, onto the intervals I'y, k =
1,...,n, on I'} is equivalent to ® p,.

With this discretization at hand, the optimality system (6.8) is approximated
by a linear system of equation of the size 3 n, x 3n, for the unknowns 4, ¢, and p.
This system is solved numerically using the direct sparse LU factorization included
in the UMFPACK library (see [8] and the references therein).
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8. Numerical examples

The starting point of this section is an example that is already discussed in [16].
However, here, we present some additional results that highlight substantial char-
acteristics of nonlocal radiative heat transfer in the context of optimal control. For
the numerical investigations, we use the domain introduced above. Moreover, the
material parameters are fixed at average values of the realistic distributions given
in [17]. The specific values are given in Table 2.

Table 2: Material parameters for the numerical tests

fg (i) #s (mk) & 0 (2ks)
008 240 065 5669610~

Furthermore, the external temperature gy, is assumed to be constant and
equal to 293.0 K. Throughout the following numerical tests, the desired temper-
ature gradient (in IKn) is given by z = (0,—-20)T, and we took u, = 125000, and
up = 750000 for the control constraints (in HVIVB ). Due to the comparatively large
values of the control, one has to deal with rather small Tikhonov regularization pa-
rameters to control the influence of the cost term within the objective functional.
Hence, we choose v = 5- 10719 for the first computation. However, later on, this
is decreased to v = 5- 10711

Before, we present the numerical results, let us shortly describe the used mesh.
It consists of 98340 points and 196358 triangles. Due to the nonlocal radiation
boundary condition, it is refined four times on the inner boundary I'; as shown in
Figure 3, such that we obtain m = 3049 points on I';. With n; = 4, this results in
n, = mmn; = 12196 intervals for the numerical integration of the boundary integrals
described in Section 7. Furthermore, since the corners of I'; are non convex with
respect to the outer domain s (see Figure 1), the mesh is additionally refined
eight times in each of these corners up to a mesh size of approximately 107°
in a radius of 10~* around the corners. This is illustrated in Figure 3, where
each white framed box indicates the area that is show in the subsequent figure.
To illustrate the convergence behavior of the SQP active set algorithm, several
characteristic data are recorded during the iteration. First, the decrease of the
objective functional is shown. Moreover, we present the residuals in the discrete
versions of the state equation and the adjoint equation, respectively, and the error
in the gradient equation in each iteration step. The residual in the discretized state
equation is given by the following quantity:

Np

Ty IZZ

i=1

ah[yn,qsi]f/un@dxf/wyg@ds

Qs Lo

: (8.1)

where, as before, the subscript n denotes the actual SQP iterate that is also dis-
cretized by linear finite element ansatz functions. Moreover, aj, is the discretization
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Figure 3: Mesh refinement on I'; and in the nonconvex corners.

of the left-hand side in the variational formulation of the state equation given by

/ kVyn - Vodr + / (G olynPyn)vds + / £0 [yn|Pyn v ds.
Q Iy To
Here, the integral over T'; is discretized as described in Section 7, i.e.,
([ @olvaPunsias)” ~o7m,cney,
i=1
Iy

with D = diag(0|yn(wk)\3)Z;l and y, (x) = (P yn)r. Notice that the last integral
in (8.1) can be evaluated exactly in our case since yo is constant. In view of (4.9),
the residual for the discrete adjoint equation is defined by

ny

Tp :zz

i=1

a:;h[pna ¢L] - /(Vyn - Z) . v¢t dx ’
2
where a;, ;, denotes the discretized version of the bilinear form of the adjoint equa-

tion in (4.9) which is clearly equal to a, and is consequently discretized as described
in Section 7. Since z is constant in our case, fQ z - V¢; dr can also be computed
g
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exactly. The relative error in the gradient equation, i.e., the projection formula
(4.14), is given by

[[un = Paa{ — ip"}HL2(QS)

unllL2 (o)

Topt =
Furthermore, at the end of each iteration, we compute three other quantities that
can be interpreted as indicators for the error in the optimality system for (P)
consisting of the state equation, the adjoint equation, and the gradient equation
in form of (4.14). To that end, we introduce

M= wnllzz@

N
= with § =) ¥;¢i(z) and y := Sp(u,)
Y lynll L2 ; o !

as an indicator for the relative error in the state equation. Here, Sj, : RNs — RN
denotes the discrete solution operator of the state equation. Moreover, Ny denotes
the number of nodes in Qg, and N, ¢ is defined analogously. Within in our framework,
S}, is numerically realized by a continuous Newton’s method. It turns out that the
linear PDE that has to be solved in each iteration step of Newton’s method has the
same structure as (6.1) and (6.2), respectively. Hence, it is discretized as described
in Section 7. Due to the nonlocal radiation, the arising linear system of equations
is not symmetric and solved with the help of the GMRES code included in the
SPARSKIT library (cf. [19]). Here, an incomplete LU decomposition of the stiffness
matrix was used for preconditioning. With ¢ at hand, the indicator for the relative
error in the adjoint equation is computed by

P = pull2@)

N
= with p = Pi¢i(x) and p = S, ()" w,
b [PnllL2(0) ; '

where S} (9)* : RV — RY denotes the discrete solution operator of the adjoint
equation at §. Moreover, w € Rz is defined by

wi= [ (Vi) Voda,
Qg
which can again be evaluated exactly, since g is discretized with linear finite el-
ements and z is constant in our case. As already mentioned above, the bilinear
form associated to the adjoint equation is discretized, as depicted in Section 7.
The arising linear system of equations for p is again solved with the SPARSKIT
GMRES code. Finally, similarly to r,,¢, we introduce the following quantity as an
indicator for the relative error in the projection formula (4.14)

U — U 2 1
e = i@ - g
[unllz2(0) v
Notice that we use the same numerical solvers for the semilinear state equation
and the adjoint equation in the projected gradient method for the initial value

search.
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In the sections below, we present the result of a numerical test carried out
with the setting mentioned above. Afterwards, the numerical solution is com-
pared with two other tests, first without radiation on I', and second with a lower
Tikhonov parameter v.

8.1. Example 1

For the given setting, we obtain the numerical solution that is shown in Figures
4-7. In the pictures, the numerical solutions are denoted by the subscript h. Fig-
ure 7 illustrates that there are significant differences of the optimal temperature
distribution from the desired one. First the isotherms at the upper edge of I',
are not horizontal as required. In addition to that, with a value of about 17 K,
the temperature difference between lower and upper edge of I'; is smaller than

N 90
oo 0
tﬂomhig

P P2
tﬂmz.qgm
S

~
10 p oo O

v
0% o0 Q
0? S

Figure 4: Control uy,. Figure 5: Adjoint state py,.
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0g 2107

Figure 6: State yp,. Figure 7: Isotherms in €.
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the desired 20 K. Furthermore, the control possesses some peaks in the corners
of T',. As the computational mesh is refined in these corners several times, this
does not seem to be a numerical effect. Table 3 illustrates the convergence be-
havior of the overall method, i.e., including the projected gradient method, by
showing the decrease of the objective functional. Here, the rows above the double
line refer to the projected gradient method, whereas the rows below correspond
to the SQP active set algorithm. Notice that the initial value for the projected
gradient method is given by uy = ug + 0.3(up — ug) = 312500. The corresponding
state is computed with Newton’s method as described above. The initial value
of the objective functional amounts 4.921569e+02. As one can see, the objective

Table 3: Convergence history for the first example.

it Jyu)  1/20Vy=zllaq,, v/2lulisq,
1 2.261592e+02 1.551524e+-02 7.100687e+-01
2 1.754913e+4-02 1.052975e+02 7.019378e4-01
3 1.461291e+-02 7.696015e+-01 6.916894e+01
4 1.268671e+4-02 5.873924e+01 6.812786e+01
5 1.136532e+-02 4.654510e+01 6.710807e+01
6 1.043283e4-02 3.820065e+01 6.612768e+01
7 9.754344e+01 3.235032e+01 6.519312e+01
8 9.241677e4-01 2.811423e+01 6.430253e+01
9 8.840054e+01 2.494841e+01 6.345213e+01
1 3.576389e+01 1.106707e+01 2.469682e+01
2 3.735623e+-01 9.940953e+-00 2.741527e+01
3 3.743465e4-01 9.845256e4-00 2.758939e+-01
4 3.743563e+-01 9.844839¢+-00 2.759079e+01

functional is heavily decreased after the first SQP iteration. Hence, as expected,
the SQP method causes a speed up of the convergence rate. Table 4 shows the
residuals, explained above, for this test case. Moreover, ¢ is the average difference
between two iterates that was used for the stopping criterion (see Section 6), and
#itas denote the number of active set iterations needed in the respective SQP
step. The relative errors in the optimality system at the end of the iteration are
listed in Table 5. As explained above, we use the projected gradient method for
the globalization of the SQP method. To show the capability of this approach, a
second computation with the same setting is made, except the initial value that
is this time given by ug = u, + 0.8(up — ug) = 625000. Table 6 illustrates that in
both cases the same discrete optimum is achieved. Here, the subscript 0.3 refers to
the solution with the smaller initial value, whereas 0.8 corresponds to the solution
with the larger one.
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Table 4: Residuals for the first example.

itst Topt Ty Tp 1) #itasg
1 1.589331e-04 5.482575e+04 4.737234e+00 5.220376e-01 9
2 1.414200e-04 6.502728e+02 2.171805e-01 1.737493e-01 9
3 6.143822e-05 1.328521e+00 1.284949e-03 1.263109e-02 2
4 1.034504e-16  1.706435e-04 1.361016e-04 8.339519e-05 1

Table 5: Errors for the first example.
€y ey ep

1.871817e-05 3.475214e-11 8.845293e-05

Table 6: Comparison of solutions with different initial values.

luo.s —wosllrza,y  1yo3 —vosllez,y o3 — posllz2(a.)
l[uo.3llL2(0.) y0.3ll 22 P03l L2(2)
3.487588e-05 6.218094e-06 1.069079e-04

8.2. Example 2

To demonstrate the influence of the nonlocal radiation on I'y, we now set e|r, = 0.
Hence, the interface condition on I} is equivalent to

oy oy \
Kg (8nr>gﬁs (anr>so on Iy, (82)

and all integrals over I'. in the variational formulations of the respective PDEs
vanish. The physical meaning of (8.2) is the continuity of the normal heat flux on
T';. Notice that, on 'y, the emissivity is kept at 0.8. The corresponding numerical
solution is plotted in Figures 8-11. First, we observe that the numerical solution
differs significantly from the one for € = 0.8 shown above. This indicates that it is
indeed essential to account for radiation at this temperature level. In contrast to
the results of Section 8.1, the difference between the optimal temperature distribu-
tion and the desired gradient is comparatively small. This is also confirmed by the
Table 7, in particular by the third column, i.e., the values of 1/2||Vy — z||2L2(Qg).
Notice that the difference in the values of the objective functional between the
last projected gradient iteration and the first SQP step is even larger than in the
first example. Moreover, we observe that the projected gradient method took 19
iterations to find an appropriate initial value. For lack of space, only the first and
the last iteration are listed in Table 7. In addition to that, also the SQP algorithm
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Figure 8: Control uy, for €|, = 0. Figure 9: Adjoint state py, for
glr, = 0.
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Figure 11: Isotherms in §2, for
€

Figure 10: State yy, for
€

r, = 0.

r, =0.

converges more slowly and in average more active set iterations are needed than in
the first example, as Table 8 demonstrates. Table 9 shows the relative errors at the
end of the iteration in this example. As one can see, the accuracy is similar to the
first example (cf. Table 5). Beside the mentioned differences to the first example,
the optimal control again exhibits the characteristics peaks in the corners of T';.
This observation indicates that this effect is not primary caused by the nonlocal
radiation.
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Table 7: Convergence history for the second example.

it

1

J(y,u)
1.490288e4-04

1.481115e+-04

1/2|Vy = 2320, /20ul}2,)

9.173619e+01

19 1.020851e+03 9.251696e+-02 9.568096e+01
1 9.823424e+01 2.771518e-02 9.820653e+01
2 2.115733e+01 5.352483e-03 2.115198e+01
3  1.416047e+01 1.341036e-02 1.414706e+01
4 1.418358e+01 2.119156e-02 1.416238e+01
5 1.418514e+01 2.144337e-02 1.416370e+01
6 1.418514e+01 2.144668e-02 1.416370e+-01
7 1.418515e+01 2.144024e-02 1.416370e+01
8 1.418514e+01 2.144514e-02 1.416370e+-01
9 1.418514e+01 2.144634e-02 1.416370e+01
Table 8: Residuals for the second example.
itsqp Topt Ty Tp 0 #itas
1 6.312025e-08 4.492778e+03 1.115695e+00 5.678788e-01 45
2 9.292909e-06 9.878379e+04 2.483003e-01 5.419677e-01 13
3 1.460824e-05 1.979200e+04 3.898660e-02 9.871592e-01 14
4 1.523589e-08 4.001972e+02 1.430243e-03 3.732820e-01 7
5 4.097114e-07 1.972830e-01  6.144579e-05 4.653599e-03 2
6 8.876577e-17 3.419224e-05 8.094413e-05 1.310908e-04 1
7 3.058806e-16 6.033589e-05  8.884676e-05 4.754761e-04 1
8 3.620855e-17  2.886753e-05  1.144260e-05 1.656183e-04 1
9 9.094179e-17 2.397091e-05  3.672017e-05 4.463665e-05 1
Table 9: Errors for the second example.
€y ey ep
3.059852¢e-05 2.572896e-11 2.144628e-04
8.3. Example 3

In the last example, the influence of the Tikhonov parameter v is studied. To that
end, we choose the values of the first example for all parameters and set v = 10719,
and afterwards v = 5-10~!!. Each time, the result of the computation with larger v
was used as initial value. The optimal values of the objective functional are shown
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Table 10: Objective functional for different values of v.

v Jy,u)  1/20Vy—zliaq,) v/2lullag,) #Hitsop
5e-10 3.743563c+01  9.844839e+00  2.759079¢+01 4
le-10 1.286689e+01  5.682817e+00  7.184076e+00 4
Se-11  9.123665e+00  5.210145¢+00  3.913520e+00 3
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in Table 10. Here, #itsqp denotes the number of SQP iterations. For v = 5-10711,
the value of J is not longer dominated by the Tikhonov part. However, as Figure
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15 illustrates, the optimal state is still distinct from the desired one. Clearly, since
the regularization parameter is smaller than in the first example, we expect the
optimal control to be more irregular. As Figure 12 shows, this is indeed the case,
especially in the corners of I';. Table 11 again shows the relative errors.

Table 11: Errors for the third example.

€y ey €p
2.715416e-04 3.960569¢-12  7.569732¢-05

Appendix A

In the following, we present a rather technical proof for the integration formula
that is used to evaluate the matrix K arising from the discretization of the nonlocal
radiation operator K (cf. Section 7).

Lemma A.1. Assume that €, is a polygon in R? with boundary T, and that the
unit normal vector on Iy, denoted by n., is facing into the interior of Q. Let a
and b be two points located on the same edge of I'y and Ty be defined by

Ty ={z€R*|z=a+s(b—a), 0<s<1},

i.e., the line between a and b. Moreover, we assume that Z(xz,z) = 1 for all z € Tgp,
and that a and b are ordered such that the orthogonal complement of b—a given by

(b—a)t = ( ‘gl)?:a‘f) ) (A1)

is orientated in the direction of n., i.e., into the interior of dg. Furthermore, let S
denote the set of cornerpoints of T'y. Then, for every point x € T';\S, the following

equation holds true
1 (t(z) (b—=) tr(x)-(a—a:)> _
_ T,

./wuﬁawzz 2( 16— <] la—z ) > T

Cup 0 , if x € int Ty,
where t.(x) is defined by

o)== (e ). (A.2)

—nr,1(2)
Proof. Let us first consider the case x ¢ I',p,. We start with the definition of w in R?

[ne(2) - (2 = 2)|fne(2) - (z —2)] _ N

w(z,z) = 2z — a? =D

(A.3)
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Notice that z ¢ S implies that n,(z) is well defined. Due to z € T, it can be
expressed by z = a+s(b—a), 0 < s < 1. Due to n.(z)-(b—a) = 0, the numerator
in (A.3) is equivalent to
N = [n(2) - (z — )] [ne(z) - (b — a)] s + [m(2) - (z — a)] [n:(2) - (a — )]
=:C18 + C2.
For the denominator, we obtain
D=[(b—a)’*s*+2(a—2x)- (bfa)s+(xfa)2}3/2
=: (k‘l 52 + ko s+ k‘3)3/2.

We continue with
1

Cc18 + Cco
)d b—alld
/ xz Sz /2 k‘182—|—k28—|—k‘3)3/2 H a” S
Tap 0

1
ds

_to=el, ]
! k152+kzs+k3)3/2
0

1

ds
+020/ k152+kzs+k3)3/2 )

b—a
=: ” 9 ” (01 I +co IQ). (A4)

Integration via substitution yields for the first integral
 2(kas+2ks) r _(@—a? (a—2)-(b—2)
490Vk1 82 + kos + k3], Olla—z| 9b— x|
where ¥ is defined by

9= (b—a)’@—a)®—[(b—a)-(a—)]°
By straightforward computation, it follows that
9 = (b1 — ar)(wa — a2) — (b2 — a) (w1 — ar)]” = [|b— al|* [n:(2) - (2 — )],

since, by assumption, the unit normal on I, is equivalent to n,(z) = ||b—al| = (b—
a)*. For the second integral, one finds

2(2k1 s + ka) r_(ba)-(ax) L (b—a)-(b—u)
419\/k1$2+k28+]€3 0 ’19”0/—37” ’l9||b—$||

with ¢ as defined above. Hence, we obtain for the sum in (A.4)

_ 1 S1 Sa
Ahrel= e @-a {nb—xn ||a—x||}' (A9)

1=

2 =



Sy = [n:(2) - (a —2)][(b—a) - (a — )] = [n:(2) - (b—a)|(z — a)?
Using the definition of ¢, in (A.2), Sy is transformed into
Sl = [nrﬁg(x)(bl — (ﬂl) — nr’l(x)(bg — (ﬂg)}
[(az — 22)(by — a1) — (a1 — 21) (b2 — a2)] (A.6)
= b —al [t:(2) - (b = 2)] [n:(2) - (= — a)].

Analogously, we find for Ss
Sy = b —a| [t:(z) - (a — )] [ne(2) - (z — a)]. (A7)
Inserting (A.7), (A.6), and (A.5) in (A.4) finally yields

/w(m,z) ds, = e g al (c1 11 + 2 1)
Fab

_ (@) (b—2) t(z) (a—2)
_2( [[b— =] la — ]| )

On the other hand, if x € int 'y, then we have ny(z) - (z — ) = 0 for all z € Ty,
and hence, w(z,z) = 0 for every z € I'yp, with z # z. Now, we partition the
integral into one over a neighborhood N(z) of x and one over I'y;\N(z). Due to
w(x,z) = 01if z # z, the latter one is clearly equal to zero. Moreover, when passing
to the limit [N(x)| | 0, also the integral over N(z) tends to zero, since z ¢ S and
the singularity of w is of order 1 — § on smooth parts of I, (see Tiihonen [21]).
This finally yields the assertion. ([

References

[1] K.E. ATKINSON AND G. CHANDLER, The collocation method for solving the radiosity
equation for unoccluded surfaces, J. Int. Eqn. Appl., 10 (1998), pp. 253-290.

[2] M. BERGOUNIOUX, K. ITO, AND K. KUNISCH, Primal-dual strategy for constrained
optimal control problems, SIAM J. Control and Optimization, 37 (1999), pp. 1176—
1194.

[3] M. BERGOUNIOUX AND K. KUNISCH, Primal-dual strategy for state-constrained op-
timal control problems, Computational Optimization and Applications, 22(2002),
pp. 193-224.

[4] J. BONNANS, Second order analysis for control constrained optimal control problems
of semilinear elliptic systems, Appl. Math. Optimization, 38 (1998), pp. 303-325.

[5] J. BoNNANS, E. Casas, Une principe de Pontryagine pour le contréle des systémes
semilinéaires elliptiques, J. Diff. Equations, 90 (1991), pp. 288-303.



SQP Active Set Method 247

. CAsAs, Pontryagin’s principle for optimal control problems governed by semilinear

6] E. C Pont i’ incipl timal control probl d b ili
elliptic equations, International Series of Numerical Mathematics, 118 (1994), pp. 97—
114.

[7] E. Casas, F. TROLTZSCH, AND A. UNGER, Second order sufficient optimality con-
ditions for a monlinear elliptic control problem J. for Analysis and its Applications
15 (1996), pp. 687-707.

[8] T.A. Davis, Algorithm 832: UMFPACK — an unsymmetric-pattern multifrontal
method with a column pre-ordering strategy, ACM Trans. Math. Software, 30 (2004),
pp. 196-199.

[9] A.L. DoNTCHEV, W.W. HAGER, A.B. POORE, AND B. YANG, Optimality, stability,
and convergence in optimal control, Appl. Math. Optim., 31 (1995), pp. 297-326.

[10] H. GOLDBERG AND F. TROLTZSCH, On a Lagrange-Newton method for a nonlinear
parabolic boundary control problem, Optimization Methods and Software, 8 (1998),
pPp. 225-247.

[11] H. HINTERMULLER AND M. HINZE, A SQP-semi-smooth Newton-type algorithm
applied to control of the instationary Navier-Stokes system subject to control con-
straints, submitted to STAM J. Optimization.

[12] M. HINTERMULLER, K. ITO, AND K. KUNISCH, The primal-dual active set method
as a semi-smooth Newton method, to appear in SIAM J. Control Opt.

[13] O. KLEIN, P. PHILIP, AND J. SPREKELS, Modeling and simulation of sublimation
growth of SiC bulk single crystals, Interfaces and Free Boundaries, 6 (2004), pp. 295—
314.

[14] M. LAITINEN AND T. TIIHONEN, Conductive-radiative heat transfer in grey materials,
Quart. Appl. Math., 59 (2001), pp. 737-768.

[15] C. MEYER, Second-order Sufficient Optimality Conditions for a Semilinear Optimal
Control Problem with Nonlocal Radiation Interface Conditions, submitted to ESAIM:
Control, Optimisation and Calculus of Variations.

[16] C. MEYER, P. PHILIP, AND F. TROLTZSCH, Optimal control of a semilinear PDE
with nonlocal radiation interface conditions, submitted to SIAM J. Control Opt.

[17] P. PHILIP, Transient Numerical Simulation of Sublimation Growth of SiC Bulk Sin-
gle Crystals. Modeling, Finite Volume Method, Results, PhD thesis, Department of
Mathematics, Humboldt University of Berlin, Germany, 2003. Report No. 22, Weier-
strass Institute for Applied Analysis and Stochastics, Berlin.

[18] H.-J. RosT, D. SicHE, J. DOLLE, W. EISERBECK, T. MULLER, D. ScCHULZ,
G. WAGNER, AND J. WOLLWEBER, Influence of different growth parameters and
related conditions on 6H-SiC crystals grown by the modified Lely method, Mater.
Sci. Eng. B, 61-62 (1999), pp. 68-72.

[19] Y. SAAD, SPARSKIT and Sparse Examples, Numer. Anal. Digest, 94 (1994).

[20] T. TIHONEN, A nonlocal problem arising from heat radiation on non-convez surfaces,
Eur. J. App. Math., 8 (1997), pp. 403-416.

[21] , Stefan-Boltzmann radiation on non-convex surfaces, Math. Meth. in Appl.
Sci., 20 (1997), pp. 47-57.
[22] , Finite element approximation of nonlocal heat radiation problems, Math. Mod.

and Meth. in Appl. Sci., 8 (1998), pp. 1071-1089.



248 C. Meyer

[23] F. TROLTZSCH, On the Lagrange-Newton-SQP method for the optimal control of
semilinear parabolic equations, STAM J. Control Opt., 38 (1999), pp. 294-312.

[24] F. TROLTZSCH AND D. WACHSMUTH, Second-order sufficient optimality conditions
for the optimal control of Navier-Stokes equations, accepted by ESAIM: Control,
Optimisation and Calculus of Variations.

[25] F. TROLTZSCH AND S. VOLKWEIN, The SQP-method for control constrained opti-
mal control of the Burgers equation, ESAIM: Control, Optimisation and Calculus of
Variations, 6 (2001), pp. 649-674.

[26] A. UNGER, Hinreichende Optimalitatsbedingungen 2. Ordnung und Konvergenz des
SQP-Verfahrens fiir semilineare elliptische Randsteuerprobleme, PhD thesis, Tech-
nical University Chemnitz, 1997.

Acknowledgment
The author is very grateful to P. Philip for several helpful discussions.

C. Meyer

Weierstrass Institute for

Applied Analysis and Stochastics
Mohrenstr. 39

D-10117 Berlin, Germany
e-mail: meyer@wias-berlin.de



International Series of Numerical Mathematics, Vol. 155, 249-267
(© 2007 Birkh&user Verlag Basel/Switzerland

Shape Optimization for
Navier-Stokes Equations

Pavel 1. Plotnikov and Jan Sokolowski

Abstract. The minimization of drag functional for the stationary, isothermal,
compressible Navier-Stokes equations (N-S-E) in three spatial dimensions is
considered. In order to establish the existence of an optimal shape the general
result [26] on compactness of families of generalized solutions to N-S-E is
applied. The family of generalized solutions to N-S-E is constructed over a
family of admissible domains U,q. Any admissible domain 2 = B\ S contains
an obstacle S, e.g., a wing profile. Compactness properties of the family of
admissible domains are imposed. It turns out that we require the compactness
of the family of admissible domains with respect to the Hausdorff metrics as
well as in the sense of Kuratowski-Mosco. The analysis is performed for the
range of adiabatic ratio v > 1 in the pressure law p(p) = p” and it is based
on the technique proposed in [24] for the discretized N-S-E.
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1. Introduction

From the point of view of applications, the shape optimization for N-S-E is a
new and important issue. The main difficulty, in solution of such problems, is the
lack of existence results for the nonlinear PDE’s in the case of compressible flu-
ids or gases. To be more precise, it seems that there are no general results, e.g.,
for the boundary value problems with the nonhomogeneous boundary conditions.
Therefore, it is an interesting and difficult subject of current research. We refer
the reader to monographs [17], [11], [19], [21] for the modern theory of nonlinear
PDE’s applied to N-S-E, which we apply in the paper for a specific problem. There

This work was completed during a stay of the first author at the Institute Elie Cartan of the
University Henri Poincaré Nancy 1.
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is a real difference in complexity of analysis, as it can be seen in the paper, be-
tween linear and nonlinear problems from the point of view of shape optimization.
Therefore, the framework introduced in the monographs [17], [11], [19], [21], is
necessary for mathematical analysis of shape optimization of the drag functional
J(p,u, Q) for stationary, isothermal, compressible N-S-E. However, the precise re-
sults, we present here, are not included in the monographs, and are new to our
best knowledge.

We are going to study the convergence of minimizing sequence {py,, w,, 2y }n>1 for
the shape functional J(2) := J(p,u, Q) defined for generalized solutions (p,u) of
N-S-E. Our goal is to obtain an existence result for the class of shape optimization
problems.

1.1. Shape optimization problems for N-S-E

In the present paper a class of shape optimization problems for stationary, isother-
mal, compressible N-S-E is considered. The model problem of shape optimization
can be described as follows.

For a given domain Q = B\ S find the velocity field u, the density p, and
the pressure p = p” by solving the boundary value problem for nonlinear PDE’s.
The range v > 1 of adiabatic ratio is required in the paper in view of potential
applications.

Let (u, p) be a generalized solution to the boundary value problem posed in
the geometrical domain Q = B\ S, where B C R? is a fixed hold all domain and
S is an obstacle.

—vAu —¢{Vdivu+ puVu+ Vp(p) = pf ,  div (pu) =0,
u=0on9dS, u=U>ondB,
p=p onXt ={xrcdB: U® n(x) <0}.
If there exist generalized solutions to the equations, next step is to minimize

the integral cost functional J(2) := J(p,u, ), with respect to the obstacle S
within the family of admissible domains U, 4, where

J(p,u, Q) = /(H —pu®u—p(p)l): Va=dx + /(U°° —u™) - fpdr .
Q Q
We require that the set of admissible domains U,q enjoys the following com-
pactness conditions:

For any sequence of admissible domains {0, }n>1 C Uyq, there is a subsequence
still denoted by {Q,}rn>1, Qn = B\ Sy € Uag, and a domain Q C Uy, such that

e Volumes of the obstacles are bounded from below
|Sp| = meas(S,) > Vol ,

where Vol is a given constant.
e The sequence {€,,} converges to ) in the Hausdorff metrics.
e The sequence {Q,} converges to € in the sense of Kuratowski-Mosco.
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The first condition is prescribed in order to assure that the optimal domains con-
tains an obstacle, e.g., the wing profile. The second and the third conditions are suf-
ficient for passage to the limit in nonlinear equations. Below, we provide more pre-
cise definitions of the required compactness properties. The main result of this work
is the following existence theorem for the class of shape optimization problems.

Theorem 1.1. Assume that the family of admissible shapes is compact in the sense
described above, and that the set of generalized solutions to (1.1) for @ = B\ S €
Uaq is nonempty. Then there is at least one solution Q* = B\ S* € U,q for the
shape optimization problem of the drag minimization:

J(QF) = J(p* 0", Q%) < J(Q) == I(p,u, Q)

for all admissible domains Q € Uzq. The pair (p*,u*) is a generalized solution
in .

We obtain the existence result without any regularity assumptions on the
boundaries of obstacles. In fact, we make use of a compactness result [26] obtained
for the family of solutions to the N-S-E, so that the existence of optimal shapes
is a simple corollary of the theorem on the compactness of the set of generalized
solutions.

1.2. Mathematical analysis of shape optimization problems
Usually the mathematical analysis of shape optimization problems includes:

e The proof of existence of optimal shapes for a sufficiently large class of ad-
missible domains.

e Derivation of necessary optimality conditions which characterize an optimal
domain and can be used for numerical solution of the shape optimization
problem.

e The convergence proof for numerical method which can be used to evaluate
an optimal shape.

To our best knowledge, only the first point is studied in the literature for
the compressible N-S-E and drag minimization. We refer the reader to [10] for the
existence results for shape optimization problems in the case of evolution equations
for the adiabatic ratio v > 3/2, see also [9] for the related results. In the present
paper the case of v > 1 is considered in three spatial dimensions. The technique
used, is introduced in [23], [24]. The optimality conditions for drag minimization
are derived in [27].

We restrict ourselves to the first issue on the above list of problems to be
solved, which is already quite difficult, since there are no existence results for the
PDE’s model itself in the range of parameters we are going to consider, i.e., for
the adiabatic ratio v > 1 in the law p(p) = p” which gives the pressure p of the
fluid in function of its density p in the isothermal regime. We also point out, that
the existence of generalized solutions for N-S-E equations with nonhomogeneous
boundary conditions for full range of parameters is an open problem. For some
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results in this direction, in two spatial dimensions and for the special geometry of
flow region, we refer the reader to [14]-[16].

We show that, under appropriate assumptions, the convergence of the se-
quence of admissible domains implies the convergence of the associated sequence
of shape functionals. To make our analysis representative we consider the drag
functional, which is the standard choice in view of possible applications, e.g., in
the shape optimization of a wing.

A related shape optimization problem is considered in [10] for evolution equa-~
tions, and with the adiabatic ratio v > 3/2. We consider the case of v > 1 using
the same technique as in [24]. The novelty of our results, in comparison with those
of paper [24], is the PDE’s model. We consider here the stationary problem. In [24]
the discretized problem introduced in [17] is considered, such a problem depends
on the parameter a > 0 of time discretization of evolution equations [17], the limit
case of a = 0 becomes the stationary problem. It is clear, that the analysis of
the stationary problem is more involved, compared to the analysis of more regular
discretized problem.

1.3. Generalized solutions of N-S-E in three spatial dimensions

Suppose that compressible Newtonian fluid occupies the bounded region  C R3.
We will assume that = B\ S, where B is an open convex sufficiently large hold
all containing inside a compact obstacle S. We could take, e.g., for B a ball of
radius R, B = {z||z] < R}. We do not impose restrictions on the topology of the
flow region. The cases of S with a finite number of connected components or S = ()
are taken into consideration. The fluid density p : Q — R and the velocity field
u: Q— R3 are governed by the Navier-Stokes equations

—vAu — ¢{Vdiva + puVu+ Vp(p) = pf ,  div (pu) =0,

where v, € are positive viscous coefficients and f : Q — R? is a given continu-
ous vector field. We suppose that the flow is barotropic and p(p) = p? with the
adiabatic ratio v > 1. If the viscous stress tensor is defined by the equality

IM=v(Va+Vu')+ (£ —v)dival , (1.2)

then the governing equations can be written in the equivalent divergence form

div (pu®@u) + Vp(p) — pf = divIl, div(pu) =0in Q . (1.3a)
In view of possible applications, e.g., to the shape optimization problem of a wing,

it is supposed that the velocity field satisfies the non-homogeneous boundary con-
dition

u=0ondS, u=U>ondB, (1.3b)
and the density distribution is prescribed on the entrance set
p=p onXt ={xrcdB: U® n(x) <0}. (1.3¢)

Here n is the outward unit normal vector to 9. It is assumed that U® € R3 is a
given vector, and p™ € Lo (X7) is a given non-negative constant.
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Boundary condition (1.1) can be written in the form of the equality u = u*™
on 09, where u™(z) is a smooth function defined for any = € R?, which vanishes
in the vicinity of S and coincides with U® in an open neighborhood of dB. The
physical quantities which characterize the flow include the total energy E, the
volume rate of energy dissipation D and the drag J, and are defined by

_ 1 2 pY _ 2 2
Ef/(2p|u| +’y_1)dx, Df/(z/|Vu| + ¢ldivul?) do (1.4)
Q Q

J=-U>. [ (Il —p(p)I) -ndS .
/

The drag J accounts for the reaction of the surrounding fluid on the obstacle
S. For our purposes, the formula for the drag can be written in the equivalent
form

J(p,u, Q) = /(H —pu®u—p(plI): Vurde + /(Uoo —u™) - -fpdz . (1.5)
Q Q

We will consider the physically reasonable solutions to problems (1.3) and for
which the density is non-negative and the total energies are bounded from above
by some positive constant E. In what follows we will denote by ¢ various constants
depending only on E, data [/f||c(p), p*°, [[u*||c1(p), material constants v, v, &,
and the domain B.

In the paper the standard notation is used for the function spaces. The space
HY"(Q) is the Sobolev space of functions integrable along with the first order
generalized derivatives in L, () equipped with its natural norm. For r = 2 we
use the notation H2(Q) rather than H'(Q); the notation Hy" () stands for the
closure of C§°(€2) in the norm of H"(Q).

Definition 1.2. For given U™ € R3 and f € C()? a generalized solution to problem
(1.3) is the pair (p,u), where p € L7(Q) is a non-negative function in € and
u—u> € Hy?(2), which satisfies the following conditions:

(a) The scalar function p|u|? is integrable in €, i.e., the total energy E of the flow
is finite. The mass density and the velocity field satisfy the energy inequality

v||V(a— u°°)||2L2(Q) +¢||div (u — u°°)||2L2(Q) + /pu@u s Vu® dz+
Q

/p(p)divuoo d — /pf- (- u™) da + /(pW)V(Uw m)dl <0 (16)

v—1
Q Q T+
(b) For all vector fields ¢ € C§(Q)3,
/(pu®u+p(p)):V@dm—&—/pf-(pdx:/H:Vgadx. (1.7a)

Q Q Q
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(¢) The integral identity
[(@m: v+ (6) — & pip)vdiva) do + [ 461,330~ - naz =0,
>+

Q
(1.7b)

holds and any functions ¢ € C1(2) vanishing on ¥~ = 9B\ ¥, and any
function G € CL. [0, 00) with the properties

loc

limsup |G(r)|/r < 0o, [0,00) 3 r+— G(r)—G'(r)r € R continuous and bounded.

T—00

Condition (c) of the above definition means that we consider the renormalized
weak solutions of the stationary problem, see [11] for a discussion on renormal-
ized solutions. Such definition simplifies the further analysis without any loss of
generality.

Remark 1.3. Denote by ¥~ = 9B\ X7 the erit part of the boundary dB. Tt follows
from the definition of generalized solutions that the extensions of the density and
of the velocity vector field onto the domain R? \ ¥ 7, given by the equalities

pz)=0in S, p(zr)=p=inR*\ (BUX"),
u=0inS, u=U®inR*\(BUX),
satisfy the integral identity
/ (G(p)u -V + (G(p) — G'(p)p)wdivu) dx =0 (1.9)
R3

for any functions 1 € C}(R?) vanishing near ¥~

(1.8)

1.4. Continuity of shape functionals

The cost functional for shape optimization problems is the drag J(2, u, u1,,) defined
by formula (1.5). In applications, the drag is usually minimized within the class of
admissible shapes. To our best knowledge there are no results on the shape opti-
mization problem in the framework of generalized solutions to stationary problems
for the adiabatic ratio v > 1, the case of evolution equations for adiabatic ratio
v > 3/2 is considered in [10].

The drag depends on the solution (p,u) to problem (1.3), however such a
solution, if it does exist, it is not in general unique. We point out, that the existence
of solutions for the adiabatic ratio v > 1 in three spatial dimensions is in general
an open and difficult problem [18]. The case of discretized problems is considered
in [24] for v > 1, however no dependence of solutions on geometrical domains is
considered in [24]. On the other hand, the case of drag minimization in two spatial
dimensions is studied in [23]. Furthermore, the drag depends on an admissible
shape of the obstacle S. The dependence of the drag on the admissible shapes
is twofold, first, it depends directly on € since the integrals in (1.5) are defined
over 2, and it depends on the generalized solutions to N-S-E defined in Q. The
restrictions on the shapes of admissible obstacles S are defined in such a way that
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the set of admissible shapes and of the associated generalized solutions is compact.
The precise conditions for admissible shapes are established below in the form of
condition (M). In the present paper we do not derive the necessary optimality
conditions for the problem of drag minimization, we prove only the compactness
of the set of solutions over the set of admissible shapes. The compactness property
leads to the existence of an optimal shape provided the set of generalized solutions
is nonempty. The optimality conditions for the drag minimization problem are
obtained in forthcoming paper [27] for a more restricted class of N-S-E.

We are now in a position to formulate the main result of the paper.

Suppose that a sequence of flow domains Q,, = B\ S,, satisfies the following
three conditions, we refer to as condition (M):

Condition (D)
e There is a compact K¢ € B such that U, S, C Kg.

e If a compact set K € Q, then K € ,, for all large n.
o If w, — w weakly in H2(B) and w, € Hy*(Q,), then w € Hy?(Q).

In this case we will write
o, 2 a. (1.10)

It is easy to see that the convergence of the sequence {€2,,} both in the Hausdorff
metrics and in the sense of Kuratowski-Mosco implies all the three conditions listed
in condition ().

We deal with the system of PDE’s which is not elliptic. Therefore, we need
stronger conditions on the convergence of geometrical domains, compared to the
classical Kuratowski-Mosco convergence, which is adapted to the elliptic case. In
particular, our conditions are more restrictive when compared to the Kuratowski-
Mosco convergence of domains €2,,.

In order to prove Theorem 1.1 let us consider the minimizing sequence {Q,,}
for the shape functional J(2).

The main result of the paper is the existence of the limit for such a sequence,
and it is based on the following compactness result for generalized solutions to
N-S-E proved in [26].

Assume that there is a sequence {Q,} of domains which converges Qy, 20 and a
sequence of generalized solutions {(pn,un)} to compressible N-S-E

div (ppu,@uy,) + Vp(pn) — pf = divIl, div(ppu,) =0 in Q, , (1.11a)
u, =0o0n9S,, u,=U> ondB, (1.11b)
pn=p> on Xt ={zx€dB: U® .n(z) <0} . (1.11c)

Suppose also that the total energies of the sequence (py,u,) of generalized solutions
to problem (1.11) are uniformly bounded by a constant c,

1 1
E, = ( 2 7)d <ec. 1.12
o= Gl L) (112)



256 P.I. Plotnikov and J. Sokolowski

Then there is a subsequence of the sequence {pn,uy,}, still denoted by {pn,un},
such that for any r < 7,

Pn — P in LT(B)7 p(pn) - p(p) n Llloc(Q)a (113)
u, — u weakly in H¥*(B), u—u™ e H}*(Q) .

The pair of functions (p,u) serves as a generalized solution to problem (1.3) for
the limit domain Q, furthermore, the shape functionals converge for n — oo,

J(pn, wn, ) — J(p, 0, ) . (1.14)

The compactness result leads to the existence of optimal shapes provided
that the set of generalized solutions is nonempty for the minimizing sequence of
admissible shapes. The set of solutions is nonempty, in particular for sufficiently
small data, since in such a case the existence of local solutions is proved at least for
the homogeneous boundary conditions. We refer also to [14]-[16] for the existence
results in two spatial dimensions with nonhomogeneous boundary conditions.

The convergences (1.13) and (1.14) are [proved in several steps, we refer the
reader for complete analysis to [26]. Here, we provide the main lines of the proof
which is quite complex. The case of two-dimensional spatial domains is treated
n [23], for the adiabatic ratio v > 1, where the existence of optimal shapes of
obstacles is shown.

2. A priori estimates for generalized solutions

In this section we present the following theorem on local integrability of generalized
solutions, which is interesting on its own.

Theorem 2.1. Let (p,u) be a generalized solution to problem (1.3) and Q' be a
subdomain of Q with dist (¥',0Q) > d > 0. Then for k =2(y—1)/(y+2) > 0,

||pu2||L1+n(Q/) < Cd_l, ||p||L'y(1+n)(Q/) < CN(Q/) . (21)
where the constant N only depends on €Y.

The proof of Theorem 2.1 is based on following lemmas. The first lemma
gives the estimate of the rate of energy dissipation in terms of the total energy of
the fluid.

Lemma 2.2. Under the assumptions of Theorem 2.1 the wvelocity vector field is
bounded

[ullgr2) < ¢, (2.2)
where the constant ¢ only depends on the data of the boundary value problem.

Choose a domain Qg with a smooth boundary so that

VeQe, dist (9Q0)>d/3, dst (9, )) > d/3.



Shape Optimization for Navier-Stokes Equations 257

The second lemma shows that the Newtonian potential of the pressure is uniformly
bounded on €.

Lemma 2.3. Under the assumptions of Theorem 2.1,

~
ess sup ")

dy <ecd'. (2.3)
z€Qo 5 |x - yl

The third lemma shows that the energy is bounded.

Lemma 2.4. Under the assumptions of Theorem 2.1,

/p’y|u —u™dx < cd ™t (2.4)
Qo

3. Weak convergence

Since the notion of weak limits plays the crucial role in our analysis, we begin
with short description of some basic facts concerning weak convergence and weak
compactness. We refer the reader to, e.g., [28] for the proofs of basic results.

Let A be an arbitrary bounded, measurable subset of R? and 1 < r < oo.
Then for every bounded sequence {gn }n>1 C L"(A) there exist a subsequence, still
denoted by {g.}, and a function g € L"(A), such that for n — oo,

/gn(a:)h(x)dx — /g(m)h(m)dm for all h e L'/ "=V (4).
A A

We say the sequence converges g, — g weakly in L"(A) for r < oo, and converges
star-weakly in L>°(A) in the limit case of r = oco. In very special case of r = 1
it is known that the sequence of g,, contains a weakly convergent subsequence in
L'(A), if and only if there is a continuous function ® : R — R* such that

lim ®(s)/s = oo and sup || ®(g,)||r1(a) < oo
§— 00 nZl
If the sequence of g,, is only bounded in L!(A) and A is open, then after passing to

a subsequence we can assume that g, converges star-weakly to a bounded Radon
measure measure fg, i.e.,

n— 00
A A

lim [ g,(z)h(z)dx = /h(x)dpg (z) for all compactly supported h € C(A).

In the sequel, the linear space of compactly supported functions on a set A is
denoted by Cy(A), and its dual by Co(A)*.

The Ball’s version [3] of the fundamental Tartar Theorem on Young measures
gives a simple and effective representation of weak limits in the form of integrals
over families of probabilities measures. The following lemma is a consequence of
Ball’s theorem.
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Lemma 3.1. Suppose that a sequence {gn}n>1 is bounded in L™(A), 1 < r < oo,
where A is an open, bounded subset of R¥. Then we have the following character-
izations of weak limits.

(i) There exists a subsequence, still denoted by {gn}n>1, and a family of proba-
bility measures o, € Co(R)*, x € A, with a measurable distribution function
T(x,A) := 04(—00,A]. The function X — T'(x,\) is monotone and contin-
wous from the right, and admits the limits 1,0 for A — “+oo, respectively.
Furthermore, for any continuous function G : A X R — R such that

i IG( Mlleay /A" =0 for r < oo

and sup [|G(-, N)[|c(ay < oo for r = oo,
Al

the sequence of G(-,gn) converges weakly in L*(A) to a function
G(z) = /G(m,)\)dAI‘(x,)\). (3.1)
R

Moreover, the function

Asz— /|)\|’“d,\1‘(x,)\) cR
R

belongs to L1 (A).

(ii) If G(x,-) is conver and the sequence g, converges weakly (star-weakly for
r=o00) to g € L"(A), then G(z) < G(x,g(x)). If the functions g, satisfy
the inequalities g, < M (resp. gn, > m), then I'(xz,\) = 1 for A > M (resp.
I(z,A) =0 for A <m).

(iii) If T(1 —=T) = 0 a.e. in A, then the sequence g, converges to g in measure,
and hence in L*(A) for positive s < r. Moreover, in this case T'(x,A) =0 for
A< g(z) and T'(x,\) =1 for A > g(x)

Let us consider the sequence of generalized solutions {(py, u,)}n>1 to problem
(1.3). Assume that the functions (p,,u,) are extended onto R3 by formulae (1.8),
and fix an arbitrary bounded smooth domain D with B € D. For such extended
functions, by inequalities (1.12) and formulae (1.8), it follows that the sequence
(pn,uy,) contains a subsequence, still denoted by (p,, u,), such that

pn — p weakly in LY(D), u, — u weakly in H"?(D),

3.2
pn — p weakly in L(H”)V(Q’) for all Q' € Q. (3:2)

The behavior of the functions p(p,) is more complicated. Since they are
uniformly bounded in L!(D), we can assume, after passing to a subsequence if
necessary, that p(p,) converge weakly to some finite Borel measure pu, on D.
On the other hand, the sequence {p(p,)} is bounded in L'**(K) for any compact
K & Q. Using the diagonal process we obtain the existence of a subsequence which
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converges weakly on each compact K €  to some function p € L{1"(0). Since

Pl oy < Timinf [[p(pn)ll L2 x) < ¢

the function p is integrable over €. Next, we note that by construction the func-
tions p(pn) = (p>°)7 are bounded and independent of n on D \ B. From this we
conclude that the extended function p(x),z € D, defined as follows

p(z) =p(x) in Q, p(x) = (p™)? in D\ B,
belongs to the class L'(D\ S) N Lit"(Q) N L>°(D \ B), which implies the equality

loc
h(x)dp, = h(x)p(z)de + [ h(z)du, + [ h(x)du, for all h € Co(R?),
[ [ pomi [ |

where the compact obstacle takes the form S = B\ Q. Applying Lemma 3.2 to the
sequence of g, := p, and to the sets A = D, Q) leads to the following result on the
representation of weak limits.

Lemma 3.2. There exists a subsequence of the sequence {pn,u,}, still denoted by
{pn,un}, and a distribution function T : D x R — [0,1] such that

(i) T'(z, A) meets all requirements of Lemma 3.1 and satisfies the equalities
I'(z,A\) =0 for A< 0 a.e. in D,
D(z,\) =0 for A< p™®(z), TD(z,\) =1 for \>p>(z) a.e. in D\ B.
(ii) For any continuous function G : D x R such that plir{)lo p NG p)llepy =0,
the sequence G(-, pn) converges weakly in L'(D) to the function,
G(z) = / G(z,\)drI'(z, A) a.e. in D. (3.3)
[0,00)
In particular, the weak limit of p,, takes the form
p(z) = / AL (z, A) = / (1 =T(x,\)dX a.e. in D. (3.4)
[0,00) [0,00)
(iii) The function p admits the representation
p(z) = / AT dr\T(z, A) = / N1 —T(2, M) dA a.e. in D\ S.
[0,00) [0,00) (3.5)

Since the embedding Hé’Q(D) — L"(D) is compact for r < 6, we can expect
that p,u,, converge weakly to pu. The corresponding result is given by the following
lemma.

Lemma 3.3. Forv=(y—1)/(y+1) > 0 and for any ' € Q,
pnll, — pu converges weakly in L' (D)3,

Pnlly, @ U, — pu® u weakly in L' T(Q)°.
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4. The effective viscous flux

Following [17] we introduce the quantity
V(p,u) =p(p) — (£ +v)divu

which is called the effective viscous flux. As it was shown in [17, 6, 8] the effec-
tive viscous flux enjoys many remarkable properties. The most important is the
multiplicative relation

e(P)V =¢(p) V

for weak limits, which was proved in [17] for all v > 3/2. The simple proof
of this result, based on the new version of compensated compactness principle,
was given in papers [6, 8]. In our case, by Theorem 2.1, the critical estimate
[ onlunl?] Lt @y < e(€) holds for every Q' € Q, which leads to the following
local version of the compensated compactness result from [8].

Lemma 4.1. Let there be given functions h € C§°(Q), and ¢ € C*°(R™). Then

/h(m)g@V(p, u)dr = /h(m)g@ Vdx, where V =p— (2+v)divu. (4.1)
Q Q

Corollary 4.2. Assume that the function X — @(\) belongs to the class C*°(R)

and vanishes for sufficiently large . Let ¢p € L°°(D) be L*°-star weak limit

of the sequence {p(pn)p(pn)}, pdivu € L?(D) be L*-weak limit of the sequence
{¢(pn)divu,}. Then
1

E+v E+v

where ¢ and p are given by Lemma 3.2.

pp — pdivu = op —@divu in D\ S, (4.2)

5. The oscillation defect measure

The notion of oscillation defect measure was introduced in [6] in order to justify
the existence theory for isentropic flows with small values of the adiabatic ratio
7. Following [6, 11] the r-oscillation defect measure associated with the sequence
{pn}n<1 is defined as follows

osc,[pn, — p |(K) == sup limsup || Tk (pn) — T (p) |- (1) -

k>1 n—oo

where Ty (z) = kT(z/k), T(2) is a smooth concave function, which is equal to z
for z < 1 and is a constant for z > 3. The smoothness properties of T} are not
important and we can take the simplest form Ty (z) = min{z, k}. Note that the
total energy estimates provide the boundedness of ~y-oscillation defect measure on
the whole domain D. The unexpected result was obtained by E. Feireisl et al. in
papers [6, 8], where it was shown that (1+y)-oscillation defect measure associated
with the sequence {p,} is uniformly bounded on all compact subsets of 2.
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Note that in the shape optimization problem we can not replace the compact
subsets K € ) by the domain {2 itself, since the oscillation defect measure is not
any regular set additive function on the family of compact subsets of €2, i.e., it is
not any measure it the sense of measure theory. In order to bypass this difficulty
we observe that the finiteness of the oscillation defect measure on compacts gives
some additional information on the properties of the distribution function I'. Our
task is to extract this information and then to use in the proof of Theorem 1.1. In
order to formulate the appropriate auxiliary result we define the function 7y(x)
by the equality

Ty(x) = min{p, 9} () — min{p(z), ¥(x)} for each ¥ € C(Q).

Lemma 5.1. Under the assumptions of Theorem 1.1 and Lemma 3.2, there is a
constant ¢ independent of 9 and K such that the inequalities

1T 57 ) < Jim [ [minon(2), 9(2)} - min{p(a), o)}z < (5.0)
Q

hold for all 9 € C(Q) and K € Q. We point out, that the limit in (5.1) does exist
by the choice of the sequence py,.

We reformulate the result of Lemma 5.1 in terms of the distribution func-
tion I'. Recall that the functions min{p,, A} are uniformly bounded in R3 and
min{p,, A}divu,, converges weakly in L?(D) for all non-negative \. Introduce the
functions

Vi = (min{p, )\}divu) — min{p, A\}divu € L*(D), (5.2)

H(z) = / T(z,s)(1 —T(z,5))ds, $ € L(D).
[0,00)
Lemma 5.2. There is a constant ¢ independent of A such that

9] L1+(p\s) + SI;P IVallzr(p\s) < c. (5.3)

6. Kinetic formulation of the mass balance equation

In this section we show that the distribution function I'(z, A) of the Young mea-
sure, associated with a given sequence of solutions to problem (1.3), satisfies some
integro-differential transport equation which is called the kinetic equation. This
result is given by the following lemma. Fix an arbitrary function (z, A) satisfying
the conditions

(€ CX(D xR), sptC@D\(E_US). (6.1)

We use the notation d) for the partial derivatives with respect to the variable A,
e.g., O\C := g§\ The absolutely continuous measure is denoted by dx( := I (d\.

Recall that the compact obstacle is of the form S = B\ Q and that ¥~ C B
is the exit set.



262 P.I. Plotnikov and J. Sokolowski

Lemma 6.1. Suppose that all assumptions of Theorem 1.1 are satisfied and T is a
distribution function of the Young measure associated with a given sequence {py}
of solutions to problem (1.3). Then

[(xz, A\)Vz (- wdhdz + / AIM(z,N) drCdz =0 . (6.2)
(D\S)xR (D\S) xRy

Here w is the solenoidal vector field of the form w(x,\) = (u(z), —Adivu), and
the function M is defined by the equalities

MaN ==, [ T -pdres)
. (6.3)
=i / (s7 —p)dT(x,s),
xo0)

in which the weak limit for the pressure p(x) = [p Ad\I'(z, ) is defined in Lemma
3.2. Integral identity (6.2) is equivalent, in the sense of distributions, to the kinetic
equation

0 [Adivu(z)L(z,\)] —div (D(z, A)u(z)) 0 AM(z,\)] =0 in D'(D\S). (6.4)

o\ o\
Remark 6.2. Since the kinetic equation is understood in the sense of distributions,
the equation remains valid if we replace the intervals of integration [0, A) and [\, 00)
in formulae (6.3) by [0, A] and (A, 00) respectively, which creates some discomfort.
In order to avoid such ambiguity, we observe that (6.2) also holds true if we replace
the function M by its invariant form

M(z, \) ::;( lim M(z,s) + thnOM(x,s)). (6.5)

s—A+0 S—A—

The next lemma describes the basic properties of the function M (x, A), which
are important for the further analysis.

Lemma 6.3. For a.e. z € D\ S,

(i) M(z,-) is non-negative and vanishes on R™. Moreover, if the Borel function
M(x,.) given by (6.5) vanishes og-almost everywhere on the interval (w, o0)
with w = p(x)'/7, then o, = dxT'(x,-) is a Dirac measure and

D(z,A\) =0 for A < p(x)7, T(z,\) =1 for A > p(z)*/7.
(ii) For all g € C§°(0,00),
/R JOYM(z, A)dA = — / o' (\)Vx(@)d (6.6)
’ [0:5¢)

where Vy is defined by (5.2).



Shape Optimization for Navier-Stokes Equations 263

7. Renormalization of the kinetic equation

The notion of a renormalized solution, introduced in pioneering paper [4], plays
an important role in the theory of compressible N-S-E developed by P.L. Lions
and E. Feireisl et al. Moreover, the kinetic equation itself is a result of the renor-
malization procedure. Formally we can renormalize equation (6.4) multiplying the
both sides by a function ¥'(T"), which leads to the transport equation for the func-
tion ¥(T'), but the justification of this construction is a delicate question. The
corresponding result is given by the following lemma. Set ¥(T') =T'(1 —T).

Lemma 7.1. For all functions h € C§°(D\ S) with spt h € D\ (SUX™) and for
all functions n € C*°(R) vanishing near +00, we have the integral identity

/ Fla, Nda d\ = 2 / (/n(A))\Dﬁ(x,/\)d,\F(x,/\))h(x)dx, (7.1)

(D\S)xR (D\S) [0,00)
where
F =nN)¥(D)u(z)Vh(z) — A(z) ¥ (T)n" (N)divu(z) + Ma(z) ¥ (T)M(x, \)n'(A) .
In other words, the function U(T) satisfies the transport equation

0

o (D)) oY Z0in DD\ (3 US)),

div ) » (‘I’(F)u) + oA

8. Convergence of shape functionals

We provide here, for the convenience of the reader, a sketch of the proof for rela-
tions (1.13) and (1.14). The complete arguments can be found in [26].

We point out, that Theorem 1.1 will be proved if we show that any sequence
of generalized solutions to problem (1.3) satisfying hypotheses (1.10), (1.12) and
of Lemmas 3.2, 3.3, converges almost everywhere on D\ S. In the light of Lemmas
3.2, 3.3, it suffices to verify the equality ¥(I') = 0in (D \ S) x R.

We begin with proving that renormalized integral identity (7.1) after substi-
tuting h = 1 turns into the integral inequality

/ {m’(rwn’ ~ (D) div u}dx X

(D\S) xR (8.1)

> 2 / ( / n(A)ADﬁ(m,)\)dAF(x,A)) dz,
(D\S) [0,00)
which holds true for all non-negative functions n € C'*°(R) vanishing near +oo.

The proof is based on the following approximation result which is shown by an
application of the Hedberg approximation Theorem [12].
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Lemma 8.1. For each k > 1 there exist a function ( € C*>°(D) and a constant ¢
independent of k such that (x, vanishes in a vicinity of S and

0<¢ <1, meas A +/ |Viu|dz < 1/k, (8.2)
D

where Ay, ={x € D\ S: ((x) <1-1/k} C D\ S.

Following [10] let us consider the sequence of functions x(z) = x (k dist (z, X~ U
dD)) with an arbitrary, smooth, monotone function x such that x(z) = 0 for
z < 1/2 and x(z) =1 for z > 1. Since ¥(T')(-, \) vanishes outside of D\ B, we
have for all sufficiently large k,

Vxe(u—u®) — 0in LY(D\ S), ¥(T)(,A\)Vxxu™ <0in D . (8.3)
Set hx = (xxr and note that
Vhiu < [VGau| + [V (u —u™)] + G Vxpu™.
Recalling the inequality 7 > 0 and relations (8.2), (8.3) we obtain
lim sup / U(T)nVhrudr dh < 0. (8.4)
ke (D\S)xR

Moreover, the functions hy converge to 1 in measure on D \ S. The functions hy
are Lipschitz continuous in R? and vanish in the vicinity of ¥~ U S therefore, can
be used as test functions in (7.1). Substitution of hj into (7.1) followed by the
limit passage k — oo in the resulting integral identity, leads to desired inequality
(8.1).

Next, we claim that the right-hand side of (8.1) equals to zero. To this end,
choose an arbitrary non-negative function v € C*°(R) with spt v C (—1,1) and

Jgv(A\)dX = 1. For fixed t > 2, set n(A\) = [wv(s —t)ds. Since 7/(A) = 0 and
A

nA)=1for A\<t—1,7(A\) =0 for A >t+ 1, we can use (8.1) to obtain

2 / ( / MM ) e < —(t+1) / [ Mew()diva(e) }y dedr. (85)

(D\S) [0,i—1) (D\S) xR
Using identity (6.6) and the relation
- / U(T) n'(N) |divu| dz dX
(D\S) xR
- / | / [ / W(T(x, 5)) ds] divul da fdx
[0,00) D\S Qx][0,\)

we can rewrite inequality (8.5) in the form

2 / ( / AT ) dr < (14 1) / 7 (oA | (8.6)

(D\S) [0,t-1) (1,00)



Shape Optimization for Navier-Stokes Equations 265

where the function p : [0,00) — R is given by

p(A) = / (T (z, s))|divu(z)| dx ds + /Vx(x)d:v .
(D\S)x[0,X) Q
Since

/ W((z, ) ds < / W((z,5)) ds = H(z) |
[0,2) [0,00)
Lemma 5.2 implies the boundedness of p on RT,

(M| < cllullzrz2pvsy 19 22p\s) + [[VallLrpvs) S ¢

Taking into account that n”/(\) = dyv(A\ —t), inequality (8.6) can be rewritten in
the form

2 / (/ /\Ede‘(:v,)\))dxg(1+t)i(v*p)(t). (8.7)
(D\S) [0,t—1)

Since the smooth function (vkg)(¢) is uniformly bounded on R, there is a sequence
tr — oo such that klim (tr +1) (v p)(te) < 0. Substitution of t = ¢ into (8.7)
— 00

followed by the limit passage k — oo in (8.7) leads to

MNAT (x,\) =0 for a.e. z € D\ S .
(0,i—1)

In other words, M(z,-) vanishes o,-almost everywhere on (0,0c0), which along
with Lemma 6.3 implies the equality I'(1 — T') = 0 a.e. in (D \ S) x R. Hence
pn converges a.e. in D \ S. Estimates (1.12) imply the strong convergence of the
sequence p,, in L™(D\ S) for all » < 4. Since (pn,u,) satisfy all assumptions of
Theorem 2.1, we can make use of estimate (2.1) from this theorem, which yields
the strong convergence p,, in L _(Q) for 7 < (1 + &). In particular, the sequence
p(pn) converges to p = p(p) in LL _(Q). After substituting (pn,u,) into integral
identities (1.7a), (1.7b), followed by the limit passage n — oo, by Lemma 3.3, we
can conclude that the pair (p,u) is a generalized solution to problem (1.3). Finally,
since Vu® is compactly supported in Q, limit passage in (1.14) for the sequence
of drag functionals follows by Lemma 3.3 and by the strong convergence of the
sequence p(p,) in Li ().

loc

9. Concluding remarks

We have presented a result on the existence of optimal obstacle for compressible
N-S-E. The result is derived by an application of the theory of N-S-E developed in
particular by PLL. Lions, and E. Feireisl. In order to apply our result to a specific
shape optimization problem, it is necessary to check, if the set of solutions to
N-S-E is nonempty. Since we consider the nonhomogeneous boundary conditions,
such a verification is not always simple task. The first order necessary optimality
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conditions for a class of drag minimization problems are derived in [26]. There
is no numerical results for such problems, due in particular to the fact that the
numerical methods for compressible N-S-E are still under studies.
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A Family of Stabilization Problems
for the Oseen Equations

Jean-Pierre Raymond

Abstract. The feedback stabilization of the Navier-Stokes equations around
an unstable stationary solution is related to the feedback stabilization of the
Oseen equations (the linearized Navier-Stokes equations about the unstable
stationary solution). In this paper we investigate the regularizing properties
of feedback operators corresponding to a family of optimal control problems
for the Oseen equations.

1. Introduction

Let © be a bounded and connected domain in R?® with a regular boundary T,
v > 0, and consider a couple (w, x) — a velocity field and a pressure — solution to
the stationary Navier-Stokes equations in €:

—VvAW+ (w-V)w+ Vy=f and divw =0 in €, w=u® onl.

We assume that w is regular and is an unstable solution of the instationary Navier-
Stokes equations.

The local feedback boundary stabilization of the Navier-Stokes equations
consists in finding a Dirichlet boundary control u, in feedback form, localized in a
part of the boundary T, so that the corresponding control system:

0 .
a}t’—VAy+(y'V)w+(WoV)y+(y-V)y+Vp:0ono, )
divy=0 inQw, y=Mu onX,, y(0)=ypin,
be stable for initial values yo small enough in an appropriate space X(2). In this
setting, Qoo = 2 x (0,00), oo =T x (0,00), X(Q) is a subspace of V2 (Q) = {y €
L2(Q)| divy=0 inQ, y'n=0o0n F}, n is the unit normal to I' outward €,
vo € X(92), and the operator M is a restriction operator defined in Section 2.
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The feedback stabilization of equations (1) is closely related to the feedback
stabilization of the Oseen equations:

g}t’—yAy+(W-V)y+(y-V)w+Vp=0, in Qu, @)

divy=0 inQx, y=MuonX,, y0)=yp inQ.

One way to determine a feedback control law able to stabilize system (2)
consists in solving an optimal control problem with an infinite time horizon. Once
the functional of the control problem is defined the feedback law can be determined
by calculating the solution to the corresponding algebraic Riccati equation (if it
exists and if it admits a unique solution). Changing the functional, we change the
feedback operator. These functionals are generally of the form

1 [ 1 [
J(y,u) = 2/0 /Q|Cy|2dxdt+2/0 /F|u|2dxdt,

where C', the observation operator, may be a bounded or an unbounded operator
in V9(Q) = {y eL?(Q) | divy =0 inQ, [y -n=0on F}. When C is
unbounded let us denote by D(C) its domain in V().

Let us consider the optimal control problem

- inf {J(y, u) | (y,u) satisfies (2), u € L*(0,00; VO(T)),
y € L(0,00: D(C)) }

where
Vi) = {y 20| [ y-n=o}.

In two dimension [15], we have determined a feedback law by choosing C' = I.
For such a choice, we have shown that the optimal solution (yy,, uy,) to (Q) obeys
a feedback formula of the form

Uy, (t) = 7R21MB*HPYY0 (t)a
where P is the so-called Helmholtz or Leray projector in L2(Q2) onto V9(Q) =
{y €eL?(Q)] divy=0 inQ, y-n=0on F}, IT is the solution to the algebraic
Riccati equation of (Q), B* is the adjoint of the boundary control operator B
corresponding to the nonhomogeneous boundary condition in equation (2) (see
Section 2),

Ry =MD%(I—P)DsM + 1,
where D4 is the Dirichlet operator of the Oseen equations, and D% its adjoint
(see Section 2). Applying the same boundary feedback law to the Navier-Stokes
equations, we have proved that the corresponding dynamical system is stable for
initial data small enough in V&/*"(Q) if 0 < & < 1/4.

This result cannot be directly extended to the three-dimensional case. Indeed

even if yo is very regular, the regularity of the optimal solution to (Q) is not



Stabilization of the Oseen Equations 271

sufficient to deal with the stabilization problem of the Navier-Stokes equations
in three dimension. In the three-dimensional case, Barbu, Lasiecka and Triggiani
[4] have obtained a stabilization result with controls in the class of functions u
obeying u(t) -n = 0, when the control is applied everywhere on the boundary of
and when 2 is simply connected. For that, they have chosen C as an unbounded
operator such that |Cy|yo (o) is a norm in V9 () equivalent to the usual norm of
the space H?/2¢(Q) for some £ > 0. The idea in [1, 4] is to choose an operator C,
unbounded in V9 (Q), so that the norm |Cy|yo ) be strong enough to dominate
the nonlinearity of the Navier-Stokes equations.

In [16] we follow a completely opposite direction. We have chosen an operator
C which is bounded, and which is even a smoothing operator. A key point in the
analysis in [16] consists in studying problem the following family of optimal control
problems

(P) inf {I(y,u) | (y,u) satisfies (2), u e L2(0,<>O;V0(F))}7

where

1 [ 1 [
I(y,u) = 2/0 /Q|(—AO)*O‘Py|2dxdt+2/o /F|Ri,/2u|2dxdt,

(=Ap) = —vPA is the Stokes operator with homogeneous Dirichlet boundary
conditions, and 0 < a < 1/2. Observe that, due to the definition of the operator
R4, problem (P) is equivalent to the following one

inf {J(y,u) | (y,u) satisfies (2), u € Lz(O,OO;VO(F))},

where

1 o0 1 0
Ty =, / / ((~ o)~ Py[? dudt + | / / (I — P)y|? dadt

1 [ 9
+ |u|” dxdt.
2Jo Jr

This is not at all a standard functional since Py and (I — P)y are involved with
different norms. The equality I(y,u) = J(y,u) when (y,u) obeys (2) is a conse-
quence of rewriting (2) in the form (9) (see the end of Section 2). The objective
of the present paper is to study the regularity of optimal solutions of (P). These
results will next be used in [16] to study the feedback stabilization problem of the
Navier-Stokes equations in three dimension (see also [17]).

The main results of the paper are given in Corollary 13 and Corollary 14
where we state regularity results for the optimal solution of problem (P), and
regularizing properties of the solution II to the algebraic Riccati equation of (P).
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2. Functional framework and preliminary results

2.1. Notation and assumptions

Let us introduce the following spaces: H*(Q;R3) = H*(Q), L?(Q;R3) = L2(Q),
the same notation conventions will be used for trace spaces and for the spaces
Hi($;R3). We also introduce different spaces of free divergence functions and
some corresponding trace spaces:

VS(Q) = {y S HS(Q) | div Yy = 0 in Q, <y -1, 1>H*1/2(F),H1/2(F) = 0}, s> O7
VZ(Q):{yGHS(Q)| divy =0 in €, y~n:OonI‘} for s > 0,
Vi () = {yEHS(Q)| divy =0 in Q, y:OonF} for s > 1/2,

VS(F) = {y S HS(F) | <y -1, 1>H*1/2(F),H1/2(F) = O} for s > —1/2.

In the above setting n denotes the unit normal to I' outward 2. We shall use
the following notation Q7 = Q x (0,7), X7 =T x (0,7), Qs = Q x (¢,T) and
Yir =Ix(t,T)fort > 0,and 0 < T < oo. For spaces of time-dependent functions
we set

VR (Qr) = HO(0,T5VO(2)) 1 L2(0, T3 V¥(Q),
and

V&9 (Sr) = H(0,T; VO(T')) N L*(0, T; V*(T)).
We assume that Q is of class C® and w € V5(Q). (In the case when o = 0
the regularity results that we state in this paper are true if Q is of class C* and
w € V3(Q), see [15].)

In order to find a control u, supported in an open regular subset I'. of T,
we introduce a weight function m € C®(T') with values in [0, 1], with support in
T, equal to 1 in T'g, where I'g is an open, non empty, and regular subset in T'..
Associated with this function m we introduce the operator M € £(V°(T')) defined
by

Mu(e) = miyute) = ([man) na

By this way, we can replace the condition supp(u) C I'. by considering a boundary
condition of the form
y=Mu on Y.

The main interest of this operator M is that if u € L2(0,00; H*(I';;R3)) N
H*/2(0, 00; L*(I'; R%)) for some 0 < s < 9/2, and if @ denotes the extension
of u by zero to Yo \ (T'e x (0,00)), then Mu belongs to L*(0,00; H*(T';R?)) N
H#/%(0, 00; L*(T'; R?)), which is not true for .

For all 1 € HY?t<(Q), with ¢ > 0, we denote by ¢(¢)) and ¢(mab) the
constants defined by

1 1
) = oy [ nd etmw) = o f o (3)
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2.2. Properties of some operators
In the following we consider the linearized Navier-Stokes equation
0 .
83:—uAy+(w-V)y+(y-V)w+Vp=O, in Qr, )
divy=0 inQpr, y=MuonXr, y0)=yo inQQ,
and the adjoint equation
oP
— g VAR (W-V)@ 4+ (VW)@ 4+ VY =y, inQr, (5)
div®=0 inQr, ®=0onXp, @(T)=0 inQ,
where T is finite or infinite. To study these equations, we introduce the Stokes
and the Oseen operators associated with equations (4) and (5). Let P be the
orthogonal projector in L2(£2) onto V(Q), and denote by (Ag, D(Ap)), (4, D(A)),
and (A*, D(A*)) the unbounded operators in V() defined by
D(Ag) = H*(Q) NV{(Q), Aoy =vPAy forally € D(A),

D(A) =H*(Q)NV5(Q), Ay =vPAy— P((w-V)y) —P((y-V)w),
D(A*) =H*(Q)NV;(Q), A"y =vPAy + P((w-V)y) — P(Vw)"y).
Throughout the following we denote by Ao > 0 an element in the resolvent set of

A satisfying
(Mol = A)y,¥)yo (o) Zwolyl1)  forally € D(A), o
and " 6
(Aol — A*)y,y)vg(ﬂ) > w0|y|%,(1)(m for all y € D(A"),
for some 0 < wy < v (see, e.g., Lemma 24 where the proof is given for wy = v/2).
The following theorem may easily be deduced from (6), see, e.g., [14, Lemma 4.1].

Theorem 1. The unbounded operator (A — \oI) (respectively (A* — X\oI)) with do-
main D(A— XoI) = D(A) (respectively D(A* — X\gI) = D(A*)) is the infinitesimal
generator of a bounded analytic semigroup on VO (). Moreover, for all0 < 3 < 1,
we have

D((AoI — A)7) = D((AI — A%)%) = D((AoI — A0)”) = D((~40)").
Observe that the semigroups (e/(4=201),5y and (4" ~*1)),5 are exponen-
tially stable on V9(Q) and that

”et(Af)\gI wt

Neevg@y < e and e 20| £iyg ) < e,

for all w < wp (see [5, Chapter 1, Theorem 2.12]).

Let us introduce D4 and D,, two Dirichlet operators associated with A,
defined as follows. For u € VO(I'), set Dyu =y and D,u = ¢, where (y, q) is the
unique solution in V1/2(Q) x (H'/2(Q)/R)’ to the equation

Xy —vAy + (w-V)y+ (y-V)w+Vg=0 in{,
divy=0in, y=u onl.
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Lemma 2. The operator D 4 is a bounded operator from V°(T) into V°(Q), more-
over it satisfies

1D aul

Vet1/2(Q) S C(s)||u||vb(9) for all 0 S S S 2.
The operator D% € L(V°(Q2),VO(T")), the adjoint operator of Da € L(V°(T),
VO(Q)), is defined by

0z + 7 — ¢(7)n, (7)

Dig = —
A8 Van

where (z,7) is the solution of
Moz —vAz — (W-V)z+ (Vw)Tz+Vr =g and divz=0 in Q, )
z=0 onl,

and c(m) is defined by (3).

The first part of the lemma is well known when w = 0, see, e.g., [18]. Its
adaptation to the case when w # 0, together with the second part of the lemma
is proved in [14, Corollary 7.1 and Lemma 7.4].

Notice that the solution of equation (8) obeys grzl -n = 0. This can be de-
duced by a straightforward calculation using the divergence condition (see, e.g.,
[4, Lemma 3.3.1]).

Let us define the operators v, € L(V?(I')) and ~,, € L(V?(T)) by

Yru=u— (u-n)n and Y = (u-n)nzu—%u for allu € V().
Introducing the spaces
VO(r) = {u € V() | yyu = 0} and  VO(D) = {u € V(D) | you = 0},
we have VO(T') = VO(T') & VI(T).
Lemma 3. ([15, Lemma 2.3]) The operator M obeys the following properties
M=M", M~y =M =m~vy,, and My, =v.M .
The operators v, and 7y, satisfy:
Yr=%%: =% and (I—=P)Day=(I—P)Dayn.

In the next lemma we study the properties of the operator R4 which plays a
crucial role in optimality conditions of control problems that we consider.

Lemma 4. ([15, Lemma 2.4]) The operator
Ru=MD%(I — P)DAM + I

is an isomorphism from VO(T') into itself. Moreover, for all 0 < s < 9/2, its
restriction to V*(I') is an isomorphism from V*(T') into itself. In addition Ra
satisfies

Ramn = ynBamm and Ravr = v Ravr = -
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The restriction of Ra to V2(T') is an isomorphism from V(T into itself, and we
have

Ri'a = (yRavn) 'u =y R yu = v, R for all u € VO(T).

In ([15, Lemma 2.4]) the above result is only stated for 0 < s < 3/2. Here
the regularity of 2, m, and w have been increased so that the operators M, D 4,
and D% have better regularity properties, and the restriction of R4 to V¥(T') is
an automorphism for 0 < s < 9/2.

We introduce the operators

By, = (oI — AYPDavn, B, = (Mol — A)Dayr, B =By, + B,.
Let us set

By = (Ml —A)"'By = (Aol — A’ PDavn,

B, = (Al — AP 1B, = (NI —A)PDay,, and Bg= B, s+ Brp.
Theorem 5. ([15, Theorem 2.5]) For all 3 €0, [, Byp and B.g belong to
L(VO(I), V().

Proposition 6. ([15, Proposition 2.6]) For all ® € D(A*), B*® belongs to
V/2(T), we have
B*® = D4(\I—A")®, B:® =, D4(AI-A")®, B:® =~,D4(NI—A")D,

and 0
B*® = a0 +Yn —c(Y)n,
with
Vi = (I — P)|[vA® + (w-V)® — (Vw)T @,
and c(1) is defined by (3). In particular if ® € V*(Q) N V§(Q) with s > 3/2, the
following estimate holds

|B"®@lys-s/2(r) < C|®lve()nvi(9)-

In [15] we have shown that y is a solution of equation (4) in the sense of
transposition if and only if Py and (I — P)y are the solutions of the system

Py’ = APy + BMu in (0,7), Py(0) =yo, ©)
(I-—P)y=(I—-P)DasMu= (I —P)Day,Mu in (0,7T).
3. A regularizing feedback operator

Since equation (4) is written in the form (9), to study the control problem (P)
stated in the introduction, it is sufficient to study the following problem in which
y plays the role of Py:

(Po.ys) inf {I(y,u) | (y,u) satisfies (10), u e VO’O(ZOO)},
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1 [ o 1
u) = 2/ / |(—Ao) y|2 dxdt + 2/ |R1/2 (t )R/U(F) dt,
0o Ja 0

y' = Ay + BMu in (0,00), v(0) = yo. (10)

Notice that, due to Lemma 4, we have:

where

and

1/2 1/2
IR u(t)30r) = () o) + R mu(t) 2o -

3.1. A finite time horizon control problem

We first study the following family of finite time horizon control problems

(ch) inf {IT(s,y,u) | (y,u) satisfies (11), u e VO’U(ES’T)},
where

y'=Ay+BMu in(s,T),  y(s)=¢, (11)
and

T " 1 (T
ey =) [ [icanve ) [0 [imae ) [ o

Theorem 7. For all s € [0,T] and all ¢ € V2(Q), problem (7757:4) admits a unique
solution (yz, uz) The optimal control u¢ is characterized by

ul = -MB:®: - R;'MB;®; in (s,T), (12)
where i s solution to the equation
—® = AP + (—Ag) "y in (s, T), ®(T)=0. (13)
Conversely the system
y' = Ay — B,M?B;® — BnMREIMB;"fI) in (s,7), yv(s)=¢, (14)
—®' = A*® + (—Ap) %y in (s, T), ®(T)=0,

admits a unique solution (y§, ®¢) in L*(s,T; V) (Q)) x (V>N(Qsr) N L?(s,T;
V@), and (y3, ~MB:®: — R*MB;®2) = (y2, —R; MB*®S) is the opti-
mal solution to (7357:4).

Proof. The proof is similar to that of [15, Theorem 3.1]. O

As in [15, Lemma 3.1], we can show that

B*®i(t) = 71/8;:12 (t) +9i(t)n — c(Pi(t))n  for almost all t € (s,T),  (15)
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where ¢, the pressure associated with ®72, is related to o by the equation

84’2 s s Ta&s s
= (7*’40)72&}'.27 in Qs,Tv (16)
div @7 = in Qs.7, ®: =0on X, <I>2(T) =0 in Q.

The pressure ¢ is also defined by
Vi = (I — P)[vA® + (w - V)®F — (Vw) ®F .
Therefore the optimal control u is defined by

S

C — S * S — * K
o R'Miin = —MB:®¢ — R,' M B}, ®;. (17)

In the following theorem we improve the regularity result of the optimal
solution.

uzzmy

Theorem 8. If ( € Vg(Q), the solution (yf,@é) to system (14) belongs to
VEV2(Qg ) x L2 (s, T; VEHOA () N V() N H32 (5, T3 Va7 72(Q) for all
o< 7/2.

Proof. Since B*<I>2 € L*(s,T; V°(I)), due to Lemmas 16 and 17, y¢ belongs to

V1/2=e1/4=¢/2(Q 1) for all £ > 0. From Lemmas 22 and 23 it follows that

d;;z c V1—£,1/2—s/2 (ES,T)

and
U € L(s. T3 HY25(@)) 0 HYA=/2(s, T5 HY(9),
for all e > 0, where ¢{ is the pressure appearing in equation (16) (we have not yet

used the additional regularity coming from (—Ag)~2%, we shall use it at the end
of the proof). From this regularity result and from (15), we deduce that B*®¢ €

V1/2mel/A=/2(5 1) and ug € VV/2T=/AE/2(S 1) for all € > 0, where uf =
~MB:®; — RleB;‘;I)z is the optimal control of problems (ng). Still applying
Lemma 17, we obtain y: € V1_5’1/2_5(Q37T) for all € > 0, and repeating the above
analysis for B*®¢, we can show that u € Vi=el/2=¢/2(% 1) for all € > 0. Still
with Lemmas 16 and 17, we prove that y¢ belongs to V1:1/2 (Qs,7). Due to Lemma
22, @ belongs to L (s, T; VO (Q) N V§(Q)) N H*2(s, T; Vi3 () for
all o < 7/2. The proof is complete. (]
Corollary 9. For all s € [0,T] and all ¢ € V§(Q), the unique solution (y§, ug) to
problem (Pg:c) and the corresponding solution ®¢ to equation (16) obey

1
Ir(sying) = [ ®20)-C.

Proof. The proof is similar to that of [15, Corollary 3.1]. O
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Let TI(s) be the operator defined by
[(s) + ¢ ®2(s), (18)

where (yz, ®¢) is the unique solution to system (14). From Theorem 8 it follows
that TI(s) € £(V2(Q2), VZ(Q) N V}(Q)). Actually using Theorem 8 we can prove
that the family of operators (II(s))sejo,r] defined by (18) belongs to Cs([0, T];
L(VY2())) (the space of functions II from [0, 7] into £(V9(£2)) such that, for all
y € V2(Q), TI(-)y is continuous from [0, T'] into V2 (Q2)). Next, using the optimality
system (14) we can show that IT is the unique solution in C,([0,T]; £L(V9(Q))) to
the Riccati equation

IT*(¢) =1I(¢) and TI(¢) >0,

TL()Clv2 (@)nvi) < Cl¢lvo ) forall ¢ € VO(Q), t € [0,T],

—II'(t) = A*TI(t) + II(¢t)A — TI(t) B, M?B*TI(t) (19)
~TI(t) B, MR ;' MB;II(t) 4 (—Ag) 2,

I(T) = 0.

In (19), IT*(t) € £(V2(Q)) is the adjoint of TI(¢) € £L(V?(£2)). From the definition
of II, from Theorem 7 and Corollary 9 we deduce the following theorem. We also
refer to [12, Theorem 1.2.2.1] where the existence of a unique solution to equation
(19) is established.

Theorem 10. The solution (y,u) to problem (Pg ) belongs to C([0,T]; VO(€2)) x
C([0,T); VO(T)), it obeys the feedback formula

u(t) = — (MB: + R;lMB;;)H(t)Py(t),

and the optimal cost is given by

Tiy.w) =, (T10)y0, 0)

Vo (Q)

If we set ﬁ(t) = TI(T—t), then II is the unique solution in Cy ([0, T]; £(V2(€2)))
to the Riccati equation

I*(¢) = II(t) and II(t) >0,

()¢ vz @ynvi) < Clelvo e for all ¢ € VO(Q), t € [0,T],

I (t) :A*ﬁ() Ti(t)A — Ti(t) B, BLTI(t) (20)
~TI(t) By Ry BII(t) + (—Ag) 2,

1(0) = 0

From the definition of II it follows that I1(0) = II(T).
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3.2. An infinite time horizon control problem
In this section we study problem (Poy, ).

Theorem 11. For all yo € V9(Q), problem (Poy,) admits a unique solution
(Yyo» Uyo). There exists II € L(VO(Q)), obeying 1T = I1*, such that the optimal
cost is given by .

I(Yyoa uyo) = 9 (H}’o, YO)V%(Q)~
Proof. Let us first prove that there exist controls u € L?(0, 00; V(T')) such that
I(yu,u) < oo, where yy is the solution of equation (10) corresponding to u. For
that we are going to use null controllability results stated in [7] for the Oseen
equations with a distributed control, and an extension procedure. Let O be an
open regular subset in R \ © such that O N Q = T';, where I'; is an open regular
subset of Iy (recall that 'y C I'. and that we look for controls u with support in
I'c). We could extend equation (2) to int(O U Q), but this set is not necessarily
regular. Thus to construct an extension in a regular set )., we proceed as follows.
Let w be an open set such that w C O, and let . be open set with a regular
boundary satisfying

(QUw) C Q. Cint(OUQ).

To extend equation (2) to €., we have to extend yo and w. Since w is regular,
u®|r, is also regular and it can be extended to 0O in such a way that, if @ denotes
such an extension, then @ € V¥2(T). Let v € V°(Q) be the solution of the Stokes
equation:

—vAv+Vqg=0 and divv=0in O, v=u on d0.
We set

v(z) if xe€O.

Since the traces of w and v on I’y are equal, it is clear that divw, = 0 in int(OUQ),
and therefore in Q.. Let zg be the extension of y( by zero to 2.\ Q. Since yp-n =10
on T, it is clear that zo belongs to V2(€2,). Now we consider the following control
system:

0z

—vAz+ (we-V)z+ (z-V)We +Vg=xug, inQex(0,T),

o (We - V)a-+ (2 V)we + Vg = o8 01 gy

divz=0 in Q. x (0,7), z=0o0n 9 x (0,T), z(0) =2z¢ in .,
for a given T > 0, where x,, is the characteristic function of w. Set I'c = T'N Q..
From [7] it follows that there exists g € L?(0,7T;L?(w)) such that the solution 2
to equation (21) satisfies z(T') = 0 in Q.. Now if we set

i, 1) = z(x,t) }f (x,t) € Te x (0,7),
0 it (x,t) € B\ (Te x (0,7)),

it is clear that yg, the solution to equation (2) corresponding to @, obeys yalax (0,7)
= 2|« (0,1), and that y4(t) = 0 for ¢ > T". Thus we have proved that there exists

we(x) :{ w(z) if zeQ,
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a control 11 € L?(0,00; VY(T)) such that I(yg, 1) < co. The existence of a unique
solution (yy,, Uy,) to (Poy,) follows from classical arguments.

For the end of the proof we adapt to the case 0 < o < 1/2 what is done in
[15, Theorem 4.1] for a« = 0. The new point is that we need Lemmas 25 and 26 in
the proof. From the dynamic programming principle, it follows that the mapping

T — (T(T)y0,v0)

is nondecreasing, and we have

Vo.(Q)

-~

1
9 (H(T )¥0,Yo0

As in [6], or in [12], we can show that there exists an operator Il € L£(V?(Q))
satisfying IT = II* > 0 and

Iy = limT_,ooﬁ(T)yo for all yo € VO(Q).

oy < T ya) < 0o

Let us show that I(yy,, Uy,) = (Hyo, yo) Vo)’ Problem (P, ) admits a unique
solution (yx,uy) characterized by
Yi = Ayr+ BMu,  in (0,k),  y&(0) = yo,
—®) = APy + (—Ap) "y, in (0,k), P, (k) =0, (22)
Yruy, = —M B ®y, Youy = —R;'M B ®).

Convergence of y, and uy. Denote by uy, the extension by zero of uy to (k,00),
and by yj the extension by zero of yx to (k,00). Since we have

//| (—Ao)” )’k|2d$dt+/ |R,14/2uk()|v0(r)dt
< / / (= Ao)Cyy |? drdt + / IR gy (530, dt

the sequences (¥ ) and (1ig)x are respectively bounded in L?(0, oo; (D((—A49)*))")
and L2(0,00; VO(T')). Thus there exist yoo € L2(0,00; (D((—40)%))") and un, €
L?(0,00; VO(T)) such that

0 — Uy  weakly in L2(0,00; VO(T)),
Vi — Yoo weakly in L2(0,00; (D((—A49)%))").

By passing to the limit in the above inequality we obtain

/ / (= A0)~y oo dedt + / R e (1) o
0 Q 0
< / /Q [(— Ao) 'y, |? drdt + / IRy, (820 dt.

Rewriting the first equation in (22) in the form:
Yie = Ayr = Ao(=A0) ¥k + Ao(=A0) " "yi + BMuy  in (0,k),  yi(0) = yo,
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and by passing to the limit in this equation, with Lemmas 25 and 26, we can show
that

ygo =AY + BMu,, in (Oa OO), YOO(O) = Yo-
Thus the pair (Yoo, Us) is admissible for (P y,) and we have
(Yoo, Usc) = (YYovuyo)v
because I(Yoo, Uoo) < I(Yy,, Uy, ). Therefore we can claim that
i, —uy, in L*(0,00;VO(T)) and g, —yy, in L*(0,00;(D((—Ap)*))).
From Lemmas 25 and 26, it follows that (yy)x tends to yy, in L%(0,00; V9(12)).
Since
1/~
10,y w) = (T(k)yo, 0)

by passing to the limit when & tends to infinity, we obtain

1
I(yyoauyo) = 9 (HYanO)VO (Q)- O

Vo ()

We denote by ¢(yo) the value function of problem (Pyy,), that is:

o(yo) = I(Yyo ) uyo)'
Lemma 12. For every yo € VO (), the system
y' = Ay — B,M?B:® — B,MR,;'MB;® in (0,00), yv(0) = yo,
—®' = A*® + (—Ap) "%y in (0,00), P(c0) =0, (23)
®(t) =Iy(t) for all t € (0,00),
admits a unique solution in L*(0,00; V() x V2L (Qu,). This solution belongs to
Co(RT; V() N VE2(Qu) x (L2(0 oo; V342 (0)) N H3/2(0, 00, V42())) and
it satisfies:
||Y||cb(R+;vg(Q)) + ||)’||v1>1/2(Qoo) + ||‘I>||Lz(o,oo;v3+4u(Q))mH3/2(o,oo;v4u(Q))
< Clyolvo () -
The pair (y,—MB:® — R;' M B:®) is the solution of (Po.y,)-
Proof. The above lemma is already stated in [14] in the case when a = 0. The
extension to the case when 0 < o < 1/2 is still obtained thanks to Lemmas 25 and
26. For notational simplicity the solution to (Pyy,) will now be denoted by (y, ),

that is (y,0) = (Yy,, Uy, ). We denote by ¢x(0,yo) the value function of problem
(P§,) and by @i (f,¢) the value function of problem (Ptl‘c)

Let (y,ux) be the solution of (P§, ) characterized by (22), and let (yt,ul)
be the solution of (Pty (t-)) Denote by ®! the adjoint state corresponding to

(yk., uk.), and by @, the adjoint state corresponding to (yx, ux). From the dynamic
programming principle it follows that (yi,ul, ®L)(t) = (v, ug, ®,)(¢) for all t €
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(t, k). Therefore we have ®f (1) = ®(f) € d,0x(L, yi(f)), that is ®x(f) = II(k —
tyr(t).

In the proof of Theorem 11, denoting by yx the extension by zero of yi to
(k,00), we have shown that (yi)x converges to ¥ in L2(0,00; V2(Q)). Thus

|®x(f)lvo ) < ITI(k — Olllyx®)vo @) < Clyr(®)lvo @)

and
1@kl 22(0,00v0 (2)) < ClIFkN 2(0,005v0 (02)) »
where ®, is the extension by zero of @, to (k, 00). Therefore (@) is also bounded
in L2(0,00; VY(Q)). Observe that @ is also the solution of the equation
—®) = (A" = XoD)®i + (—A0) Y + XoPr,  Pp(oc0) = 0.
Thus

Py (t) = / AN ((—Ag) 72054 (1) + X @y (7)) dr for all ¢ > 0.

t

From Young’s inequality for convolutions it follows that (<i>k)k is also bounded
in L>(0, 00; V2(Q)). There then exists ® € L>(0, 00; V2(Q)) N L2(0, 00; VO(Q))
such that, after extraction of a subsequence, we have

$, ~ & weakly in L2(0,00; V2(€Q)) and weak-star in L>(0,00; V9 (1)),
and ® obeys the equation

(1) = / eA =2 D= ((_ Ag) 7209 (7) + N @ (7)) dr for all ¢t > 0.
t

Step 3. Regularity of ®. We have
—®' = (A = ND)® + 1P + (—49) "%y  in (0,00), PD(c0)=0.

Since @ belongs to L2(0,00; VY(Q)), we deduce that & belongs to L2 (0, oo;
V2He(Q)) N HY(0,00; VA(Q)) (see Lemma 19). Moreover due to Lemma 21,
the sequence (liy)r = (—M B:®), — Ry M B:®},);, converges weakly in L?(0, co;
VO(T)) to —MB:®— R;'MB:®. Thus t = —M B:® — R, M B:®, and ¥ obeys
the first equation in (23) corresponding to &. Therefore we have proved that the
first two equations of system (23) admits at least one solution in L?(0, oo; V2 (£)) x

V2HQ)-

Step 4. Let us show that if (y, ®) € L?(0,00; V2(Q2)) x V31(Q,,) obeys the first
two equations of system (23), then y belongs Cy([0,00); VO (Q)) N VI1/2(Q..),
® ¢ L2(0,00; V3H4(Q)) N H3/2(0, 00; VA¥(Q)), and

1¥llcy(t0,0005v0 () + 1Y llvi1r2(qu)
H P £2(0,00,v3+40 ()N H5/2 (0,00, VA2 () (24)

< Clyolvo @) + 1yl 22(0,00v0 () + 12| 22(0,005v0 (2))) -
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To establish this result we rewrite the first two equations in system (23) as follows
y' =(A—Xol)y — B,M?B:® — B,MR,;'MB;:® + \oy in (0,00),
y(0) = yo, (25)
—P' = (A* = Xo)® + (—Ag) " **y + Ao® in (0,00),  P(c0) =0.
Due to Lemma 21 we know that B*® € L%(0,00; VO(T')). Applying Lemmas 16
and 17, we obtain:
1¥llvi/2—erara—errzgy < Cllyolve @) + 1¥ll22(0,00:v0 ) + 1R[] 200,000 (22)))

for all ¢ > 0. Still from Lemma 21, we deduce that B*® € V1/2-<,1/4=<'/2(53 )
for all ¢’ > 0. Applying successively Lemmas 16, 17 and Lemma 21 we can prove
that y belongs to V1=<"1/2=¢'/2(Q_ ) and B*® belongs to V1-¢:1/2=<'/2(5 )
for all & > 0. Another iteration gives y € V11/2(Qu) N Cy([0, 00); VO (Q)) (be-
cause yo € V2(9Q)). From Lemma 19 we deduce that ® € L?(0, 00; V3+42(Q)) N
H3/2(0,00; V4%(Q)), and the estimate (24) holds true.

Step 5. Let us prove that the pair (y,®) obeys the third equation in (23). With
Lemma 19 we can show that

(1) = ®(t) weakly in VO(Q) for all ¢ > 0.

Since
®i(t) € dypr(t,yu(t),  ®(t) — ®(t) weakly in VO(Q),
and
er(t, yi(t)) — @(y(t)) as k — oo,
we deduce that
B(t) € dp(y(1),  ie., B(t) = Iy(t).

Thus we have shown that (y,®) obeys the third equation in (23).

Step 6. Uniqueness. If (y,®) € L?(0,00; V9(Q)) x V31(Q.) is a solution to
system (23), due to Step 4 it obeys (24), and we can show that

k k
_ —1/2 *
/0 (= A0) =y () Rro (ot + /O R 2 MB® (1) 20y dt

_ / Yo®(0) — / y(k)® (k).

Passing to the limit when £ tends to infinity we obtain

o0 o0
/U (= A0) =y () 3o @t + / |RLMPM B ® ()30 pydt = /Q Yo®(0),

because y belongs to Cy,([0,00); V2(€2)). Thus if yo = 0 we have y = 0. From the
relation ® = Iy we deduce that & = 0, and the uniqueness is established.
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Step 7. Final estimate. We first notice that

oo o0
/ (= A0) =¥ ()30 ()t +/ R 20() 3oy dt = /Qyoﬂyo- (26)
0 0
Thus rewriting the first equation in (23) in the form
V' = (A= 2o(~A0)")y + BMa+ Ao(=49)" "y in (0,00),  ¥(0)=yo,
from Lemmas 25 and 26, it follows that

1911 22(0,00:v9, (22))

X R (27)
< O(lyolve @) + [1(=40) Yl L2(0,00:ve () + 18]l £2(0,00:v0 (1)) ) -
From (26) and (27), we deduce
(911 22(0,00:v0 (2)) < Clyolvo -
Since ® = Ily, the estimate of the lemma follows from (24). O

Corollary 13. If yo € V}/%E(Q) for some 0 < e < 1/2, then the solution
(v, ®) of system (23) belongs to V3/2723/4=2/2(() ) x (L?(0, 00; VT/2H4a=2(Q)) N
H™/4=2/2(0,00; V42(Q))), and we have:

||y||V3/2—E’3/4—5/2(Q00) + ||(I)||L2(0,00;V7/2+4f’_5(Q))ﬂH7/4_5/2(0,oo;V4“(Q))
+||B"@||L2(07OO;V2+4Q75(F))QHS/4+2(175/2(0700;\/1/2(1—*)) < C|y0|V11L/275(Q).

Proof. This result is established in the case where a = 0 in [15, Corollary 4.1].
It is sufficient to rewrite the proof and to use Lemmas 19 and 21 to obtain the
desired estimate. (]

Corollary 14. The operator 11 is continuous from V9 (Q) into V24 (Q)NVE(Q),
and from Vi/*75(Q) into V3/2+4a==(Q) N VE(Q) for all 0 < £ < 1/2.
The operator B*TI is continuous from VO(Q) to V/2+4(T) and from
%/275(9) to VIH4a=¢(T") for all 0 < e < 1/2.
Proof. Due to Lemma 12, if yo € V2(€), then @ belongs to C([0, 00); V24 (Q)N

Vi(€)). In particular ®(0) belongs to V2T4¢(Q) N V}(Q2). This means that II is
continuous from V2(Q) into V2T*(Q) N V}(Q). From Corollary 13 we deduce
that if yo € Vi/?>75(Q) then ® € C([0,00); V3/2Ha—<(0) 0 V}(Q)), and 1T is
continuous from V2 75(Q) into V53/2+2¢=¢(Q) N V3 (Q).

Since B* is continuous from V?+4¢(Q)NV}(Q) into V1/2+4¢(T") (see Proposi-
tion 6), the operator B*II belongs to £(V? (), V1/2+42(T)), and B*II also belongs
to L(VE/*75(Q), VI+4e—=(T)) for all 0 < £ < 1/2. O

Theorem 15. The unbounded operator (An, D(An)) defined by:
D(An) = {y € V5(Q) | (A~ BMR;'MB Ty € V5()},

Any = (A— BMR,'MB*Tl)y  for ally € D(An),
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is the infinitesimal generator of an exponentially stable semigroup on VO (Q). (In
the writing (A — BMR ;' M B*T)y the operators A and BMR;'MB*1I are con-
sidered as operators from VO (Q) into (D(Ap))’, which is meaningful due to the
regularizing properties for B*II stated in Corollary 14.)

The operator 11 is the unique weak solution to the algebraic Riccati equation

I*=Me L(V2Q) and I1>0,
for all y € V2(Q), Tly € V2H2(Q)NV}(Q) (28)
and  [IIy[ve+ie @) < Clylvo (o),
AT+ TIA — TIB, M?B*T1 — IB, MR ;' M B:I1 + (—Ag)~2® = 0.
Proof. See [15, Theorem 4.2] for a similar result in the case where o« = 0. No-

tice in particular that due, to Lemma 25, the pair (A, (—Ag)™ %) is exponentially
detectable, which provides the uniqueness of solution to equation (28). (]

4. Appendix
In this section we state some regularity results for the state and adjoint equations.

Lemma 16. ([15, Lemma 7.1]) If yo € VI/2TE(Q) with 0 < & < 1/2, the weak
solution to equation
y' =(A=Xl)y in(0,00),  y(0)=yo,
obeys
¥l to.coyivtra=s (@) + W llvora—coricraqu) < Cl¥olyyesg)

Lemma 17. If u belongs to V=*/2(X) with 0 < s < 1, then the weak solution to
equation

y = (A—=Xl)y + BMu in (0,0), y(0) =0,
obeys

||y||V1/2+575,1/4+5/275/2(Qw) < C||ll| Ves/2(8,) forall 0 <e < 1/2

Proof. This result is already proved in [15, Lemma 7.3]. |

Lemma 18. For all y € V() with 2 < s < 4, the solution ® € VZ(Q) N V()
to the stationary equation Ag® — A*® =y obeys

|P

ve+2() < Clylvs @)
Proof. We rewrite the equation in the form

MN® — vPA® =y + P((w-V)®) - P(Vw)T®) inQ, =0 onT.
Since w € V?(Q) and ® € VZ(Q), then P((w - V)®) and P((Vw)? ®) belong to
V2(€), which gives an estimate of ® in V4(Q) since y € V2 (Q2) with 2 < s < 4.
Knowing that ® € V4(Q2), P((w-V)®) and P((Vw)? ®) belong to V4(2), which
provides an estimate of ® in V*+2(2). The proof is complete. (I
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Lemma 19. If the function y belongs to V=*/2(Quo) N L*(0,00; VO (Q)) with 0 <
s < 2, then the solution ® to the equation

—®' = (A" — X\)® + (—Ap) "%y in (0,00), ®(c0) =0, (29)
satisfies
1P| £2(0,00;v 245440 (Q)) + [|R fr1+5/2(0,00;v20 () < CllY a2y (30)

Proof. (i) Estimate (30) is already proved in [15, Lemma 7.5] in the case when
a = 0. Let us establish this estimate for s = 0 and 0 < a < 1/2. It is clear that
(—Ap) 2%y belongs to L2(0,00; V?(Q)). Thus applying [15, Lemma 7.6], we first
prove that ® belongs to V*!(Q.,) with the corresponding estimate. Observe that
P = P, + $,, where P is the solution to

—® = (Ag — ND)®; + (—Ag) >y in (0,00), ®,(0) =0,
and @, is the solution to
—®, = (Ag — Ml)®s + P((w-V)®) — P((VW)T®) in (0,00), Po(c0) =

To study the regularity of ®1, we set ® = (—Ap)?*®;. Since

Bu(t) = [ eI (o) Py ()

t

then @ is defined by

P(t) = / (T 0= Dy (1) dr.

t

Thus & belongs to V2! (Qs), and ®; belongs to L2(0, oo; VT4 (Q)) N H(0, o0;
Vie(Q))if 0 < a < 1/2.

To study the regularity of ®,, we observe that ® € V21(Q.) and w €
V5(Q). We can verify that P((w - V)®) — P((Vw)T®) belongs to VZ(Quo).
Thus applying [15, Lemma 7.6] we claim that ® belongs to V*?(Q,), which
proves estimate (30) for s =0if 0 < a < 1/2.

(i) Let us first prove estimate (30) for s = 2. As in step (i) we can show that &
belongs to V4?(Q ), and @4 belongs to L*(0, oo; VAT(Q)) N H?(0, 00; VA¥(Q)).
Moreover @, belongs to V42(Qo,). Thus ® = @1+ P, belongs to V42(Q, ). Since
w € V?(Q), we can verify that P((w-V)®) — P((Vw)T®) belongs to V4?(Qu).
Therefore ®5 belongs to V3(Q), which proves estimate (30) for s = 2 and
a<1/2.

Consequently estimate (30) is proved for s = 2. The intermediate result can
be proved by interpolation. O
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Lemma 20. Let ® be the solution to equation (29) and let v be the pressure asso-
ciated with ®, that is the function v satisfying

0P
o VA® — (w- V)@ + (V®)'w + \g® + Vi
= (—40)"*y in Q. (31)

div® =0 in Qe, ®=0 onX,, P(co)=0 inQ.
If in (29) y belongs to V*5/2(Qu) with 0 < s < 2, then the function 1 belongs to
L2(0, 00; HST1H4(Q)) N H3/?2129(0, 00; HY(Q)).
Proof. First observe that
Vi = (I — P) ((—AO)—Qay + 0 L UAD 4 (W V) — (V<I>)Tw)
— (I P) (m@ +(w-V)® — (V<I>)Tw).
Assume that y belongs to L?(0,00; VE(Q)) N H*/%(0,00; VY(Q)) with 0 < s < 2.
From Lemma 19 it follows that
(VA@ +(w- V) — (V<1>)Tw) € L2(0, oo; H(Q)) N H¥/2+22(0, 00; L2()).
Thus V1) belongs to L?(0, co; H5H4(Q)) N H3/2+2%(0, 00; L?(12)), and the proof is
complete. O
Lemma 21. Let ® € VZ1(Qoo) be the solution to equation (29), and set
u=—(My, +R,'M~,)B*®.
If in (29) the function y belongs to L?(0,00; VE(Q)) N H*/2(0,00; VO(Q)) with
0<s<2, then
| B*®|| £2(0,00;vs+1/2+40 (1)) /2420 (0,00, V1L/2(I)) (32)
Hull £2(0,00;v 4172410 (D)) A Hs /2420 (0,00v172(0)) S CllY [l vesr2(Qu)-
Proof. As in [15, Lemma 3.4] we can show that

®
u=—(My, + R;'M~,)B*® = fymgn +R3'M(¢n),

where 1) is the pressure associated with ®.

Since y belongs to L2(0,00; VE(Q)) N H*/%(0,00; VY(Q)), from Lemma 19
we deduce that @ belongs to L?(0, o0; VS+2+42(Q)) N H'*5/2(0, 00; VA*(Q)), and
from Lemma 20 it follows that ¢ belongs to L?(0, oo; H*1+4(Q))NH*/2+22(0, oo;
H'(2)). Thus u belongs to L?(0, co; VS+1/2+4a(T))n /2420, 00; VI/2(T)). O
Lemma 22. For all y € L*(0,T;V%(Q)), the solution to the equation

—®' = A*® + (—Ag) >y in (0,7), ®(T) =0, (33)
satisfies

1@ 20, 7yve+a0rn0 (@)) + 1Rl H1(0,75v 108 0=2 () < ClIYIIL20mvo ) (34)
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for all o < 7/2. If the function y belongs to V55/2(Qr) with 0 < s < 3/2, then
the function ® belongs to L*(0,T; Vs+t2T4e(Q)) N H3/2+1(0,T; V1*(Q)), and the
following estimate holds:

||@||L2(07T;V(s+2+4(¥)/\a(ﬂ)) + ||(I)||Hs/2+1(O,T;V4uA(o—2—s)(Q)) S C||y| Vs,s/z(QT) (35)

for allo < 7/2.

Proof. We proceed as in the proof of Lemma 19.

(i) Let us establish estimate (34) for 0 < o < 1/2. It is clear that (—Ag) 2%y
belongs to L%(0, 00; V2(€2)). Thus applying [15, Lemma 7.6], we first prove that ®
belongs to VZ!(Qr) with the corresponding estimate. As in the proof of Lemma
19 we write ® = &1 + $5, where ®; is the solution to

—®) = Ag®1 + (—A4g) >y i (0,7T), ®.(T) =0,
and ®, is the solution to
—®, = Ag®, — P((w-V)®) + P((Vw)'®) in (0,7), ®,(T) = 0.
Since

T
B () = / eI (— Ag) "2y (1) dr,

t

then & = (—A4¢)2*® is defined by

T
<i>(t)=/ e(T=0 A0y (1) dr.
t

Thus @ belongs to V21(Qr), and ®; belongs to L2(0,T; V2 (Q)) N H(0, T
Via(Q)) for all 0 < a < 1/2.

Let us study the regularity of ®,. Since ® € V>1(Qr) and w € V?(Q), we
can verify that P((w-V)®) — P((Vw)T ®) belongs to V>1(Qr). Thus @5 belongs
to Vo7/2(Qr) for all o < 7/2, which proves estimate (34) for 0 < o < 1/2.

(ii) To prove the second estimate for ®; we proceed by interpolation. We assume
that y € V21(Qr) and that y(T) € V§(Q). As in step (i) we can show that &
belongs to V42(Qr), and ®; belongs to L(0,T; V442 (Q))N H2(0,T; V4*(Q)). If
y € V55/2(Qr) with 0 < s < 3/2, by interpolation between the estimates proved
for s = 0 and the one proved for s = 2, we obtain

@1l 22(0,75ve+2+10(Q)) + [Pl grarz+1(0,myvae () < ClYIIvesr2(p)-

For s < 3/2 the regularity condition y(T') € V{(£2) is not needed.
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Let us study the regularity of ®5. Since ® € V21(Qr) and w € V5(Q),
we can verify that P((w - V)®) — P((Vw)T®) belongs to V21(Qr). There-
fore @5 belong to VU’”/Q(QT) for all o < 7/2, and ® = ®; + P, belongs to
Voo/2(Qr)+ (L2(0, T; Vo2 (Q) n H3/2+1(0, T; V4*(Q)) for all o < 7/2, which
proves estimate (35). O

Lemma 23. If in (33) y belongs to V=5/2(Qr) with 0 < s < 3/2, then the func-
tion 1, the pressure associated with ®, belongs to L*(0,T; H 14N+ (Q)) N
H /22000 /2=0) (0 T HY(Q)) for all ¢ < 7/2.

Proof. Tt is sufficient to adapt the proof of Lemma 20 and to use Lemma 22 to
obtain the desired result. (I

Lemma 24. There exists A\g > 0 such that
_ v
(=Ay,y)vo(@) + Ao((=40)" Y, ¥)vo ) = 2|Y|%/(1)(Q)7 (36)
for ally € VE(Q)NVZ(Q), and all 0 < o < 1/2.
Proof. First observe that there exists a constant C' > 0 independent of 0 < o < 1/2
such that
0< ((—40) 2y, y)vo @) < C((—40) "y, ¥)vo (o)

for all y € V9(€). Thus to prove inequality (36) it is sufficient to establish it for
a=1/2.

Inequality (36) for a = 1/2 is equivalent to

1% 1%
/ Wy - / v+ / (v V)w-y+ Ao / (~4o) "y -y > 0.
2 Q 2 Q Q Q

Let us argue by contradiction. Assume that, for all £k > 0, there exists yx €
Vi(Q) N V2(Q) such that

14 12
/ |Vys|? — / lyel? + / (Yr-V)W-yi + k/(*Ao)fl/Q}’k “yE < 0.
2 Ja 2 Ja Q Q

Since Vw € (L°°(£2))3, there exists C' > 0 such that

v 14 _
2/Q|VYk-|2—(C+2)/Q|yk|2+k‘/ﬂ(—z40) Y2y yi < 0.

Setting zr = yi/[yk|vo (), we have

’;/ |Vzk|2+k/(ﬂ40)*1/2zk.zk <O+ ;
Q Q

From Poincaré’s inequality it follows that the sequence (z ), is bounded in V§(€).
There then exist a subsequence, still indexed by k to simplify the notation, and
Zoo € V§(Q), such that (zy)) converges to z, for the weak topology of V§(Q). But
(z1)r converges to 0 in (D((—Ag)*/4))". Thus zs = 0. Since the imbedding from
V() into V9(Q) is compact, the sequence (zy); converges to 0 in V9(Q). We
obtain a contradiction with the identity |zk|V9L (@) = 1, and the proof is complete.

O
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Lemma 25. The unbounded operator (A—Xo(—Ao)~%) with domain D(A) = D(Ay)
in VO(Q) is the infinitesimal generator of an exponentially stable analytic semi-
group on VO (Q). Moreover for all0 < 8 < 1, D((Ao(—Ao)~*—A)?) = D((—Ap)?).

Proof. We already know that (A, D(A)) is the infinitesimal generator of an an-
alytic semigroup on V9 (€). Since \o(—Ap)~® is a bounded operator in V9(€Q),
(A= Xo(—Ap)~ ) with domain D(Ay) is the infinitesimal generator of an analytic
semigroup on VO(€2), and D((Ag(—Ag)™® — A)P) = D((—Ap)”) for all 0 < 3 < 1.
The exponential stability follows from (36). O

Lemma 26. If u belongs to V**/2(S.) with 0 < s < 1, then the weak solution to
the equation

y = (A= Xo(=A40) %)y +BMu in (0,00), y(0) =0,

obeys
||y||V1/2+575,1/4+5/275/2(Qw) < CHu”Vs,s/z(Eoc) for all € > 0.

Proof. We can follow the lines of the proof given in [15, Lemma 7.3] if we are able
to show that (A\g(—Ag)~® — A)/4=¢/2PD, is bounded from V°(T) into V9 (Q).
We know that (Aol — A)Y/4=5/2PD 4 is bounded from V°(T") into V?(Q). Thus it
is enough to prove that (\g(—Ag)~® — A)V/4==/2(\oI — A)~1/4+¢/2 is bounded in
V(). Tt is the case since (A\gI — A)~1/4¢/2 is an isomorphism from V9 (Q) into

,1/275(9), and (A\g(—Ag)~® — A)1/47¢/2 is an isomorphism from V}/Qis(ﬂ) into
VY(Q) (which is a consequence of Lemma 25). O
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