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Preface

The international Conference on Optimal Control of Coupled Systems of Partial
Differential Equations was held at the Mathematisches Forschungsinstitut Ober-
wolfach (www.mfo.de) from April, 17 to 23, 2005. The scientific program included
30 talks covering various topics as controllability, feedback-control, optimality sys-
tems, model-reduction techniques, analysis and optimal control of flow problems
and fluid-structure interactions, as well as problems of shape and topology opti-
mization. The applications discussed during the conference range from the opti-
mization and control of quantum mechanical systems, the design of piezo-electric
acoustic micro-mechanical devices, optimal control of crystal growth, the control
of bodies immersed into a fluid to airfoil design and much more. Thus the appli-
cations are across all time and length scales.

Optimization and control of systems governed by partial differential equa-
tions and more recently by variational inequalities is a very active field of research
in Applied Mathematics, in particular in numerical analysis, scientific comput-
ing and optimization. In order to able to handle real-world applications, scalable
and parallelizable algorithms have to be designed, implemented and validated.
This requires an in-depth understanding of both the theoretical properties and
the numerical realization of such structural insights. Therefore, a ‘core’ develop-
ment within the field of optimization with PDE-constraints such as the analysis
of control-and-state-constrained problems, the role of obstacles, multi-phases etc.
and an interdisciplinary ‘diagonal’ bridging regarding applications and numerical
simulation are most important.

The aim of the conference, therefore, was to bring together applied mathe-
maticians and also engineers in order to provide a state-of-the-art and to establish
new standards in the field. It became apparent that the analysis of state-con-
strained nonlinear optimal control problems, of such problems governed by varia-
tional inequalities and the analysis of free boundary value problems are a key issues.
Moreover, shape and topology optimization becomes critical in material sciences,
light-weight materials, complex chambers and flexible structures. Shape-calculus
in combination with top-level optimization algorithms and in particular the com-
bination of topological and shape gradients are subject to analysis and simulation.

The editors express their gratitude to the contributors of this volume, the
Oberwolfach Institute, and the Birkhäuser-Verlag for publishing this volume.

K. Kunisch, G. Leugering,
J. Sprekels and F. Tröltzsch
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A Sharp Geometric Condition for the
Boundary Exponential Stabilizability of a
Square Plate by Moment Feedbacks only

K. Ammari, M. Tucsnak and G. Tenenbaum

Abstract. We consider a boundary stabilization problem for the plate equa-
tion in a square. The feedback law gives the bending moment on a part of the
boundary as function of the velocity field of the plate. The main result of the
paper asserts that the obtained closed loop system is exponentially stable if
and only if the controlled part of the boundary contains a vertical and a hor-
izontal part of non-zero length (the geometric optics condition introduced by
Bardos, Lebeau and Rauch in [2] for the wave equation is thus not necessary
in this case). The proof of the main result uses the methodology introduced in
Ammari and Tucsnak [1], where the exponential stability for the closed loop
problem is reduced to an observability estimate for the corresponding uncon-
trolled system combined to a boundedness property of the transfer function
of the associated open loop system. The second essential ingredient of the
proof is an observability inequality recently proved by Ramdani, Takahashi,
Tenenbaum and Tucsnak [7]

Keywords. Boundary stabilization, Dirichlet type boundary feedback, plate
equation.

1. Introduction and main results

In this work we study the boundary stabilization of a square Euler-Bernoulli plate
by means of a feedback acting on the bending moment on a part of the boundary.
Let us first describe the open loop control problem. Let Ω ⊂ R2 be an open
bounded set representing the domain occupied by the plate. We denote by ∂Ω the
boundary of Ω and we assume that ∂Ω = Γ0 ∪ Γ1, where Γ0, Γ1 are open subsets
of ∂Ω with Γ0 ∩ Γ1 = ∅. The transverse displacement of the plate at the point x
and at the moment t will be denoted by w(x, t). We assume that ∂Ω is fixed, that
the plate is simply supported on Γ0 and that a bending moment (the control) is
acting on Γ1.
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With the above notation, the system modelling the vibrations of the plate
with boundary control acting on the moment can be written as

ẅ + ∆2w = 0, x ∈ Ω, t > 0, (1.1)

w(x, t) = 0, x ∈ ∂Ω, t > 0, (1.2)

∆w(x, t) = 0, x ∈ Γ0, t > 0 (1.3)

∆w(x, t) = u(x, t), x ∈ Γ1, t > 0 (1.4)

w(x, 0) = w0(x), ẇ(x, 0) = w1(x), x ∈ Ω, (1.5)

where we have denoted by a dot differentiation with respect to the time t and
ν stands for the unit normal vector of ∂Ω pointing towards the exterior of Ω.
It is known (see, for instance, Lasiecka and Triggiani [4]) that for any input
function u ∈ L2

loc(0,∞;L2(Γ1)) the system (1.1)–(1.5) admits a unique solution
w ∈ C([0,∞);H1

0 (Ω)) ∩ C1([0,∞);H−1(Ω)) (this result has been proved for any
smooth domain Ω). The controllability of the dynamical system determined by
(1.1)–(1.5) has been investigated in several works such as Krabs, Leugering and
Seidman [3], Leugering [6], [4], Lebeau [5] and in [7]. In [4] the exact controllability
has been established in the case when the control is active on the whole boundary
whereas in [5] the controlled part of the boundary was supposed to satisfy the
geometric optics condition of Bardos, Lebeau and Rauch. In [7] the exact con-
trollability of the system (1.1)–(1.5) has been established under the assumption
that Ω is a square and under a much weaker assumption on the controlled part of
the boundary (Γ1 is only supposed to contain non-empty vertical and horizontal
subsets).

The main result of the paper concerns a system obtained by giving the input
u in (1.9) as function of ẇ. More precisely, we consider the equations

ẅ + ∆2w = 0, x ∈ Ω, t > 0, (1.6)

w(x, t) = 0, x ∈ ∂Ω, t > 0, (1.7)

∆w(x, t) = 0, x ∈ Γ0, t > 0 (1.8)

∆w(x, t) = − ∂
∂ν

(Gẇ), x ∈ Γ1, t > 0 (1.9)

w(x, 0) = w0(x), ẇ(x, 0) = w1(x), x ∈ Ω. (1.10)

The operator G in (1.9) is defined as A−1
0 , where A0 : H1

0 (Ω) → H−1(Ω) is
defined by A0ϕ = −∆ϕ for all ϕ ∈ H1

0 (Ω). The system (1.6)–(1.10) is obtained
from (1.1)–(1.5) by giving the control u in the feedback form

u(x, t) = − ∂
∂ν

(Gẇ), x ∈ Γ1, t > 0.

This choice of the feedback law is the simplest one which makes the mapping
t �→ ‖(w(·, t), ẇ(·, t)‖2

H1
0×H−1 decreasing. The concept of solution of (1.6)–(1.10)

will be made precise in Section 3. In the same section we also give a proof of the
following result.
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Proposition 1.1. Assume that Ω ⊂ R2 is an open set with smooth boundary or that
Ω is a square. Moreover, suppose that w0 ∈ H1

0 (Ω) and that w1 ∈ H−1
0 (Ω). Then

the initial and boundary value problem (1.6)–(1.10) admits a unique solution. In
other words (1.6)–(1.10) determine a well-posed linear dynamical system with state
space H1

0 (Ω) ×H−1(Ω).

The above result has been first proved in [4]. However, for the sake of com-
pleteness we give here the proof. Moreover, the notation introduced for this proof
will be useful in the proof of our main result.

The exponential stability of (1.6)–(1.10) has been studied in [4] where it has
been shown that the system is exponentially stable if Γ1 = ∂Ω. In this paper
we show that if Ω is a square we only need a much smaller control region. More
precisely, the main result of this paper is the following theorem:

Theorem 1.2. Assume that Ω is a square in R2. Then the following assertions are
equivalent:

1. The linear dynamical system determined by (1.6)–(1.10) is exponentially sta-
ble in H1

0 (Ω) ×H−1(Ω).
2. Γ1 contains both a horizontal and a vertical segment of non-zero length.

The paper is organized as follows. In Section 2 we recall some results on a
class of dynamical systems. In Section 3 we prove Proposition 1.1 asserting that
(1.6)–(1.10) determine a dynamical system and we show that this system fits into
the framework introduced in Section 2. The last section is devoted to the proof of
Theorem 1.2.

2. Some background on a class of dynamical systems

In this section we recall, following Ammari and Tucsnak [1], some results on a
class of systems which appears naturally in mathematical models of vibrating
systems with damping. Let H be a Hilbert space, and let A1 : D(A1) → H be
a self-adjoint, positive and boundedly invertible operator. We introduce the scale
of Hilbert spaces Hα, α ∈ R, as follows: for every α ≥ 0, Hα = D(Aα

1 ), with the
norm ‖z‖α = ‖Aα

1 z‖H . The space H−α is defined by duality with respect to the
pivot space H as follows: H−α = H∗

α for α > 0. The operator A1 can be extended
(or restricted) to each Hα, such that it becomes a bounded operator

A1 : Hα →Hα−1 ∀ α ∈ R . (2.11)

The second ingredient needed for our construction is a bounded linear opera-
tor B1 : U→H− 1

2
, where U is another Hilbert space which will be identified with

its dual.
The systems we consider are described by

ẅ(t) +A1w(t) +B1B
∗
1 ẇ(t) = 0 , (2.12)

w(0) = w0, ẇ(0) = w1 , (2.13)
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where t ∈ [0,∞) is the time. The equation (2.12) is understood as an equation in
H− 1

2
, i.e., all the terms are in H− 1

2
. Most of the linear equations modelling the

damped vibrations of elastic structures can be written in the form (2.12), where
w stands for the displacement field and the term B1B

∗
1 ẇ(t), represents a viscous

feedback damping. The system (2.12)–(2.13) is well posed. More precisely, the
following classical result (see, for instance, Weiss and Tucsnak [8]) holds.

Proposition 2.1. Suppose that (w0, w1) ∈ D(A
1
2
1 ) ×H. Then the problem (2.12)–

(2.13) admits a unique solution

w ∈ C([0,∞);D(A
1
2
1 )) ∩C1([0,∞);H)

such that B∗
1w(·) ∈ H1(0, T ;U). Moreover w satisfies, for all t ≥ 0, the energy

estimate

‖(w0, w1)‖2

D(A
1
2
1 )×H

− ‖(w(t), ẇ(t))‖2

D(A
1
2
1 )×H

=
∫ t

0

∥∥∥∥ d
dt
B∗

1w(s)
∥∥∥∥2

U

ds . (2.14)

From (2.14) it follows that the mapping t �→ ‖(w(t), ẇ(t))‖2

D(A
1
2
1 )×H

is non-

increasing. In many applications it is important to know if this mapping decays
exponentially when t→∞, i.e., if the system (2.12)–(2.13) is exponentially stable.
One of the methods currently used for proving such exponential stability results
is based on an observability inequality for the undamped system associated to
(2.12)–(2.13). More precisely, consider the initial value problem

φ̈(t) +A1φ(t) = 0, (2.15)

φ(0) = w0, φ̇(0) = w1. (2.16)

It is well known that (2.15)–(2.16) is well posed in D(A1)×D(A
1
2
1 ) and in D(A

1
2
1 )×

H . The result below, proved in [1], shows that, under a certain regularity assump-
tion, the exponential stability of (2.12)–(2.13) is equivalent to an observability
inequality for (2.15)–(2.16). More precisely, we have:

Theorem 2.2. Assume that for any γ > 0 we have

sup
Reλ=γ

∥∥λB∗
1(λ2I +A1)−1B1

∥∥
L(U)

<∞ . (2.17)

Then the system described by (2.12)–(2.13) is exponentially stable in D(A
1
2
1 ) ×H

if and only if there exists T > 0, C > 0 such that∫ T

0

||B∗
1 φ̇(t)||2U dt ≥ C ||(w0, w1)||2

D(A
1
2
1 )×H

∀ (w0, w1) ∈ D(A1) ×D(A
1
2
1 ) .

(2.18)
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3. Proof of Proposition 1.1

Notation. Throughout this section, Ω, Γ0 and Γ1 are as in the first section. We
denote by H the Sobolev space H−1(Ω) and

D(A1) =
{
ϕ ∈ H1

0(Ω) | ∆ϕ ∈ H1
0(Ω)

}
.

The operator A1 : D(A1)→H is defined by A1ϕ = ∆2ϕ for all ϕ ∈ D(A1). This
operator is clearly the square of the operator A0 in the introduction, thus it is
clearly self-adjoint, bounded by below and the space H 1

2
= D(A

1
2
1 ) is given by

H 1
2

= H1
0(Ω). The input space L2(Γ1) is denoted by U .

In this section we show that the system (1.6)–(1.10) can be written in the form
(2.12)–(2.13), by an appropriate choice of the spaces and operators. Then, by using
Proposition 2.1 we obtain a wellposedness result for (1.6)–(1.10).

We first define the concept of a weak solution of (1.6)–(1.10).

Definition 3.1. For w0 ∈ H1
0 (Ω), w1 ∈ H−1(Ω), a function

w ∈ C([0,∞);H1
0 (Ω) ∩C1([0,∞), H−1(Ω))

is called a weak solution of (1.6)–(1.10) if ∂
∂ν (Gẇ) ∈ L2

loc(0,∞;L2(Γ1)) and for all
t ≥ 0 and for all η ∈ D(A0) we have

〈ẇ(·, t), η〉H−1,H1
0
− 〈w1, η〉H−1,H1

0

+
∫ t

0

∫
Ω

∆w(x, s)∆η(x)dxds+
∫ t

0

∫
Γ1

∂

∂ν
(Gẇ)

∂η

∂ν
(x)dΓds = 0 . (3.19)

w(x, 0) = w0(x) ∀ x ∈ Ω . (3.20)

In order to show the existence and uniqueness of the weak solutions of the
system (1.6)–(1.10), we will need the following simple result, a direct consequence
of the Riesz representation theorem in L2(Ω):

Proposition 3.2. For every v ∈ L2(Γ), there exists a unique function Rv ∈ H2(Ω)∩
H1

0(Ω) such that∫
Ω

∆(Rv)(x)ψ(x)dx = −
∫

Γ

v
∂(Gψ)
∂ν

dΓ ∀ ψ ∈ L2(Ω) . (3.21)

Moreover, the operator R defined above is linear and bounded from L2(Γ) into
L2(Ω).

Remark 3.3. The above defined mapping R has the following property: if we as-
sume that v is continuous on ∂Ω and Rv ∈ C4(Ω) ∩ C2(Ω) then Rv satisfies the
conditions

∆2(Rv) = 0 in Ω ,
v = 0 on ∂Ω .

∆(Rv) = v on ∂Ω .
This fact can be easily checked by using Green’s formula.
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Let us introduce the operator B1 ∈ L(U,H− 1
2
) defined by

B1v = A1Rv ∀ v ∈ U , (3.22)

where A1 is considered as an operator from H 1
2

to H− 1
2

and R : U→L2(Ω) is the
mapping defined in Proposition 3.2.

Proposition 3.4. The adjoint of the operator B1 defined in (3.22) is the operator
C1 ∈ L(H 1

2
, U) defined by

C1φ = B∗
1φ =

∂(Gφ)
∂ν

|Γ1 ∀ φ ∈ H 1
2

= H1
0(Ω) . (3.23)

Proof. Let φ ∈ H2(Ω) ∩H1
0(Ω) ⊂ H1 and u ∈ L2(Γ1). Then we have

〈B1u, φ〉H− 1
2

,H 1
2

= 〈Ru,A1φ〉H = 〈Ru, φ〉H 1
2

,

which, by using the fact thatH 1
2

= H1
0(Ω) and by applying Green’s formula implies

that

〈B1u, φ〉H− 1
2

,H 1
2

= −
∫

Ω

∆(Ru)φdx.

By using the density of H2(Ω) ∩ H1
0(Ω) in H1

0(Ω) and (3.21), it follows that, for
every φ ∈ H1

0(Ω) and for every u ∈ L2(Γ1),

〈B1u, φ〉H− 1
2

,H 1
2

=
∫

Γ1

u
∂ (Gφ)
∂ν

dΓ .

We conclude that the adjoint of B1 (using the pivot space H = H−1(Ω)) is given
by (3.23). �
Proof of Proposition 1.1. The essential part of the proof consists in showing that
a function w : Ω × [0,∞)→C is a weak solution of (1.6)–(1.10) if and only if the
mapping t→w(·, t) is a solution in H− 1

2
of

ẅ(t) +A1w(t) +B1B
∗
1 ẇ(t) = 0 , (3.24)

w(0) = w0, ẇ(0) = w1 . (3.25)

Since G maps H 1
2

onto H1, for η ∈ H1 there exists a unique ϕ ∈ H 1
2

= H1
0(Ω) such

that η = Gϕ. Thus relation (3.19) is equivalent to the fact that, for all ϕ ∈ H1
0(Ω),

we have ∫
Ω

ẇ(x, t)Gϕ(x)dx−
∫

Ω

w1(x)Gϕ(x)dx

−
∫ t

0

∫
Ω

∆w(x, s)ϕ(x)dxds+
∫

Γ1

∂ (Gẇ)
∂ν

∂ (Gϕ)
∂ν

dΓ = 0 . (3.26)

Since ẇ = −∆(Gẇ), a simple application of Green’s formula yields that∫
Ω

ẇ(x, t)Gϕ(x)dx =
∫

Ω

∇(Gẇ) · ∇(Gϕ)dx.
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The above relation and the definition of the inner product in H imply that∫
Ω

ẇ(x, t)Gϕ(x)dx = 〈ẇ, ϕ〉 . (3.27)

Similarly we can show that∫
Ω

w1(x)Gϕ(x)dx = 〈w1, ϕ〉 . (3.28)

On the other hand∫
Ω

∆wϕdx =
∫

Ω

∇(Gw) · ∇(∆ϕ)dx =
∫

Ω

∇(Gw) · ∇(GA1ϕ)dx. (3.29)

Consequently, we have∫
Ω

wϕdx = 〈w,A1ϕ〉 ∀ ϕ ∈ H1
0(Ω) .

By using (3.26)–(3.29), combined to Proposition 3.4 we obtain that w is a weak
solution of (1.6)–(1.10) iff w satisfies (3.20) and, for all ϕ ∈ H1 we have:

〈ẇ(t) − v0, ϕ〉 +
∫ t

0

〈w(σ), A1ϕ〉dσ =
∫ t

0

〈B1B
∗
1 ẇ(σ), ϕ〉dσ ∀ t ∈ [0,∞) .

The above relation, combined to the fact that A1 is self-adjoint, clearly imply that
w is a weak solution of (1.6)–(1.10) if and only if the mapping t→w(·, t) is a
solution of (3.24)–(3.25) in H− 1

2
.

The existence and uniqueness of a weak solution of (1.6)–(1.10) follows now
from Proposition 2.1. �

4. Proof of the main result

An important ingredient of the proof of Theorem 1.2 is the following technical
result:

Lemma 4.1. For every γ > 0 we have

sup
Reλ=γ, m∈N

∑
n≥1

∣∣∣∣ λ

λ2 + (n2 +m2)2

∣∣∣∣ <∞ . (4.1)

Proof. Let λ be a complex number with real part equal to γ > 0 and denote by β
the imaginary part of λ. We set

Sm =
∑
n≥1

∣∣∣∣ λ

λ2 + (n2 +m2)2

∣∣∣∣ ∀ m ∈ N .

We have

Sm ≤
√

2
∑
n≥1

|λ|
|β| + |(n2 +m2)2 + γ2 − β2| ∀ m ∈ N . (4.2)



8 K. Ammari, M. Tucsnak and G. Tenenbaum

By symmetry, it suffices to find an upper bound for the right-hand side of (4.2)
which is valid for every β ≥ 0.

We distinguish three cases.

Case 1. Assume that 0 ≤ β ≤ γ
2 . Then (4.2) implies that:

Sm ≤ γ
√

10
2

∑
n≥1

1

β +
∣∣∣(n2 +m2)2 + 3γ2

4

∣∣∣ ∀ m ∈ N .

Consequently, for all m ∈ N we have

Sm ≤ C1γ ,

where

C1γ =
γ
√

10
2

∑
n≥1

1
3γ2

4 + n4
.

Case 2. Assume that γ
2 < β ≤ 2γ. In this case (4.2) implies that:

Snm ≤ γ
√

20
∑

1≤n≤2γ

1
γ

+ γ
√

10
∑

n>2γ

1
β + |n4 − 3γ2| ∀ m ∈ N .

Thus, in this case, for all m ∈ N we have

Sm ≤ C2γ ,

where

C2γ = 2γ
√

20 + γ
√

10
∑

n>2γ

1
n4 − 3γ2

.

Case 3. Assume that β > 2γ and denote βγ :=
√
β2 − γ2. Then clearly 1

2 β ≤
βγ ≤ β and (4.2) implies that for all m ∈ N we have

Sm ≤ 2
∑
n≥1

β

β + (m2 + n2 + β)|m2 + n2 − βγ |
≤ 2

∑
n≥1

1
1 + |m2 + n2 − βγ |

. (4.3)

For k,m ≥ 1 we next estimate the number of integers n, such that the inequality

2k−1 < m2 + n2 − βγ ≤ 2k , (4.4)

holds true. Assume that

2k−1 + βγ −m2 > 0 . (4.5)

In this case (4.4) implies that√
2k−1 + βγ −m2 < n ≤

√
2k + βγ −m2 .
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Consequently, (4.4) is satisfied for at most
√

2k + βγ −m2−
√

2k−1 + βγ −m2+1
integers n. Since√

2k + βγ −m2 −
√

2k−1 + βγ −m2

=
2k−1√

2k + βγ −m2 +
√

2k−1 + βγ −m2
≤ 2

k−1
2 ,

we have that, under the assumption (4.5), the inequality (4.4) is satisfied for at
most 2

k−1
2 + 1 integers m. If we assume that

2k−1 + βγ −m2 ≤ 0 ,

then (4.4) implies that
1 ≤ n ≤ 2

k
2 .

We have thus shown that the inequality (4.4) is satisfied for at most 2
k+2
2 + 1

integers n. It can be shown in a completely similar way that for any k,m ≥ 1
there exist at most 2

k+2
2 + 1 integers n such that

2k−1 < βγ −m2 − n2 ≤ 2k .

Consequently, the inequality 2k−1 < |m2+n2−βγ | ≤ 2k holds for at most 2
k+4
2 +2

integers n. Moreover, the inequality |m2 + n2 − βγ | ≤ 1 holds for at most three
integers n. Thus, we have

Sm ≤ C3γ ∀ m ∈ N ,

where
C3γ = 6 +

∑
k≥1

2
6−k
2 .

Consequently, for all m ∈ N and for all λ ∈ C with Reλ = γ > 0, we have

Sm ≤ max {C1γ , C2γ , C3γ} ,
which implies the conclusion (4.1). �
Proof of Theorem 1.2. We have seen in the proof of Proposition 1.1 that (1.6)–
(1.10) can be written in the form (3.24), (3.25) with A1 and B1 defined in Section
3. In order to apply Proposition 2.2 we need to estimate the norm in L(U) of the
operator

H(λ) = λB∗
1 (λ2I +A1)−1B1 ,

for λ ∈ C with Reλ = γ > 0. This will be done by using the eigenvalues and the
eigenvectors of A1. It is easy to see that the eigenvalues of A1 are

µm,n = (m2 + n2)2, ∀ m,n ∈ N
∗.

A corresponding family of normalized (in H = H−1(Ω)), eigenfunctions of A1 are

Φm,n(x1, x2) =
2
√
m2 + n2

π
sin (mx1) sin (nx2) ∀ m,n ∈ N

∗.
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For v ∈ U denote ψλ = (λ2I +A1)−1B1v. If we consider the decomposition

ψλ =
∑

m,n≥1

am,n(λ)Φm,n, (4.6)

then we see that

am,n(λ) =
〈B1v,Φm,n〉H− 1

2
,H 1

2

λ2 + (m2 + n2)2
=

〈v, B∗
1Φm,n〉L2(Γ1)

λ2 + (m2 + n2)2
∀ m, n ≥ 1 . (4.7)

Notice that, by symmetry considerations, it suffices to consider the case when Γ1

is one of the sides of the square. Therefore, in the remaining part of the proof we
assume that Γ1 = (0, π) × {0}, which implies that U = L2(0, π). In this case, by
using Proposition 3.4 we see that

B∗
1Φm,n(x1) =

2n
π
√
m2 + n2

sin (mx1) ∀ m,n ≥ 1 . (4.8)

If we consider the Fourier series of v, denoted by

v(x1) =
∑
k≥1

bk sin (kx1) ,

then (4.7) and (4.8) imply that

am,n =
nbm√

m2 + n2[λ2 + (m2 + n2)2]
∀ m, n ≥ 1 .

The above relation, combined to (4.6) and to (4.8) imply that, for almost all
x1 ∈ (0, π), we have

[H(λ)v](x1) = [λB∗
1ψλ](x1) = λ

∑
m,n≥1

n2bm
(m2 + n2)[λ2 + (m2 + n2)2]

sin (mx1) .

(4.9)
On the other hand, if Reλ = γ > 0 then Lemma 4.1 implies the existence of a
constant Kγ > 0 such that∣∣∣∣∣∣λ

∑
n≥1

n2bm
(m2 + n2)[λ2 + (m2 + n2)2]

∣∣∣∣∣∣ ≤ Kγ |bm| ∀ m ≥ 1 .

The above relation and (4.9) imply that

‖H(λ)‖L(U) ≤
√
π

2
Kγ ,

for all λ ∈ C with Reλ = γ. Consequently, the pair (A1, B1) satisfies the assump-
tion (2.17) in Theorem 2.2. This fact, combined with the result in [7], saying that
(A1, B1) satisfies condition (2.18) in Theorem 2.2 if and only if Γ1 contains both a
horizontal and a vertical segment of non-zero length, yields the conclusion of the
theorem.
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Local Exponential Stabilization Strategies
of the Navier-Stokes Equations, d = 2, 3,
via Feedback Stabilization of its Linearization

Viorel Barbu, Irena Lasiecka and Roberto Triggiani

Abstract. We review recent results on the boundary and interior feedback
stabilization of Navier-Stokes equations, d = 2, 3, and provide new ones.

Mathematics Subject Classification (2000). Primary 35B40, 35Q30; Secondary
76D05, 7655.

Keywords. Navier-Stokes equations, boundary and interior feedback stabiliza-
tion, optimal control, Riccati equation, steady-state solution.

0. Orientation

Opening question: What axiomatic properties, and in what topological setting,
depending on the dimension d = 2, 3, need to be satisfied by the linearized Navier-
Stokes equations, in order to guarantee local exponential stabilization of the (full
nonlinear) Navier-Stokes equations, in the vicinity of a steady-state solution, by
means of the same boundary feedback mechanism, which has proved successful in
the linearized dynamics?

The core of this question was the motivating strategy behind the approaches
successfully pursued in achieving local exponential stabilization, near an equilib-
rium solution, of the Navier-Stokes equations in the authors’ recent work: first, by
means of a localized interior feedback control, d = 2, 3, [B.1], [B-T.1]; and next,
more challengingly, by means of a tangential boundary feedback control, d = 2, 3,
[B-L-T.1], [B-L-T.2]. In these works, implementation of this strategy was based
on a basic well-known fact in optimal control theory: that the linear quadratic
control problem not only identifies, in feedback form, the optimal solution of the
corresponding minimization problem; but, moreover, it yields that such optimal

Research partially supported by the National Science Foundation under Grant DMS-0104305,
and by the Army Research Office under Grant DAAD19-02-1-0179.
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feedback solution has the additional attractive bonus of being uniformly, expo-
nentially stable. That is, the optimization problem forces dissipation. This tenet,
therefore, prompts the following guiding directive, first implemented in [La.3] (in
the case of nonlinear hyperbolic problems): in order to inject dissipation as to force
local exponential stabilization of the steady-state solutions, an Optimal Control
Problem (OCP) with a quadratic cost functional over an infinite time horizon is
introduced for the linearized N-S equations. As a result, the same Riccati-based,
optimal boundary feedback controller which is obtained in the linearized OCP is
then selected and implemented also in the full N-S system. Implementation of this
known idea depends on how ‘rough’ the nonlinear term in the full nonlinear dy-
namics is; and, consequently, what is the topological setting that the nonlinear
term imposes and dictates on the problem.

In the case of Navier-Stokes equations, this strategy has been successfully im-
plemented first to obtain stabilizing, Riccati-based, localized interior feedback con-
trols, d = 2, 3 [B.1], [B-T.1]; and, subsequently, with the critical use of [B-T.1], to
obtain stabilizing, Riccati-based, tangential boundary controls, d = 2, 3 [B-L-T.1],
[B-L-T.2]. In all cases, the class of initial conditions, topologically depending on
the dimension d = 2, 3, is tangential on the boundary. Paper [B-L-T.1] was mainly
devoted to the more challenging case d = 3, as well as its supporting, preliminary
background: the establishment of an optimal regularity theory of the mixed (ini-
tial, boundary value) problem for the linearized N-S equations and corresponding
adjoint problem; the derivation of the abstract model for the mixed linearized
N-S equations, in particular of the control operator “B” and its corresponding
(trace operator) adjoint “B∗”; open-loop well-posedness of the optimization (lin-
ear quadratic) problem for the linearized N-S equations, at the high topological
level that is forced and imposed by the nonlinear term for d = 3; corresponding
linear quadratic and algebraic Riccati theory, etc. The more amenable case d = 2
may be made to fall into standard OCP and Riccati theory as in [La.1], [La.2],
[L-T.1]–[L-T.4], and is therefore relegated to [B-L-T.1, Appendix B].

Having at hand a definite, Riccati-based solution of the local exponential
stabilization problem for Navier-Stokes equations with either localized interior
[B-T.1] or else tangential boundary feedback controls [B-L-T.1], the next phase of
investigation was to address the opening question in its full force and generality.
Are different feedback controls, other than Riccati-based, also possible to likewise
obtain local exponential feedback stabilization of the full nonlinear N-S equations
in a vicinity of an equilibrium solution? Attractive alternatives include: spectral-
based feedback controls; or feedback controls induced by approximating numerical
schemes. In this broader setting, the issue of local feedback stabilization of N-S
equations for d = 2, 3, was then revisited in [B-L-T.2]. Here, guided by the con-
crete solutions in [B-T.1] and [B-L-T.1] for d = 2, 3, and [R.1] for d = 2, the key
essential ingredients occurring in the treatment of the special Riccati-based solu-
tion presented in these references were singled out. They were then elevated to two
abstract settings – each involving exclusively well-posedness and stability proper-
ties of the linearized N-S problem – having, as a desired distinguishing feature, the
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capability to imply and guarantee local, tangential feedback stabilization of the
equilibrium solution for the full N-S problem. They are labeled Setting #1 and Set-
ting #2, the second being contained in the first. In short: this is an illustration of
the principle of “local feedback stabilization of the nonlinear dynamics by virtue of
global feedback stabilization of its linearized part.” The correct topological setting
is critical, however.

In this paper, we present the topic of N-S feedback stabilization by follow-
ing the more general setting of [B-L-T.2]. This way, we shall present not only the
original, Riccati-based, local feedback stabilization results of Navier-Stokes equa-
tions of the aforementioned references, but also the additional, new, spectral-based
counterparts, as cast within the aforementioned abstract setting, by verifying the
corresponding abstract assumptions. To be sure, the abstract assumptions will
not define the problem away; rather, it is plain that actual verification of these
abstract assumptions relies critically on the technical analysis and results of the
original work [B-L-T.1]. Within the limited space, our goal is therefore to espouse
the guiding ideas behind the principle of “local feedback stabilization of the nonlin-
ear system by global feedback stabilization of its linearized part,” while deferring
most of the proofs to the original sources. There will be two exceptions: Section 4
and Section 5. In Section 4, we shall re-obtain the main local exponential feedback
stabilization result of [B-T.1] by means of a localized interior Riccati-based feed-
back controls, as an illustration of both the abstract Setting #1 and the abstract
Setting #2, by verifying the corresponding abstract assumptions. This phase will
rest critically on the technical analysis and result of [B-T.1], of course. Finally, in
Section 5, we shall go one step further and present a new result as an application,
again, of abstract Setting #1 and abstract Setting #2: a corresponding local ex-
ponential feedback stabilization of N-S equations, d = 2, 3, by means of, this time,
spectral-based localized interior feedback controls.

High-gain versus low-gain feedback stabilizing controllers. Cumulatively, [B-L-T.1]
and [B-L-T.2] yield local feedback tangential boundary feedback stabilization re-
sults for d = 2, 3, either with high-gain, Riccati-based feedback controllers, or else
with low-gain, Riccati-based or spectral-based feedback controllers. More precisely:
for d = 3, high-gain, Riccati-based feedback controllers ([B-L-T.1] and [B-L-T.2,
Section 2.1]), while for d = 2, either high-gain, Riccati-based feedback controllers
([B-L-T.1] and [B-L-T.2, Section 2.2]), or else low-gain, Riccati-based ([B-L-T.1,
Appendix B], [B-L-T.2, Section 3.1]), or spectral-based ([B-L-T.2, Section 3.2])
feedback controllers. Paper [R.1] deals with low-gain, Riccati-based feedback con-
trollers for d = 2: it served as a further motivation for us to revisit the problem.
What are then the advantages and disadvantages of high-gain versus low-gain
implementation of feedback controllers?

The main advantage of the low-gain, Riccati-based feedback controller (case
d = 2) is the validity of Theorem 3.1.1 below, which is taken from [B-L-T.1,
Propositio B.4.1], [B-L-T.2]. It contains, in particular, the following features: (i)
the feedback operator is bounded; (ii) the s.c. feedback semigroup is analytic;
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(iii) the Algebraic Riccati Equation (ARE) is simple and transparent on H : see
Eqn. (3.1.3) below, which is valid for all testing functions y, z ∈ H ; hence, as an
operator equation. In contrast, the high-gain, Riccati-based feedback controller
(case d = 3) offers a mixed balance. To begin with, it has an unbounded feedback.
On the one hand, it yields the distinct advantage that the feedback generator AR

is dissipative with respect to the inner product ( · , R · )H , R the Riccati operator
unbounded on H [B-L-T.1, Proposition 4.5.1, Eqn. (4.5.1)], which is equivalent
to the inner product of the state space W ⊂ H [the |x|W -norm is equivalent to
the |R 1

2 x|H -norm, x ∈ W , see below: (2.1.4) for d = 3 and (2.2.11) for d = 2].
The nonlinear dynamics is accordingly dissipative on a desirable high-topological
level state space W with high coercivity (“ 3

2 + ε” derivative in space and L2

in time). As a consequence, feedback controllers with high gain are expected to
be “robust,” with respect to a larger class of perturbations. This feature is, in
particular, expected to play an important role in the corresponding numerical
construction of feedback stabilizers. (We intend to provide details thereof in a
subsequent analysis elsewhere.)

On the other hand, this approach (for d = 3) inherits the disadvantage
that the ARE is valid for all testing function in the domain D(A2

R) [B-L-T.1,
Eqn. (4.5.1)].

We further remark that the low-gain setting and high-gain setting both con-
tribute extra regularity of the linearized dynamics, but for different reasons. In the
low-gain setting, extra regularity of the linearized dynamics is obtained due to the
analyticity of the feedback semigroup; while in the high-gain setting, it is the un-
bounded observation that contributes extra regularity of the linearized dynamics.

It may not always be possible to have both options available, e.g., d = 3 in
the boundary case.

The case d = 2. A main claim that we wish to make at the outset is this: that, for
d = 2, the optimal control theory and related Riccati theory of the optimal control
problem in Section 3.1, Eqn. (3.1.1), at the low- (that is, H−, hence (L2(Ω))2-)
topological level, with identity on H as observation, can be essentially borrowed
from long-established (late 70’s–mid 80’s [La.1–2], [L-T.1–2]) parabolic optimal
control theory, as reported in book-form in [L-T.4, Chapter 2], once the following
two main ingredients are in place:

(i) Optimal regularity theory on H-based spaces of the linearized N-S (tangen-
tial) mixed problem (1.1.20), or its abstract version (1.1.21); that is, under
the action of a non-homogeneous tangential boundary term (control) in the
Dirichlet (no-slip) boundary conditions. This theory, which generalizes to N-
S problems the mixed theory for classical parabolic problems as in [L-M.1,
Vol. 2] (to cover even a critical range of the interpolating parameter not in-
cluded in [L-M.1, Vol. 2] as pointed out in [B-L-T.1, Remark 3.1.1]) is given
in [B-L-T.1, Section 3.1, Theorems 3.1.4 through 3.1.8].

(ii) The abstract models (1.1.21) (linearized N-S problem) and (1.2.8) (full, non-
linear N-S problem), established in [B-L-T.1, Section 3.1, Section 5] for
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the corresponding PDE-versions (1.2.20) and (1.1.12) with tangential con-
trols. These are then complemented by the critical trace result (1.1.19):
D∗

kA∗
k = −ν0 ∂

∂ν on D(A∗), which is established in [B-L-T.1, Proposition
3.2.1].

The validity of this latter paragraph is verified in the statements of Theorem
3.1.1 and Proposition 3.1.2: see, in particular, the preliminaries, as well as the
actual proof of Proposition 3.1.2 given in [B-L-T.2, Section 6].

1. Introduction; setting; main results

1.1. Setting of the problem; goal

Boundary controlled Navier-Stokes equations. We consider the controlled Navier-
Stokes equations (see [C-F.1, p. 45], [Te.1, p. 253] for the uncontrolled case u ≡ 0)
with boundary control u in the Dirichlet (no-slip) B.C.:⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

yt(x, t) − ν0∆y(x, t) + (y · ∇)y(x, t) = fe(x) +∇p1(x, t) in Q;

∇ · y = 0 in Q;

y = u on Σ;

y(x, 0) = y0(x) in Ω.

(1.1.1a)

(1.1.1b)

(1.1.1c)

(1.1.1d)

Here, Q ≡ Ω × (0,∞); Σ = ∂Ω × (0,∞) and Ω is an open smooth bounded
domain of Rd, d = 2, 3; u ∈ L2(0, T ; (L2(∂Ω))d) is the boundary control input; and
y = (y1, y2, . . . , yd) is the state (velocity) of the system. The constant ν0 > 0 is the
viscosity coefficient. The functions y0, fe ∈ (L2(Ω))d are given, the latter being a
body force, while −p1 is the unknown pressure. The boundary ∂Ω is assumed to
be of class C2.

Steady-state solutions. Let (ye, pe) ∈ ((H2(Ω))d ∩ V ) × H1(Ω) be a steady-state
(equilibrium) solution to equations (1.1.1), i.e.,⎧⎪⎪⎨⎪⎪⎩

−ν0∆ye + (ye · ∇)ye = fe +∇pe in Ω;

∇ · ye = 0 in Ω;

ye = 0 on ∂Ω.

(1.1.2a)

(1.1.2b)

(1.1.2c)

A steady-state solution is known to exist for d = 2, 3 [C-F.1, Theorem 7.3,
p. 59]. Here, [C-F.1, p. 9], [Te.1, p. 18],

V = {y ∈ (H1
0 (Ω))d; ∇ · y = 0} with norm ‖y‖V ≡ ‖y‖ =

{∫
Ω

|∇y(x)|2dΩ
} 1

2

.

(1.1.3)
For large Reynolds number 1

ν0
, the steady-state (stationary) solutions ye are un-

stable and cause turbulence in their surroundings. Let ye be one such unstable
steady-state solution.
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Ambient state space; boundary control space. Throughout the paper, we shall
make reference to the classical space [C-F.1, p. 7], [Te.1, p. 15]:

H ≡ {y ∈ (L2(Ω))d; ∇ · y = 0; y · ν = 0 on ∂Ω}, (1.1.4)

so that the following orthogonal decomposition holds true:

(L2(Ω))d = H +H⊥, H⊥ ≡ {y ∈ (L2(Ω))d : y = grad p, p ∈ H1(Ω)}. (1.1.5)

Here, ν is the unit outward normal to the boundary ∂Ω of Ω. Because of
the divergence theorem, we have:

∫
Ω ∇ · y dΩ =

∫
Γ y · ν dΓ, Γ = ∂Ω. Thus, by

(1.1.1b–c), we must require, at least, the integral boundary compatibility condition∫
Γ u ·ν dΓ = 0 on the boundary control function. Actually, in order for the velocity
y to fall into the space H in (1.1.4), a more stringent condition will be imposed
on u. Indeed, throughout this paper, we choose the control space U defined by

U ≡ L2(0,∞;U); U = {µ ∈ (L2(Γ))d : µ · ν ≡ 0 a.e.}. (1.1.6)

Thus, in line with [B-L-T.1], we restrict to the class of boundary controls with
purely tangential boundary action, at each point of ∂Ω ≡ Γ.

Goal. Our goal is to identify a more specific and natural space W ⊂ H (possibly
depending on the dimension d), and a linear feedback operator

F : W ⊃ D(F ) → U ⊂ (L2(Γ))d, (1.1.7)

densely defined in W , such that: If the I.C. y0 ∈ Vρ for ρ > 0 sufficiently small,
where

Vρ = {y0 ∈ W : |y0 − ye|W < ρ}, (1.1.8)

and if the control u is given by the following feedback tangential control law

u = F (y − ye), on Σ, (1.1.9)

then the resulting N-S problem (1.1.1), obtained from inserting (1.1.9) into (1.1.1c)
[i.e., with (1.1.1c) replaced by y = F (y − ye) on Σ], possesses the following two
features:

(i) it is semigroup well-posed on W ;
(ii) it exponentially stabilizes the flow of (1.1.1), (1.1.9) in W : There exist con-

stants M ≥ 1 and ω > 0, independent of ρ > 0 such that its solution y
satisfies

|y(t) − ye|W ≤Me−ωt|y0 − ye|W , t ≥ 0. (1.1.10)

Translated nonlinear N-S problem: PDE and abstract versions. It is natural, as
in [B-L-T.1], to consider the nonlinear problem (1.1.1) around the equilibrium
solution ye. Thus, we introduce the new variables

η = y − ye; p ≡ p1 − pe (1.1.11)
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for velocity and pressure. Then, by substitution of (1.1.11) in (1.1.1), we obtain
the PDE version of the translated nonlinear N-S problem in η and p:⎧⎪⎪⎪⎨⎪⎪⎪⎩

ηt − ν0∆η + (η · ∇)η + (ye · ∇)η + (η · ∇)ye = ∇p in Q;
∇ · η ≡ 0 in Q;
η ≡ u on Σ;
η0(x) = y0(x) − ye(x) in Ω.

(1.1.12a)
(1.1.12b)
(1.1.12c)
(1.1.12d)

It is shown in [B-L-T.1, Section 3.1 and Appendix A.2] that the abstract
model of the N-S problem (1.1.12) projected on the space H defined by (1.1.4) is
given by

ηt −Aη +Bη = −ADu ∈ [D(A∗)]′, η0 ∈ H, u · ν ≡ 0 on Σ. (1.1.13)

Here: (i) the operator A in (1.1.13) is the extension by transposition A : H →
[D(A∗)]′, duality with respect to H as a pivot space, of the original (differential)
Oseen operator

A = −(ν0A+A0), D(A) = D(A) = (H2(Ω))d ∩ V → H ; (1.1.14)

Av = −P∆v, ∀ v ∈ D(A); A0v = P ((ye · ∇)v + (v · ∇)ye); D(A0) = V ≡ D(A
1
2 ),

(1.1.15)
where P : (L2(Ω))d → H is the Leray projector [C-F.1, p. 9], which is orthogonal
on (L2(Ω))d. Thus, applying P to Eqn. (1.1.12a) eliminates the pressure term on
H by virtue of (1.1.5); moreover, Pηt = ηt, as η · ν ≡ u · ν ≡ 0 on Σ, as imposed in
(1.1.6). See [B-L-T.1, Appendix A.1] for the required extension of P outside the
space (L2(Ω))d. The following results are well known. The operator −ν0A (ν0 > 0,
the viscosity coefficient) is negative self-adjoint and has compact resolvent on H .
Thus, −ν0A generates a s.c. analytic (self-adjoint) semigroup on H . Moreover, the
perturbed operator A in (1.1.14) likewise has compact resolvent and generates a
s.c. analytic semigroup on H . Finally, the operator A has a finite number N of
eigenvalues λj with Re λj ≥ 0 (the unstable eigenvalues):

Re λN+1 < 0 ≤ Re λN ≤ · · · ≤ Re λ1. (1.1.16)

The eigenvalues are repeated according to their algebraic multiplicity �j . Finally,
�1+�2+· · ·+�M = N , whereM denotes the number of distinct unstable eigenvalues
of A.
(ii) The operator B : V → V ′ in (1.1.13) is defined by [C-F.1, p. 54], [Te.1, p. 162]:

Bv = P [(v · ∇)v], B ∈ L(V ;V ′). (1.1.17)

(iii) The definition of the ‘Dirichlet map’D in (1.1.13) is more delicate and is given
as follows [B-L-T.1, Section 3.1, complemented by Appendix A.2]. Essentially, we
may begin by introducing the Dirichlet map Dk which solves the static Oseen
problem translated by a suitable constant k, due to a tangential boundary datum
g on Γ, g · ν = 0 on Γ. There is no essential loss of generality to take k = 0, and
write D for Dk=0, as in (1.1.13).
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Two features are important:
(i) [B-L-T.1, Eqn. (3.1.3)]

D : continuous (Hs(Γ))d → (Hs+ 1
2 (Ω))d ∩H, s ≥ 0; (1.1.18)

(ii) [B-L-T.1, Lemma 3.3.1]

D∗A∗ϕ = −ν0
∂ϕ

∂ν
, ϕ ∈ D(A∗) = D(A). (1.1.19)

Linearization of translated N-S problem: PDE and abstract versions. The lin-
earized version of the translated nonlinear PDE η-problem (1.1.12) is⎧⎪⎪⎪⎨⎪⎪⎪⎩

vt − ν0∆v + (ye · ∇)v + (v · ∇)ye = ∇p in Q;
∇ · v ≡ 0 in Q;
v = u in Σ;
v0(x) = y0(x) − ye(x) in Ω.

(1.1.20a)
(1.1.20b)
(1.1.20c)
(1.1.20d)

Its abstract version on H is then, from (1.1.13),

vt = A(v −Du), v(0) = v0. (1.1.21)

1.2. Two abstract settings and statement of corresponding main, local,
exponential, feedback stabilization results of N-S systems [B-L-T.2]

In this section, we shall introduce two abstract settings (two abstract sets of as-
sumptions) on the linearization

vt(t) = A(I −DF )v(t), v(0) = v0 ∈W (1.2.1)

in feedback form of the translated N-S problem. Eqn. (1.2.1) is obtained from
(1.1.21) by using the feedback control u = Fv, v = y−ye, see (1.1.9), whereW ⊂ H
is a natural, specialized state space, which along with the corresponding output
space Z will be specified below. In line with [B-L-T.1], throughout this paper we
shall take two sets of (state, output)-spaces, depending on the dimension. More
precisely, let ε0 > 0 be arbitrarily small and fixed once and for all; throughout this
paper, we shall consider the following two selections [B-L-T.1], where Â ≡ ωI−A,
for a sufficiently large ω > 0, fixed once and for all, so that the s.c. analytic
semigroup e−Ât on H is, moreover, exponentially stable and the fractional powers
Âθ, 0 < θ < 1, of Â are well defined. They are:

for d = 2 :W ≡ (H
1
2−ε0(Ω))d ∩H ≡ D(Â 1

4−
ε0
2 ); Z ≡ (H

3
2−ε0(Ω))d ∩H ;

(1.2.1a)
−Â ≡ A− ωI = −ν0A− (A0 + ωI); (1.2.1b)

for d = 3 : W ≡ (H
1
2+ε0(Ω))d ∩H ; Z ≡ (H

3
2 +ε0(Ω))d ∩H. (1.2.2)

See [B-L-T.1, Eqns. (1.13)–(1.17)] and [W.1] for coincidence between Sobolev
spaces and domain of fractional powers. In addition, prompted and inspired by
[B-L-T.1], we shall introduce two distinct sets of abstract settings:
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Setting #1 (Unbounded feedback): Assumption (H.1). Here, we assume the exis-
tence of a linear (feedback) operator F

F : W ⊃ D(F ) → U, (1.2.3)

densely defined on W (see (1.2.2), (1.2.3) for W ; (1.1.6) for U), such that the
following three properties hold true:
(H.1i) the feedback operator of (1.2.1)

AF ≡ A(I −DF ) : W ⊃ D(AF ) → W ; (1.2.4a)

D(AF ) ≡ {w ∈ W : A(w −DFw) ∈W}, (1.2.4b)

generates a s.c. semigroup eAF t on W : v(t; v0) = eAF tv0, v0 ∈W .;
(H.1ii) the semigroup eAF t is uniformly (exponentially) stable on W : there exist

constants C ≥ 1 and δ > 0 such that

|eAF t|L(W ) ≤ Ce−δt, t ≥ 0; (1.2.5)

(H.1iii) for each w ∈ W , we have eAF tw ∈ L2(0,∞;Z); thus for some positive
constant c ∫ ∞

0

|eAF tw|2Zdt ≤ c|w|2W , ∀ w ∈ W. (1.2.6)

Main result for Setting #1. Under Assumption (H.1) for the linearized v-problem
(1.2.1) in feedback form, the main result of the present paper is the following local
exponential stabilization result for the nonlinear problem (1.1.1).

Theorem 1.2.1. Assume hypothesis (H.1(i), (ii), (iii)) on the linearized v-problem
(1.2.1). Then, the following local exponential stabilization on W holds true for the
nonlinear translated N-S η-problem (1.1.12) or (1.1.13) in feedback form u = Fη:
for each η0 ∈ W with |η0|W ≤ ρ for ρ sufficiently small, the corresponding N-S
problem (1.1.13), which is obtained with u given in feedback form as u = Fη (as
in (1.1.9)), thus resulting via (1.2.5) in

ηt +Bη = A(η −DFη) = AF η, η(0) = η0 ∈ W, (1.2.7)

is well posed on W and satisfies the following regularity properties:

η ∈ C([0,∞];W ) ∩ L2(0,∞;Z). (1.2.8a)

Moreover, η(t) satisfies the following local exponential decay

|η(t)|W ≤Me−ωt|η0|W , t ≥ 0; |η0|W ≤ ρ, (1.2.8b)

for constants M ≥ 1, ω > 0, independent of ρ > 0.
Accordingly, the original nonlinear N-S problem (1.1.1) with u given in feed-

back form as u = F (y − ye), as in (1.1.9), satisfies the statement in the afore-
mentioned goal: For all y0 ∈ Vρ in (1.1.8), with ρ > 0 sufficiently small, the
corresponding problem (1.1.1), (1.1.9) is well posed on W , and satisfies (1.2.9a–b)
with η(t) = y(t)− ye, in particular the exponential decay (1.1.10).

The proof of Theorem 1.2.1 is given in [B-L-T.2, Section 5].
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Comments on Theorem 1.2.1. Theorem 1.2.1 allows for the construction of a sta-
bilizing feedback for 2- and 3-d Navier-Stokes flows, provided that a corresponding
feedback is available for the linearization. It can indeed be applied to both cases
d = 2 and d = 3, see subsequent sections. However, the main issue that in the ap-
plication of Theorem 1.2.1 differentiates between the two- and three-dimensional
cases is the construction of the feedback linear operator F with the properties
postulated in assumption (H.1). The level of difficulty in the construction of such
operator F greatly depends on the dimension d. This is clearly expected, if one
refers to the pair of (state, output)-spaces W , Z defined in (1.2.2) for d = 2, and
in (1.2.3) for d = 3. Indeed, for d = 3, the spaces W and Z in (1.2.3) recognize,
respectively, Dirichlet and Dirichlet and Neumann B.C., unlike the case d = 2
in (1.2.2), where W does not recognize any B.C., while Z does not recognize the
Neumann B.C. When B.C. are recognized, compatibility conditions of the data on
the boundary must be accounted for.

As a consequence, the theory is no longer “perturbation-based” and in-
stead requires more challenging means to achieve stabilization of the linearized
v-dynamics (1.2.1), of which optimization is a critical one. The corresponding re-
sults are given in [B-L-T.1].

We also note that [B-L-T.1, Appendix B] provides an open-loop infinite-
dimensional (or even finite-dimensional, under the Finite-Dimensional Spectral
Assumption [FDSA] recalled in Section 1.3) tangential boundary controller u ∈
L2(0,∞; (L2(Γ1))d), Γ1 an arbitrary subset of Γ = ∂Ω, meas Γ1 > 0, yield-
ing η ∈ L2(0,∞; (H

3
2−ε0(Ω))d ∩ H), for η0 ∈ (H

1
2−ε0(Ω))d ∩ H , in both cases

d = 2, 3. Thus, the resulting Riccati theory (or the explicit finite-dimensional
construction in [B-L-T.1, Appendix B2] under the FDSA) do provide a feedback
operator AF satisfying properties (H.1(i), (ii), (iii)) with W ≡ H 1

2−ε0(Ω) ∩ H ,
Z ≡ (H

3
2−ε0(Ω))d ∩H . However, then, only the case d = 2 can be carried over to

obtain, in Theorem 1.2.1, the local exponential stabilization, by the same feedback
operator, of the full nonlinear N-S η-problem (1.1.12), or the original y-problem
(1.1.1) in the vicinity of a stationary solution. This is so since a key point in the
proof in [B-L-T.2, Section 5] of the nonlinear stabilization result, Theorem 1.2.1,
is estimate [B-L-T.2, Eqn. (5.21)] on the nonlinear term |Bz|W ≤ k|z|2Z . And this
is established precisely for the pair of {state space, output space} = {W,Z} with
W and Z defined by (1.2.2a) for d = 2; and (1.2.3) for d = 3.

Setting #2 (Bounded feedback): Assumption (H.2). Here, we assume at the outset
that the feedback operator F is bounded, as an operator fromH to U (recall (1.1.4)
and (1.1.6)):
(H.2i) F ∈ L(H ;U), (1.2.9)

so that the s.c. analytic semigroup eAF t on H , t > 0, generated by{
AF = A(I −DF ) : H ⊃ D(AF ) → H ;

D(AF ) = {h ∈ H : h−DFh ∈ D(A)},
(1.2.10a)
(1.2.10b)

satisfies the following three additional properties:
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(H.2ii) eAF t is uniformly (exponentially) stable on H : there exist constants C,
δ > 0, such that

|eAF t|L(H) ≤ Ce−δt, t > 0; (1.2.11)

(H.2iii) for each w ∈ W , we have eAF tw ∈ L2(0, 1;Z) and then for some positive
constant c > 0,∫ 1

0

|eAF tw|2Zdt ≤ c|w|2W , ∀ w ∈W ; (1.2.12)

(H.2iv) moreover, there is a positive number r > 0 such that

D((−AF )r) ⊂ Z. (1.2.13)

Comments on Setting #2: Assumption (H.2(i)–(iv)).

(a) Setting #2 will imply Setting #1 for d = 2; in other words, the implication

assumption (H.2) ⇒ assumption (H.1) (1.2.14)

holds true withW ≡ (H
1
2−ε0(Ω))d∩H , and Z the space postulated in (1.2.13),

(1.2.14). Thus, this result applies to the case d = 2 in (1.2.2). This is the
content of Theorem 1.2.2 and is shown in [B-L-T.2, Section 4].

(b) Assumption (H.2) (involving only finite time regularity) may be easier to
verify. However, its applicability is, so far, restricted to the 2-dimensional
case; either with Riccati-based or with spectral-based feedback operators,
d = 2. See Section 3.

(c) It is shown in [B-L-T.2, Lemma 4.1 of Section 4] that the s.c. analytic ex-
ponentially stable semigroup eAF t on H – generated by the operator AF in
(1.2.11), satisfying (H.2)(i), (ii) – preserves the properties of being a s.c. an-
alytic exponentially stable semigroup also on the space W defined in (1.2.2)
in the 2-d case.

(d) The L2(0,∞;Z)-stability property (1.2.7) under Setting #1 is now replaced,
under Setting #2, by the finite time L2(0, 1;Z)-condition in (1.2.13), along
with the additional regularity requirement (H.2iv) = (1.2.14) on D(AF ). The
technical justification is given in [B-L-T.2, Lemma 4.2 in Section 4].

Main result for Setting #2. Under Assumption (H.2) for the linearized problem
(1.2.1), local exponential stabilization for the nonlinear N-S problem (1.1.1) fol-
lows, at least for d = 2. The following result is proved in [B-L-T.2, Section 4].

Theorem 1.2.2. For d = 2, assumption (H.2) of Setting #2 implies Assumption
(H.1) of Setting #1. As a consequence, all the statements of Theorem 1.2.1 hold
true under Assumption (H.2).

Comments on Theorem 1.2.2 vis-a-vis Theorem 1.2.1. Both Theorems 1.2.1 and
1.2.2 allow for the construction of a stabilizing feedback for 2-d and 3-d Navier-
Stokes flows, provided that a corresponding feedback is available for the lineariza-
tion.
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Theorem 1.1.1 provides an abstract framework within which (i) linearized
stability in W as in (1.2.6) and L2(0,∞;Z)-regularity as in (1.2.7) imply local ex-
ponential stability of a Navier-Stokes flow onW . Of course, the key difficulty rests
at the level of verifying these two assumptions imposed on the linearized semigroup.
However, this setting is not empty: in fact, verification of hypothesis (H.1) – which
includes these two properties (1.2.6) and (1.2.7) – has already been performed, for
d = 3 as well, in reference [B-L-T.1] in the case where the stabilizing feedback oper-
ator F is a ‘high gain’ Riccati operator F = R; that is, R is unbounded on H , and
satisfies an Algebraic Riccati Equation on the domain D(A2

R) of the square of the
feedback operator AR, which is generally not explicit [B-L-T.1, Proposition 4.5.1].
On the other hand, AR is dissipative on D(AR) in the inner product ( · , R · )H

[B-L-T.1, Proposition 4.5.1], which is equivalent to theW inner product [see (2.1.7)
for d = 3, and (2.2.11) for d = 2]. Thus, our Setting #1 (Assumption (H.1)) rep-
resents an abstraction of ‘concrete’ results of [B-L-T.1] for d = 3 and d = 2 over
the spaces {W,Z} in (1.2.2), (1.2.3). This is verified in the forthcoming Section 2.

In contrast, the framework of Theorem 1.2.2 is more limited, as it requires
that the feedback operator F be bounded, as in (1.2.10), so that the linearized
dynamics defines an analytic semigroup. This requirement is in fact possible for
d = 2; indeed, for two choices of the feedback operator F : (1) a first choice,
where F is a ‘low gain’ Riccati operator arising from an optimal control prob-
lem with L2(0,∞;H)-observation as verified in the forthcoming Section 3.1; (2)
a second choice, where F is a finite-dimensional operator, at least when a Finite-
Dimensional Spectral Assumption (FDSA), stated at the outset of Section 1.3, is
assumed to hold true [B-L-T.1] as verified in the forthcoming Section 3.2. This
property FDSA is believed to be generically true, modulo a small perturbation of
the domain Ω [H.1].

Remark 1.2.1. In the bounded feedback, low-gain Setting #2, it is the analyticity
of the semigroup eAF t (see below (1.2.10)) that is responsible for extra regularity of
the linearized dynamics. By contrast in the unbounded feedback, high-gain Setting
#1, extra regularity of the linearized dynamics is obtained due to the unbounded
observation (see (1.2.7)). �

1.3. The finite-dimensional spectral assumption and its consequences

Following [B-T.1], [B-L-T.1, Section 3.6], we introduce the following Finite-Dimen-
sional Spectral Assumption.

FDSA: We assume that for each of the distinct unstable eigenvalues λ1, . . . ,
λM of the Oseen operator A, see (1.1.16), algebraic and geometric multiplicity
coincide.

Denote by the same symbol H the complexification of the original space H .
Let

PN = − 1
2πi

∫
C
(λI −A)−1dλ;

: H onto−→ Zu
N

P ∗
N = − 1

2πi

∫
C
(λI −A∗)−1dλ;

: H onto−→ (Zu
N )∗

(1.3.1)
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where C (respect. C) is a simple, closed curve surrounding {λi}M
i=1

(
respect.

{λi}M
i=1

)
. The complexified space H can be decomposed in complementary, non-

necessarily orthogonal subspaces as in [K.1, p. 178]

H = Zu
N ⊕ Zs

N ; Zu
N = PNH ; Zs

N = (I − PN )H ; dim Zu
N = N, (1.3.2)

where each of the subspaces Zu
N and Zs

N is invariant under A. We set

Au
N = PNA = A|Zu

N
; As

N = (I − PN )A = A|Zs
N

(1.3.3)

for the restrictions of A to Zu
N and Zs

N , respectively. We then have that the spectra
of A on Zu

N and Zs
N coincide with {λj}N

j=1 and {λj}∞j=N+1, respectively.
We denote by {ϕij}�i

j=1, {ϕ∗ij}�i

j=1, the (normalized) linearly independent
eigenfunctions corresponding to each unstable distinct eigenvalue λi of A and
λi of A∗, respectively:

Aϕij = λiϕij ; A∗ϕ∗ij = λiϕ
∗
ij . (1.3.4)

Under the FDSA, we have

Zu
N = PNH = span{ϕij}M

i=1
�i

j=1; (Zu
N )∗ = P ∗

NH = span{ϕ∗ij}M
i=1

�i

j=1

(1.3.5)
(without the FDSA, Zu

N is the span of the generalized eigenfunctions of A corre-
sponding to its unstable eigenvalues and similarly for (Zu

N)∗). In other words, the
FDSA says that the restriction Au

N = A|Zu
N

of A on Zu
N is diagonalizable or that

the operator Au
N is a normal operator on Zu

N . In the terminology of [K.1], Au
N is

semi-simple. It is believed that the FDSA is generically true, as is the case for the
Laplacian on a bounded domain [H.1].

Complexified dynamics and its decomposition. [B-L-T.1, Section 3.4]. The com-
plexified version on H ⊕ iH of the linearized dynamics (1.1.21) is then

dz

dt
−Az = −ADu ∈ [D(A∗)]′, z(0) = z0, u · ν = 0 on Σ. (1.3.6)

Then the z-system can accordingly be decomposed as

z = zN + ζN , zN = PNz, ζN = (I − PN )zN , (1.3.7)

where applying PN and (I − PN ) (which commute with A) on (1.3.6), we obtain
via (1.3.3),

on Zu
N : z′N −Au

NzN = −PN(ADu) = −Au
NPNDu, zN(0) = PNz0; (1.3.8)

on Zs
N : ζ′N −As

NζN = −(I − PN )(ADu) = −As
N (I − PN )Du,

ζN (0) = (I − PN )z0, (1.3.9)

respectively.
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2. Application of Theorem 1.2.1 with a topologically high-gain,
Riccati-based feedback operator

In the present section, we illustrate the application of Theorem 1.2.1 to two topo-
logical settings: the first refers to the case d = 3, as given in (1.2.3) (Subsection
2.1); while the second refers to the case d = 2, as given in (1.2.2) (Subsection 2.2).
They both rest on ‘concrete’ results already established in [B-L-T.1]. Both involve
high-gain, Riccati-based feedback operators.

2.1. Case d = 3: W = (H
1
2+ε0(Ω))3 ∩H ; Z ≡ (H

3
2 +ε0(Ω))3 ∩H

As a first illustration on the applicability of Theorem 1.2.1, in the case d = 3,
we can take the stabilizing feedback operators that were constructed in [B-L-T.1].
This construction rests on an optimization problem with (topologically) ‘high ob-
servation,’ hence via a corresponding ‘high-gain’ Riccati operator, which arises in
an optimal control problem with topologically high cost functional. See (2.1.2),
(2.1.3) below. The analysis of the resulting non-standard Riccati equation is com-
plicated and is given in [B-L-T.1, Section 4 along with Appendix C], to which
we refer for details. The key point, however, is that the Riccati-based stabilizing
feedback operators constructed in [B-L-T.1] for d = 3 satisfy in full Assumption
(H.1), parts (i), (ii), (iii), on the required feedback operator F . Below we shall
extract only the main features of the procedure and refer to [B-L-T.1] for details.
We shall use the notation of [B-L-T.1] when applicable. In line with (1.2.3), the
present setting is as follows:

Case d = 3. W = (H
1
2+ε0(Ω))3 ∩H ; Z ≡ (H

3
2+ε0(Ω))3 ∩H. (2.1.1)

Let R ∈ L(W ;W ′), W ′ being the dual of W with respect to H as a pivot
space, be the Riccati operator – which is positive self-adjoint on H – which defines
the value function

(Rv0, v0)W = min
u∈L2(0,∞;U)

J(v, u, v0) = J∗(v0); (2.1.2)

J(v;u, v0) ≡
∫ ∞

0

[|v(t; v0)|2Z + |u(t)|2U ]dt, v0 ∈W (2.1.3)

of the optimal control problem with state space W and output space Z, defined
in (2.1.1). Here v(t; v0) is the solution of the linearized problem (1.1.20) in PDE-
form, or else of (1.1.21) in abstract form, due to the I.C. v0 ∈ W and the boundary
control u ∈ L2(0,∞;U). The space U is defined in (1.1.6): it requires purely tan-
gential boundary controls. In addition to the stringent requirement that the class
of Dirichlet boundary controls be tangential at each point of the boundary ∂Ω, the
OCP (2.1.2), (2.1.3) faces two additional difficulties that set it apart and definitely
outside the setting of established optimal control theory for parabolic systems with
boundary controls: (1) the high degree of unboundedness of the boundary control
operator, of order (3

4 + ε) as expressed in terms of fractional powers of the basic
free-dynamic generator A (or A); and (2) the high degree of unboundedness of the
‘penalization’ or ‘observation’ operator of order also (3

4 + ε), as expressed in terms
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of fractional powers of the basic free-dynamics generator. This yields a ‘combined
index’ of unboundedness strictly greater than 3

2 . In contrast, the established (and
rich) optimal control theory of boundary control parabolic problems and corre-
sponding algebraic Riccati theory requires a ‘combined index’ of unboundedness
strictly less than 1 [L-T.4, vol. 1, in particular, pp. 501–503], [B-D-D-M.1], which
is the maximum limit handled by perturbation theory of analytic semigroups. Im-
plementation of this program is carried out in [B-L-T.2] by critically relying on
the analysis and results of [B-L-T.1]. It then leads to the result described below.

The analysis of [B-L-T.1, Section 4] also yields that the Riccati operator R
in (2.1.2) defining the optimal value, R ∈ L(W ;W ′), is an isomorphism of W onto
W ′. One then obtains [B-L-T.1, Eqn. (4.1.13a)]

c|x|2W ≤ (Rx, x)H ≤ C|x|2W , ∀ x ∈W, (2.1.4)

for some constants 0 < c < C <∞, so that |R 1
2x|H -norm is equivalent to the |x|W -

norm. In summary: The main result for the present case d = 3 is the statement
that the feedback operator

u = F (y − ye) = ν0
∂R

∂ν
(y − ye), (2.1.5)

– which turns out to be pointwise tangential on ∂Ω [B-L-T.1, Proposition D.1]
– once inserted in the RHS of Eqn. (1.1.1c), exponentially stabilizes in W the
N-S flow (1.1.1), in the W -vicinity of its equilibrium solution ye. To measure the
W -vicinity of ye, we introduce the set

Vρ ≡ {y0 ∈W ≡ (H
1
2+ε0(Ω))3 ∩H : |y0 − ye|W < ρ} (2.1.6)

of initial conditions of (1.1.1) whose W -distance from ye is less than ρ > 0.

Theorem 2.1.1. [B-L-T.1, Theorem 2.3] Let ρ > 0 in (2.1.6) be sufficiently small.
Then: for each y0 ∈ Vρ, there exists a unique mild solution y (obtained by fixed-
point (contraction mapping) in [B-L-T.1, Theorem 5.1]) of the following closed-loop
problem:⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
yt(x, t) − ν0∆y(x, t) + (y · ∇)y(x, t) = fe(x) +∇p(x, t) in Q;

∇ · y = 0 in Q;

y = ν0
∂

∂ν
R(y − y0) on Σ;

y(x, 0) = y0(x) in Ω

(2.1.7a)
(2.1.7b)
(2.1.7c)

(2.1.7d)

obtained from (1.1.1) by replacing u with the boundary feedback control in (2.1.5)
tangential to ∂Ω, having the following regularity and asymptotic properties where
W and Z are defined in (2.1.1):

(i) (y − ye) ∈ C([0,∞);W ) ∩ L2(0,∞;Z), (2.1.8)
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continuously in y0 ∈ W ≡ (H
1
2+ε0(Ω))3 ∩H, where Z = (H

3
2+ε0(Ω))3 ∩H,

that is,

|y(t) − ye|2W +
∫ ∞

0

|y(t) − ye|2Zdt ≤ C|y0 − ye|2W , t ≥ 0; (2.1.9)

(ii) there exist constants M ≥ 1, ω > 0 (independent of ρ > 0) such that such
solution y(t) satisfies

|y(t) − ye|W ≤Me−ωt|y0 − ye|W , t ≥ 0. (2.1.10)

Here R is the Riccati operator described at the outset of this subsection, defined by
(2.1.2) and satisfying (in particular) (2.1.4).

2.2. Case d = 2: W̃ ≡ (H
1
2−ε0(Ω))2 ∩H ; Z̃ ≡ (H

3
2−ε0(Ω))2 ∩H

The two-dimensional case, d = 2, is, as expected, more regular. Here, various func-
tional settings are possible. In the present subsection, we focus on the functional
setting for W and Z given in (1.2.2), repeated here (with a superscript ∼ for
clarity)

Case d = 2 : W̃ ≡ (H
1
2−ε0(Ω))2 ∩H ; Z̃ ≡ (H

3
2−ε0(Ω))2 ∩H, (2.2.1)

ε0 > 0 arbitrary and fixed, to which we apply Theorem 1.2.1. The control space is
the one given by (1.1.6). The corresponding Riccati-based feedback operator will
accordingly be ‘high-gain’ (topologically). A topologically lower level treatment
with, accordingly, a low-gain Riccati-based feedback operator, will be presented
in the subsequent Subsection 3, as an illustration of Theorem 1.2.2 this time.
The counterpart of the 3-dimensional case of Subsection 2.1 is as follows: We let
R̃ ∈ L(W̃ ; W̃ ′), W̃ as in (2.2.1), W̃ ′ its dual with respect to H as the pivot space,
be the Riccati operator (which is unbounded, positive, self-adjoint on H) defining
the value function

(R̃v0, v0)W̃ = min
u∈L2(0,∞;U)

J̃(v, u; v0) ≡ J̃∗(v0); (2.2.2)

J̃(u, v; v0) ≡
∫ ∞

0

[
|v(t; v0)|2Z̃ + |u(t)|2U

]
dt, v0 ∈ W̃ (2.2.3)

of the optimal control problem with state space W̃ and output space Z̃, defined
in (2.2.1). Here, v(t; v0) is the solution of the linearized problem (1.1.20) in PDE-
form, or else of (1.1.21) in abstract form, due to the I.C. v0 ∈ W̃ and the boundary
control u ∈ L2(0,∞;U), U in (1.1.6), i.e., with pointwise tangential control u. A
fortiori from the case d = 3 reviewed in Section 2.1, it is established in [B-L-T.1,
Appendix B] that the optimal control problem (2.2.2), (2.2.3) satisfies the Fi-
nite Cost Condition within the class of L2(0,∞;U)-controls – i.e., the functional
J̃(u, v; v0) is proper for each v0 ∈ W̃ in the language of optimization theory –
indeed, even within the class of L2(0,∞;U1)-controls, where⎧⎨⎩ U1 = {µ ∈ (L2(Γ1))d, µ ≡ 0 on Γ \ Γ1; µ · ν ≡ 0 a.e. on Γ1} where

Γ1 is an arbitrarily preassigned portion of positive measure of the
boundary Γ ≡ ∂Ω.

(2.2.4)
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The main result for the present case d = 2 is the statement that the feedback
operator

u =

⎧⎨⎩ F (y − ye) = ν0
∂R̃

∂ν
(y − ye) on Σ1 = Γ1 × (0,∞)

0 on Σ/Σ1 ≡ Σ2 = Γ2 × (0,∞),
(2.2.5)

acting on an arbitrarily small portion Γ1 of the boundary – which turns out to be
pointwise tangential on ∂Ω [B-L-T.1, Proposition D.1] – once inserted in the RHS
of Eqn. (1.1.1c), exponentially stabilizes in W̃ in (2.2.1) the N-S flow (1.1.1), in
the W̃ -vicinity of its equilibrium solution ye. To measure the W̃ -vicinity of ye, we
introduce the set

Ṽρ ≡ {y0 ∈ W̃ ≡ (H
1
2−ε0(Ω))2 ∩H : |y0 − ye|W̃ < ρ} (2.2.6)

of initial conditions of (1.1.1) whose W̃ -distance from ye is less than ρ > 0.

Theorem 2.2.2. [B-L-T.1, Theorem 2.5] Let d = 2. Let ρ > 0 in (2.2.6) be suf-
ficiently small. Then, for each y0 ∈ Ṽρ, there exists a unique mild solution y
(obtained by fixed-point (contraction mapping)) of the following closed-loop prob-
lem:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

yt(x, t) − ν0∆y(x, t) + (y · ∇)y(x, t) = fe(x) +∇p(x, t) in Q;

∇ · y ≡ 0 in Q;

y =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
ν0
∂R̃

∂ν
(y − y0) on Σ1;

0 on Σ2;

y(x, 0) = y0(x) in Ω

(2.2.7a)

(2.2.7b)

(2.2.7c)

(2.2.7d)

obtained from (1.1.1) by replacing u with the boundary feedback control in (2.2.5),
having the following regularity and asymptotic properties, where W̃ and Z̃ are
defined in (2.2.1):

(i) (y − ye) ∈ C([0,∞); W̃ ) ∩ L2(0,∞; Z̃) (2.2.8)

continuously in y0 ∈ W̃ ≡ (H
1
2−ε0(Ω))2 ∩H, where Z̃ = (H

3
2−ε0(Ω))2 ∩H,

that is,

|y(t) − ye|2W̃ +
∫ ∞

0

|y(t) − ye|2Z̃dt ≤ C|y0 − ye|
2
W̃
, t ≥ 0; (2.2.9)

(ii) there exist constants M ≥ 1, ω > 0 (independent of ρ > 0), such that said
solution y(t) satisfies

|y(t) − ye|W̃ ≤Me−ωt|y0 − ye|W̃ , t ≥ 0. (2.2.10)
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Here, R̃ is the Riccati operator described at the outset of this subsection, defined
by (2.2.2), satisfying (in particular)

c|x|2
W̃

≤ (R̃x, x)H ≤ C|x|2
W̃
, ∀ x ∈ W̃ , (2.2.11)

for constants 0 < c < C < ∞, so that the |R̃ 1
2x|H -norm is equivalent to the

|x|W̃ -norm.

3. Applications of bounded, low-level gain Theorem 1.2.2, Case
d = 2: (i) Riccati-based feedback and (ii) Spectral feedback

In the present section we shall illustrate the applicability of the more amenable
Theorem 1.2.2. The treatment is restricted to d = 2. We shall consider two types
of feedback operators: (i) Riccati-based feedbacks, and (ii) spectral feedbacks.

3.1. Theorem 1.2.2 with low-level Riccati-Based feedback operators, d = 2
In the present subsection, we let R0 ∈ L(H) be the bounded positive self-adjoint
operator, which defines the value function

(R0v0, v0)H ≡ inf
u∈L2(0,∞;U1)

J0(u, v; v0) = J∗0 (v0); (3.1.1)

J0(u, v; v0) ≡
∫ ∞

0

[|v(t; v0)|2H + |u(t)|2U1
]dt, v0 ∈ H. (3.1.2)

U1 defined in (2.2.4), of the optimal control problem defined in (3.1.1), with state
and output space equal to H (the observation operator is the identity on H).
Here, v(t; v0) is the solution of the linearized problem (1.1.20) in PDE-form, or
else of (1.1.21) in abstract form, due to the I.C. v0 ∈ H and the boundary control
u ∈ L2(0,∞;U1), U1 as in (2.2.4). By virtue of [B-L-T.1] – a fortiori from Section
2 – the optimal control problem (3.1.1), (3.1.2) satisfies the Finite Cost Condi-
tion, i.e., the functional J0(u, v; v0) is proper for each v0 ∈ H , in the language of
optimization theory. Thus, the optimal control problem (3.1.1) for the dynamics
(1.1.20) in PDE-form, or else (1.1.21) in abstract form has a unique optimal pair
{u0(t; v0), v0(t; v0}. Accordingly, established Optimal Control Theory (since the
80’s [L-T.2]) for parabolic problems yields parts (i), almost part (ii), through (iv)
of the following

Theorem 3.1.1. ([L-T.4, Theorem 2.2.1, p. 125]) With reference to the OCP for
the parabolic dynamics (1.1.20) in PDE-form, or its abstract version (1.1.21), the
following results hold true:

(i) the operator R0 ∈ L(H) defined by (3.1.1) is the unique positive self-adjoint
solution of the following Algebraic Riccati Equation

(R0y,A∗z)H + (Ay,R0z)H + (y, z)H = ν20

(
∂

∂ν
R0y,

∂

∂ν
R0z

)
(L2(Γ1))2

,

∀ y, z ∈ H,
(3.1.3)
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Γ1 = arbitrarily small portion of Γ = ∂Ω, meas Γ1 > 0. [The general theory
gives the ARE satisfied only for y, z ∈ D(Âε), ε > 0 arbitrary, Â as in
(1.2.2).] For the present Oseen operator in (1.1.14) we can improve the general
statement to all y, z ∈ H, as in (3.1.3). This is so by property (ii) below, in
line with the special cases noted in [L-T.4, Theorem 2.2.1(a3), p. 126, and
Chapter 2, Appendix 2B, p. 168];

(ii) for the Oseen operator in (1.1.14), we further have

A∗R0 ∈ L(H); AR0 ∈ L(H); or

R0y ∈ D(A) ⊂ (H(Ω))2 ∩H for y ∈ H ;
(3.1.4a)

hence,
R0AF ∈ L(H), (3.1.4b)

and
F ≡ ν0

∂

∂ν
R0 ∈ L(H ; (H

1
2 (Γ1))2) ⊂ L(H ;U1); (3.1.5)

(iii) the feedback operator AF ≡ A(I−DF ) defined in (1.2.11) generates a s.c. an-
alytic semigroup eAF t on H, t ≥ 0, so that the optimal pair {u0, v0} of prob-
lem (3.1.1) for the dynamics (1.1.20) (or (1.1.21)) is

v0(t; v0) = eAF tv0 = optimal solution; (3.1.6a)

u0(t; v0) = −D∗A∗R0v
0(t; v0) = ν0

∂

∂ν
R0v

0(t; v0) = ν0
∂

∂ν
R0e

AF tv0

= v0(t; v0)|Γ1 = optimal control, (3.1.6b)

while u0(t; v0) ≡ 0 on Γ2 = Γ \ Γ1.
(iv) eAF t is uniformly (exponentially) stable on H: there exist constants M ≥ 1,

δ > 0 such that
|eAF t|L(H) ≤Me−δt, t ≥ 0. (3.1.7)

(v) eAF t in (iii)–(iv) continues to be a s.c. analytic semigroup also on the space
W = (H

1
2−ε0(Ω))2∩H in (1.2.2), which, moreover, remains uniformly (expo-

nentially) stable on W with the same bound: |eAF t|L(W ) ≤Me−δt, t ≥ 0.

Proof. Parts (i), (iii), (iv) are standard results from [L-T.2], [L-T.4], except that
trace theory is used for F in (3.1.5). Part (v) is a consequence of Parts (iii), (iv), as
established in [B-L-T.2, Section 4]. Part (ii) is an “ε-improvement” of established
theory, see Remark 3.1.1. It is established in [B-L-T.1, Appendix B.4]. �

Remark 3.1.1. We note that Optimal Control Theory [L-T.2], [L-T.4, Theorem
2.2.1(a3), p. 126] gives, in general, Â∗1−εR0 = (ωI − A∗)1−εR0 ∈ L(H), ∀ ε > 0,
equivalently Â1−εR0 ∈ L(H), by interpolation, since D(A) = D(A∗) in the present
case of the Oseen operator. The regularity noted in (3.1.4a) shows that we can
presently take ε = 0. This is due to two features of our present optimal control
problem:
(a) the observation operator in (3.1.2) is the identity on H ;



32 V. Barbu, I. Lasiecka and R. Triggiani

(b) the Oseen operator A = −(ν0A+A0) in (1.1.14) is a lower-order perturbation
of the self-adjoint operator −ν0A, A the Stokes operator, D(A0) = D(A

1
2 ),

see (1.1.15). Thus, a suitable more technical modification of the proof in
[L-T.4, Appendix 2B, p. 168], given in [B-L-T.1, Appendix B.4], shows that
we can take ε = 0.

Remark 3.1.2. Theorem 3.1.1 was actually obtained in the ’80s, see [L-T.2], fol-
lowing references [La.1–2], [L-T.1] which referred to the same Optimal Control
Problem, however, over a finite horizon. These results were first collected in [L-T.3]
and then, in book form, in [L-T.4].

We next provide regularity properties of the optimal pair {u0, v0}. These
results are the counterpart of regularity properties of the optimal pair for classical
parabolic boundary control problems given in [La.1], [La.2, Section 7], [L-T.2],
later collected in [L-T.3], [L-T.4, Section 3.2, p. 187]. The translation to the present
Navier-Stokes problem, d = 2, is obtained via the critical optimal regularity theory
of non-homogeneous Navier-Stokes equations (with tangential Dirichlet boundary
controls), given in [B-L-T.1, Section 3.1, Theorem 3.1.4 through Theorem 3.1.8],
as well as (1.1.19): D∗A∗ = −ν0 ∂

∂ν . In effect, one could essentially obtain the
next Proposition 3.1.2 by quoting [La.1], [La.2, Thm. 7.1, p. 320], [L-T.4, Section
3.2, p. 187, also p. 116], by use this time of the aforementioned non-homogeneous
regularity results [B-L-T.1, Section 3.1] and of (1.1.19). For clarity, a complete
proof is provided in [B-L-T.2, Section 6]. As in [B-L-T.1, Section 3.1, Eqns. (3.1.28),
(3.1.29)], motivated by classical parabolic theory [L-M.1, Vol. 2], we introduce the
following Sobolev spaces, for r, s ≥ 0:

Hr,s(QT ) ≡ L2(0, T ; (Hr(Ω))2 ∩H) ∩Hs(0, T ;H); (3.1.8)

Hr,s(ΣT ) ≡ L2(0, T ;Hr(Γ1)2) ∩Hs(0, T ; (L2(Γ1))2), u · ν ≡ 0, (3.1.9)

subject further to the tangential condition u ·ν ≡ 0 on Γ. The following result gives
regularity properties of the optimal pair {u0, v0} in terms of the above spaces. It
will be critical in verifying the validity of property (H.2iii) = (1.2.13) in [B-L-T.2,
Section 6].

Proposition 3.1.2. (Compare with [La.2, Thm. 7.1], [L-T.2], [L-T.4, p. 116 and
187].) With reference to the optimal control problem (3.1.1) for the linearized dy-
namics (1.1.20), or (1.1.21), the following regularity properties of the optimal pair
{u0( · ; v0), v0( · ; v0} hold true:

v0 ∈ W̃ = D(Â 1
4−

ε0
2 ) ≡ D((ωI −A)

1
4−

ε0
2 ) = (H

1
2−ε0(Ω))2 ∩H (3.1.10)

⇒

⎧⎪⎨⎪⎩
v̂0(t; v0) ≡ e−ωtv0(t; v0) ∈ H

3
2−ε0, 34−

ε0
2 (Q∞)

⊂ C([0,∞]; (H
1
2−ε0(Ω))2 ∩H))

û0(t; v0) ≡ e−ωtu0(t; v0) ∈ H2−ε0,1− ε0
2 (Σ∞),

(3.1.11a)
(3.1.11b)
(3.1.12)

continuously. Indeed, a slightly more precise result for v̂0 is shown in [B-L-T.2,
Eqn. (6.21)].
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Theorem 3.1.1 and Proposition 3.1.2 on the linearized problem (1.2.21) per-
mit one in [B-L-T.2, Section 6] to verify assumption (H.2) in full and thus to apply
Theorem 1.2.2 and obtain the following main local exponential decay in W̃ for the
original N-S flow (1.1.1) on the W̃ -vicinity of the equilibrium solution ye, where
W̃ ≡ (H

1
2−ε0(Ω))2 ∩H , as defined in (2.2.1), or (1.2.2).

Theorem 3.1.3. Let d = 2. Recall that ye ∈ (H2(Ω))2 ∩ V (see below (1.1.1d)). Let
ρ > 0 in (2.2.6) be sufficiently small. Then:

(a) For each y0 ∈ Ṽρ (defined in (2.2.6)), there exists a unique solution y (obtained
by a fixed point/contraction mapping) of the following closed loop problem⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

yt(x, t) − ν0∆y(x, t) + (y · ∇)y(x, t) = fe(x) +∇p(x, t) in Q;
∇ · y ≡ 0 in Q;

y =

⎧⎨⎩ ν0
∂R0

∂ν
(y − ye) on Σ1;

0 on Σ/Σ1;

y(x, 0) = y0(x) in Ω;

(3.1.13a)
(3.1.13b)

(3.1.13c)

(3.1.13d)

obtained from (1.1.1) by replacing u with the boundary feedback control

u ≡

⎧⎪⎨⎪⎩
ν0
∂R0

∂ν
(y − ye) in Σ1;

0 in Σ2,

(3.1.14)

having all the regularity and asymptotic properties in (2.2.8), (2.2.9), (2.2.10),
with W̃ ≡ (H

1
2−ε0(Ω))2∩H. Here R0 is the Riccati operator of Theorem 3.1.1.

(b) Assume, in addition, the FDSA, stated at the outset of Section 1.3, that the
Oseen operator A, restricted over the unstable subspace associated with the
unstable eigenvalues {λ1, . . . , λN} in (1.1.16) be diagonalizable on such finite-
dimensional unstable subspace. Then one may replace the feedback control u
in (3.1.14) with a finite-dimensional feedback control of the form

u ≡

⎧⎪⎨⎪⎩ ν0
K∑

i=1

(
∂R0

∂ν
(y − ye), wi

)
L2(Γ1))2

wi on Σ1;

0 on Σ2,

(3.1.15)

for suitable vectors wi ∈ (H
1
2 (Γ1))2, Γ1 arbitrarily preassigned portion of

Γ ≡ ∂Ω, meas Γ1 > 0, and then all the conclusions of part (a) hold true with
(3.1.13c) replaced by (3.1.15).

Remark 3.1.3. Theorem 3.1.3 is more general than the result of [R.1] obtained for a
2-d N-S flow. Indeed, while [R.1], [B-L-T.2], as well as the prior work [B-L-T.1] all
use the topological level (H

1
2−ε0(Ω))2 for the claimed local stabilization result, and
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while [R.1], [B-L-T.1, Appendix B4] and [B-L-T.2] use the Riccati operator corre-
sponding to the penalization of v(t; v0) in H , as in (3.1.2), the major differences
between [R.1] and [B-L-T.2] in the present 2-d case are three:

(i) Our Theorem 3.1.3(a) provides a feedback control with purely tangential
action (as in (3.1.9)): there is no need for controlling the normal component
of the velocity vector, as done in [R.1];

(ii) Our Theorem 3.1.3(b) yields a (tangential) feedback control acting only on
the arbitrary portion Γ1 which, moreover, is finite-dimensional as in (3.1.15),
under the FDSA (believed to be generically true [H.1]). There is no compa-
rable result in [R.1];

(iii) The treatment of [R.1] relies, ultimately, on Carleman estimates, while ours
does not.

Remark 3.1.4. References [B.2], [Tr.3] study the problem of stabilization of a 2-d
linearized Navier-Stokes channel by purely wall-normal controllers. In particular,
[Tr.3] employs a finite-dimensional, wall-normal, boundary controller with arbi-
trarily small support on the top wall of the 2-d linearized N-S channel flow, which
is periodic in the stream-wise direction.

3.2. Theorem 1.2.2 with low-level spectral-based feedback operators, d = 2
We return to the FDSA introduced in Section 1.3, believed to be generically true
[H.1]. Recall the eigenfunctions ϕ∗ij of A∗ in (1.3.4) and, following [B-L-T.1, Section
3.6], introduce the following space of traces

F ≡ span{∂νϕ∗ij}M
i=1

�i

j=1 ⊂ (H
1
2 (Γ))d, (3.2.1)

where containment follows by trace theory on ϕ∗ij ∈ (H2(Ω))d. For any f ∈ F , we
have f · ν ≡ 0 on Γ [B-L-T.1, Lemma 3.6.1, Lemma 3.3.1]. Under the FDSA, it is
proved in [B-L-T.1, Eqn. (3.6.20b)] that, if Γ1 is any portion of Γ = ∂Ω of positive
surface measure, then, for each i = 1, . . . ,M ,

the system {∂νϕ∗ij}�i

j=1 is linearly independent in (L2(Γ1))d. (3.2.2)

Further, if w1, w2, . . . , wN ∈ (L2(Γ))d, we introduce the �i × N matrix Wi,
for i = 1, . . . ,M [B-L-T.1, Eqn. (3.6.10)],

Wi =

⎡⎢⎢⎢⎢⎢⎢⎣

(w1, ∂νϕ
∗
i1)Γ1 · · · (wN , ∂νϕ

∗
i1)Γ1

(w1, ∂νϕ
∗
i2)Γ1 · · · (wN , ∂νϕ

∗
i2)Γ

...

(w1, ∂νϕ
∗
i�i

)Γ1 · · · (wN , ∂νϕ
∗
i�i

)Γ1

⎤⎥⎥⎥⎥⎥⎥⎦ ; ( , )Γ1 = ( , )(L2(Γ1))d .

(3.2.3)
In view of property (3.2.2), the following assumption can be fulfilled, indeed, by
infinitely many choices of the vectors w1, . . . , wN ∈ F ⊂ (H

1
2 (Γ1))d,

rank Wi = �i, i = 1, 2, . . . ,M, where wi · ν = 0 on Γ. (3.2.4)
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Lemma 3.2.1. [B-L-T.1, Lemma 3.6.1]. Assume the FDSA stated at the outset of
Section 1.3. Given γ1 > 0 arbitrarily large, there is a controller u = uN(t) ≡∑J

j=1 u
j
N(t)wj , J ≤ N (conservatively) for infinitely many choices of suitable vec-

tors wj ∈ F in (3.2.1), wj ·ν = 0 on Γ, which will have to satisfy the rank conditions
(3.2.4), such that, once inserted in (1.3.8), yields the estimate

|zN(t)|H + |uN(t)|
(H

1
2 (Γ))d

+ |u̇N(t)|
(H

1
2 (Γ))d

≤ Cγ1e
−γ1t|PNz0|H , t ≥ 0. (3.2.5)

Moreover, the vectors wj can be supported on an arbitrary portion Γ1 of Γ. Here,
zN is the solution to (1.3.8) corresponding to such u. Moreover, the controller
u = uN may be chosen in feedback form; i.e., in the form uj

N (t) = (zN (t), pj)H ,
with suitable vectors pj ∈ Zu

N , depending on γ1. In conclusion, zN in (3.2.5) is the
solution of the following equation on Zu

N

z′N −Au
NzN = −Au

NPND

⎛⎝ J∑
j=1

(zN (t), pj)Hwj

⎞⎠ , (3.2.6)

rewritten as z′N = ĀuzN , zN (0) = PNz0, zN(t) = eĀ
utPNz0.

We now return from the complexified version to the corresponding real version
of the above problem. To this end, we notice that the proof of Lemma 3.6.1 given
in [B-L-T.1] shows that, under the FDSA, the finite-dimensional zN -dynamics in
(1.3.8) is controllable within the class of N open-loop, complex-valued controls of
the form u = uN (t) =

∑N
j=1 u

j
N (t)wj , provided that the vectors wj ’s satisfy the

rank conditions (3.2.4). Then, since

Re

⎛⎝ N∑
j=1

uj
N(t)wj

⎞⎠ =
N∑

j=1

(Re uj
N(t))(Re wj)− (Im uj

N(t))(Im wj)

=
N∑

j=1

(Re (zN (t), pj)H)(Re wj)

−
∑N

j=1(Im (zN (t), pj)H(Im wj),

(3.2.7a)

(3.2.7b)

we deduce that a-fortiori the real value (Re zN)-dynamics is likewise controllable
within the class of K = 2N open loop, real-valued controls of the form (3.2.7b).
[However, because of the presence of Im zN , such controls in (3.2.7b) are only open-
loop and not closed-loop.] Accordingly, by standard, finite-dimensional control
theory, the linear dynamics in (Re zN) can be stabilized by aK = 2N -dimensional
real-valued, closed-loop feedback control of the same feedback law as its complex-
valued counterpart. Thus, henceforth in this section, we set K = 2N (K = N if
all unstable eigenvalues λj , j = 1, . . . , N , in (1.1.16) are real). Let{
w̃j ≡ Re wj , for j = 1, . . . , N ; w̃j+N ≡ −Im wj , for j = 1, . . . , N ;

Z̃u
N = span{Re ϕij , Im ϕij}M

i=1
�i

j=1, ϕij in (1.3.4).

(3.2.8a)

(3.2.8b)
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We thus obtain the following result for d = 2 which corresponds to [B-L-T.1,
Theorem 2.6].

Theorem 3.2.2. Let d = 2 and assume the FDSA. Let Γ1 be any portion of the
boundary Γ = ∂Ω, meas Γ1 > 0. Recall that ye ∈ (H2(Ω))2. Let ρ > 0 be suf-
ficiently small. Then: (a) for each y0 ∈ Ṽρ (defined by (2.2.6)), given vectors
{w̃1, . . . , w̃K} ∈ (H

1
2 (Γ))2 satisfying the rank conditions (3.2.4), there exist suit-

able vectors {p1, . . . , pK} ∈ Z̃u
N (see (3.2.8b)), such that there exists a unique

solution y (obtained by a fixed point/contraction mapping) of the following closed
loop problem:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

yt(x, t) − ν0∆y(x, t) + (y · ∇)y(x, t) = fe(x) +∇p(x, t) in Q;

∇ · y ≡ 0 in Q;

y =
K∑

i=1

(PN (y − ye), pi)H w̃i in Σ1

y = 0 in Σ/Σ1

y(x, 0) = y0(x) in Ω,

(3.2.9a)

(3.2.9b)

(3.2.9c)

(3.2.9d)

(3.2.9e)

obtained from (1.1.1) by replacing u with the boundary feedback control

u =

⎧⎪⎨⎪⎩
K∑

i=1

(PN (y − ye), pi)H w̃i in Σ1

0 in Σ2 = Σ/Σ1,

(3.2.10a)

(3.2.10b)

tangential on Γ, having all the regularity and asymptotic properties in (2.2.8),
(2.2.9), (2.2.10) with W̃ ≡ (H

1
2−ε0(Ω))2 ∩H, Z̃ = (H

3
2−ε0(Ω))2 ∩H.

4. The case of exponential stabilization of N-S equations, d = 2, 3,
by means of localized interior, Riccati-based feedback controls

Consider the following controlled Navier-Stokes equations, d = 2, 3 [B-T.1]:⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

yt(x, t) − ν0∆y(x, t) + (y · ∇)y(x, t)

= m(x)u(x, t) + fe(x) −∇p(x, t) in Q ≡ Ω × (0,∞);

∇ · y ≡ 0 in Q;

y ≡ 0 in Σ ≡ ∂Ω× (0,∞);

y(x, 0) = y0(x) in Ω,

(4.1a)

(4.1b)

(4.1c)

(4.1d)

with the same symbols as in (1.1.1), except that now m is the characteristic func-
tion of an arbitrary open smooth (C2-) subset, ω ⊂ Ω of positive measure; and u
is the interior control, therefore (mu) is the localized interior control supported on
ω × (0,∞).
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High-gain stabilizing feedback controllers. In this section we briefly return to the
problem of exponential feedback stabilization of N-S equations, d = 2, 3, in a
vicinity of an equilibrium solution, by means – this time – of arbitrarily localized
interior feedback control (mu) in (4.1a). This problem was first solved in [B.1],
by an infinite-dimensional feedback controller, and later in [B-T.1]. This latter
reference yields (in a constructive way) a class of finite-dimensional feedback sta-
bilizing controllers, of minimal dimension 2K which, moreover, are Riccati-based.
They have the following form:

u = −
2K∑
i=1

(RN (y − ye), ψi)L2(ω)ψi = −B∗RN (y − ye), (4.2)

where RN ∈ L(D(A
1
4 )) ∩L(D(A

1
2 );H) is a Riccati operator (positive, self-adjoint

on D(A
1
4 ) and solution of the algebraic Riccati equation

−(Ay,RNy)H +
1
2

2K∑
i=1

(ψi, RNy)2L2(ω) =
1
2
|A 3

4 y|2H , ∀ y ∈ D(A), (4.3)

A in (1.1.14), while the vectors ψi ∈ L2(ω) are explicitly constructed in [B-T.1,
Eqn. (3.52) of Lemma 3.8]. In order to inject ‘dissipation’ into the N-S equation
(4.1), [B-T.1] introduces the optimal control problem (OCP):

(RNv0, v0)D(A
1
4 )

= min
u∈L2(0,∞;R2K)

J(v, u; v0) = J∗(v0), v0 ∈ D(A
1
4 );

J(v, u; v0) =
∫ ∞

0

[
|A 3

4 v(t; v0)|2H + |u(t)|2
R2K

]
dt, v0 ∈ D(A

1
4 ),

(4.4a)

(4.4b)

which penalizes the L2(0,∞; R2K)-norm of the (finite-dimensional) controls as well
as the D(A

3
4 )-norm (i.e., H

3
2 (Ω))d ∩ H-norm) of the solution v of the linearized

(and translated, by subtracting the equilibrium solution) N-S equations [B-T.1,
Eqn. (2.5)], given by (see (1.1.14), (1.1.15)):

vt = −(ν0A+A0)v + Pm
2K∑
i=1

uiψi = Av + Pmu, v(0) = v0, (4.5)

P being the Leray projector. The optimal solution of the OCP is given in feedback
form via the Riccati operator RN . Using this same feedback in the full nonlinear
N-S equations, [B-T.1, Theorem 2.2] provides the following exponential, local,
feedback stabilization result, in the vicinity Vρ:

Vρ ≡ {y0 ∈ D(A
1
4 ) : |A 1

4 (y0 − ye)|H < ρ} (4.6)

of the equilibrium solution ye, defined by (1.1.2).

Theorem 4.1. [B-T.1, Theorem 2.2] Let ω be an arbitrary subdomain ω of Ω of
class C2. Let ρ > 0 be sufficiently small, and let the I.C. y0 ∈ Vρ defined by (4.6).
Then:
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(a) there exists a Riccati linear operator

RN ∈ L(D(A
1
4 ); [D(A

1
4 )]′) ∩ L(D(A

1
2 );H),

positive, self-adjoint on D(A
1
4 ), and satisfying (4.3) and (4.4); moreover,

|RNy|H is norm equivalent to |A 1
4 y|H , y ∈ D(A

1
4 );

(b) there exist (constructively) suitable vector ψi ∈ L2(ω), i = 1, . . . , 2K identi-
fied in [B-T.1, Eqn. (3.52)], such that the closed loop N-S system⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

yt(x, t) − ν0∆y(x, t) + (y · ∇)y(x, t) +m
{ 2K∑

i=1

(RN (y − ye), ψi)L2(ω)ψi

}
= fe(x) +∇p(x, t) in Q ≡ Ω× (0,∞);

∇ · y ≡ 0 in Q;

y ≡ 0 on Σ ≡ ∂Ω× (0,∞);

y(x, 0) = y0(x) in Ω,

(4.7a)

(4.7b)

(4.7c)

(4.7d)

– which is obtained by replacing u in (4.1a) in the feedback form given by
(4.2) – [or, correspondingly, its abstract version, as projected onto H:

dy

dt
+ ν0Ay +By + Pm

{
2K∑
i=1

(RN (y − ye), ψi)L2(ω)ψi

}
= Pfe, t ≥ 0, y(0) = y0,

(4.8)
P = Leray projector] possesses a weak solution⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

y ∈ L∞(0, T ;H) ∩ L2(0, T ;V );

dy

dt
∈ L

4
3 (0, T ;V ′), d = 3, ∀ T > 0,

dy

dt
∈ L2(0, T ;V ′), d = 2;

(4.9a)

(4.9b)

(4.9c)

such that the following asymptotic properties hold true:

(i)
∫ ∞

0

|A 3
4 (y(t) − ye)|2Hdt ≤ C|A

1
4 (y0 − ye)|H ; ((4.10))

(ii) |A 1
4 (y(t) − ye)|H ≤Me−at|A 1

4 (y0 − ye)|H , t ≥ 0, ((4.11))

for some M ≥ 1, a > 0. [For d = 2, the solution of (4.7) is strong and
unique.]

Goal of section. The purpose of this section is to re-examine the above localized
interior feedback stabilization problem within the context of both the abstract
Setting #1 and the abstract Setting #2, introduced in Section 1.2 in connection
with the boundary stabilization problem of the N-S system (1.1.1). Thus, in the ex-
pressions (1.2.5a) and (1.2.11a) of the generator AF , one should take D = Identity.
Moreover, in (1.2.4) and (1.2.10), U is replaced by W and H , respectively.
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Within the context of Setting #1, we shall reprove Theorem 4.1 (in a slightly
more precise version, claiming a unique fixed point solution), with high-gain feed-
back controller, by verifying the validity of assumptions (H.1(i), (ii), (iii)) in
(1.2.5)–(1.2.7), and then appealing to Theorem 1.2.1. Of course, verification of
(H.1) rests heavily on [B-T.1].

Within the context of the simplified or specialized version of the abstract
Setting #2, we shall instead obtain a new result, labeled Theorem 4.2 below,
which is a variation of Theorem 4.1, this time, however, with a low (that is, H−)
topological level of a new OCP given by (4.19). Theorem 4.2 will be obtained by
verifying the validity of assumptions (H.2(i), (ii), (iii), (iv)) – a task that again
heavily relies on [B-T.1], of course – and then invoking Theorem 1.2.2.

Low-gain stabilizing feedback controller. As announced, we shall complement The-
orem 4.1 with the following new result, a variation of Theorem 4.1 at the low-gain
level.

Theorem 4.2. Assume the hypotheses of Theorem 4.1. Thus, ω is an arbitrary
subdomain of Ω of class C2 and the I.C. y0 ∈ Vρ in (4.6), with ρ > 0 sufficiently
small. Then:

(a) there exists a Riccati operator R0
N ∈ L(H) (positive self-adjoint on H), iden-

tified in (4.14) and also (4.19a) below;

(b) there exist (constructively) suitable vectors χi ∈ L2(ω), i = 1, . . . , 2K, such
that the closed loop N-S system obtained from (4.7a–d) [or (4.8)] by replacing

RN with R0
N ; ψi with χi, (4.12)

possesses a unique fixed point solution y satisfying

(y − ye) ∈ L2(0,∞;D(A
3
4 )) ∩C([0,∞];D(A

1
4 )) (4.13)

continuously in (y0 − ye) ∈ D(A
1
4 ). Thus, the counterpart of the asymptotic

property (4.10) holds true. Moreover, the counterpart of the uniform exponen-
tial decay in (4.11) holds true as well. The operator R0

N is defined by (4.19a)
below and is the unique, positive, self-adjoint solution in L(H), satisfying the
following ARE, where A is the Oseen operator in (1.1.14):

(Az,R0
Nz)H +

1
2
|z|2H =

1
2

2K∑
i=1

(R0
Nz, χi)2L2(ω), ∀ z ∈ H, (4.14)

since now A∗R0
N ∈ L(H) (refer to Theorem 3.1.1(ii) and Remark 3.1.1 refer-

ring to [B-L-T.1, Appendix B.4], ultimately to [L-T.4, Appendix 2B, p. 168],
since:

(i) A is a lower-order perturbation of the self-adjoint operator −ν0A on H,
by (1.1.14), (1.1.15) and R0

N ∈ L(H);
(ii) the observation operator in the cost functional (4.19b) is the identity

on H).
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Proof of Theorem 4.1 via Theorem 1.2.1. We need to verify the validity of as-
sumption (H.1(i), (ii), (iii)) of Setting #1. This will be done by invoking results
of [B-T.1]. First, by [B-T.1, Lemma 3.8], the OCP (4.4) satisfies the Finite Cost
condition [L-T.4] (the functional J in (4.4b) is proper for any v0 ∈ D(A

1
4 )) within

the class of L2(0,∞; R2K)-controllers uN (x, t) =
∑2K

i=1 u
i
N (t)ψi(x), for suitable

vectors {ψi}2K
i=1 identified there in [B-T.1, Eqn. (3.52)]. Accordingly, the optional

solution v∗(t; v0) of the OCP (4.4) is given by the s.c. feedback semigroup

v∗(t; v0) ≡ eAF tv0, AF = A + P

(
m

2K∑
i=1

(RN · , ψi)L2(ω)ψi

)
(4.15)

[B-T.1, Eqn. (3.81)], where the s.c. feedback semigroup eAF t is analytic on D(A
1
4 )

and, moreover, is (by Datko’s theorem) exponentially stable on D(A
1
4 ) [B-T.1,

Eqn. (3.82)]

|eAF t|
L(D(A

1
4 ))

≤ Cγe
−γt, t ≥ 0, (4.16)

for some constant γ > 0. Of course, we have∫ ∞

0

|eAF tv0|2Z =
∫ ∞

0

|A 3
4 v∗(t; v0)|2Hdt ≤ C|v0|2D(A

1
4 )
. (4.17)

Accordingly, if we set, for d = 2, 3:

W ≡ D(A
1
4 ); Z ≡ D(A

3
4 ); F ≡ P

(
m

2K∑
i=1

(RN · ;ψi)L2(ω)ψi

)
, (4.18)

with ψi identified by [B-T.1, Eqn. (3.52)], we see that properties (4.15), (4.16),
(4.17) verify, respectively, properties (H.1i), (H.1ii), (H.1iii), in (1.2.5), (1.2.6),
(1.2.7). We then invoke Theorem 1.2.1 and obtain Theorem 4.1, in the more refined
version that the local solution of (4.7a–d), or of (4.8), is a unique fixed point
solution (see [B-L-T.2, Section 5]).

Proof of Theorem 4.2 via Theorem 1.2.2. We shall use Setting #2. We need to
verify assumptions (H.2(i), (ii), (iii), (iv)) in (1.2.10)–(1.2.14). To this end, instead
of the OCP (4.4), we consider the new OCP

(R0
Nv0, v0)H = inf

u∈L2(0,∞;R2K)
J0(u, v; v0) = J∗0 (v0), v0 ∈ H ;

J0(u, v; v0) =
∫ ∞

0

[
|v(t; v0)|2H + |u(t)|2

R2K

]
dt, v0 ∈ H,

(4.19a)

(4.19b)

v( · ; v0) the solution of the linearized equation (4.5) where ψi = ψ̃i. This is a
standard OCP where the control operator (Pm) is bounded on H . Thus, a fortiori,
amply contained in [L-T.4, Theorem 2.2.1], see also [Bal.1].
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In particular, the following results hold true:
(i) the operator

AF = A + Pm
( 2K∑

i=1

(R0
N · , ψ̃i

)
L2(ω)

ψ̃i (4.20)

generates a s.c. analytic semigroup eAF t on H , for all ψ̃i ∈ L2(ω).
(ii) As in [B-T.1, Section 3] (Lemma 3.8 in [B-T.1] is a finite-dimensional result),

we can select (in infinitely many ways) suitable vectors ψ̃i = χi ∈ L2(ω) such
that eAF t is, moreover, uniformly (exponentially) stable on H : |eAF t|L(H) ≤
M1e

−δ1t, t ≥ 0, δ1 > 0. Henceforth, we shall restrict to such vectors ψ̃i =
χi.

(iii) R0
N is a positive, self-adjoint operator in L(H), the unique such solution of

an ARE (4.14). We henceforth select the following spaces

W ≡ D(A
1
4 ); Z ≡ D(A

3
4 ), (4.21)

in both cases d = 2, 3. Since

D(AF ) = D(A) = D(A), hence D((−AF )θ) = D(Aθ), 0 ≤ θ ≤ 1, (4.22)

by interpolation, we have that:
(1) eAF t continues to be a s.c. analytic semigroup also on the space W =

D(A
1
4 ).

(2) eAF t remains uniformly (exponentially) stable on W : |eAF t|L(W ) ≤
M1e

−δ1t, t ≥ 0, δ1 > 0.
In addition, we have

(3)
∫ ∞

0

|eAF tv0|2Zdt ≤ const|v0|2W . (4.23)

Proof of (4.23). Since Z = D(A
3
4 ) = D((−AF )

3
4 ) and W = D(A

1
4 ) = D((−AF )

1
4 )

by (4.21), we have for v0 ∈ W :∫ ∞

0

|eAF tv0|2Zdt

=
∫ ∞

0

|eAF tv0|2D((−AF )
3
4 )
dt =

∫ ∞

0

|(−AF )
3
4 eAF tv0|2Hdt (4.24)

=
∫ ∞

0

|(−AF )
1
2 eAF t(−AF )

1
4 v0|2Hdt ≤ C|(−AF )

1
4 v0|2H = c|v0|2W , (4.25)

and (4.23) is established. All the steps are justified since eAF t is a s.c. analytic
semigroup on H , generated by AF = −ν0A + (−A0 + Pm) which is a lower-
order perturbation D(−A0 + Pm) = D(A0) = D(A

1
2 ) of the negative, self-adjoint

operator−ν0A. [A more complicated way to show (4.23) is to recall that v0( · ; v0) =
eAF tv0 = optimal solution of the OCP (4.19) and invoke regularity properties of the
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optimal pair in a boot-strap argument as in Proposition 3.1.2 proved in [B-L-T.2,
Section 6], ultimately [L-T.4].] Finally, we have

(4) D(AF ) = D(A) ⊂ D(A
3
4 ) = Z. (4.26)

Thus, properties (1), (2), (3), (4) are the counterpart of the properties (H.1(i),
(ii), (iii), (iv)) of the abstract Setting #2. Thus, the counterpart of Theorem 1.2.2
holds true and – via the proof of [B-L-T.2, Section 5] – produces a unique fixed
point solution of problem (4.7) with the following Riccati-based feedback control

u = −
2K∑
i=1

(R0
N (y − ye), ψ̃i)L2(ω)ψ̃i ≡ −(B0)∗R0

N (y − ye).

Theorem 4.2 is proved. �

5. The case of exponential stabilization of N-S equations, d = 2, 3,
by means of localized interior, spectral-based feedback controls

In this section we shall appeal to results of [B-T.1, Section 3] in order to verify
the validity of the assumptions (H.2(i), (ii), (iii), (iv)) in (1.2.10)–(1.2.14). This
way, we will be able to invoke Theorem 1.2.2 and establish the following local
exponential stabilization of the N-S equations, d = 2, 3, with a localized interior,
finite-dimensional, spectral-based feedback controllers of the form

u = −
2K∑
i=1

(y − ye, p̃i)L2(ω)ψ̃i, (5.1)

for suitably constructed (via [B-T.1, Lemma 3.8]) vectors p̃i, ψ̃i ∈ L2(ω).

Theorem 5.1. Let ω be an arbitrary subdomain of Ω of class C2. Let ρ > 0 be
sufficiently small, and let the I.C. y0 ∈ Vρ defined by (4.6). Then there exist
(constructively) suitable vectors ψ̃i, p̃i ∈ L2(ω), i = 1, . . . , 2K identified in [B-T.1,
Eqn. (3.52)], such that the closed loop N-S system⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

yt(x, t) − ν0∆y(x, t) + (y · ∇)y(x, t) +m
{ 2K∑

i=1

((y − ye), p̃i)L2(ω)ψ̃i

}
= fe(x) +∇p(x, t) in Q ≡ Ω × (0,∞);

∇ · y ≡ 0 in Q;

y ≡ 0 on Σ ≡ ∂Ω× (0,∞);

y(x, 0) = y0(x) in Ω,

(5.2a)

(5.2b)

(5.2c)

(5.2d)
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– which is obtained by replacing u in (4.1a) in the feedback form given by (5.1) –
[or, correspondingly, its abstract version], as projected onto H:

dy

dt
+ν0Ay+By+Pm

{
2K∑
i=1

((y − ye), p̃i)L2(ω)ψ̃i

}
= Pfe, t ≥ 0, y(0) = y0, (5.3)

P = Leray projector] possesses a unique fixed point solution such that the following
asymptotic properties hold true:

(i)
∫ ∞

0

|A 3
4 (y(t) − ye)|2Hdt ≤ C|A

1
4 (y0 − ye)|H ; (5.4)

(ii) |A 1
4 (y(t) − ye)|H ≤Me−at|A 1

4 (y0 − ye)|H , t ≥ 0, (5.5)

for some M ≥ 1, a > 0.

Proof of Theorem 5.1. The linearized semigroup is analytic on H . One begins with
he complexified finite-dimensional projection [B-T.1, Eqn. (3.5)] on the unstable
subspace Zu

N = PNH in (1.3.5), (1.3.1):

on Zu
N : z′N = Au

NzN + PN (Pmv), zN(0) = PNz0, (5.6)

with finite-dimensional controllers v = vN =
∑K

i=1 v
i
N (t)wi, wi ∈ Zu

N ⊂ H , so
that mwi ∈ H and PNmwi = PNPmwi, K = max{�i, i = 1, . . . ,M}. We shall
eventually seek controllers in feedback form viN (t) = (zN (t), pi). Let the vectors
wi ∈ Zu

N satisfy the algebraic rank conditions in [B-T.1, Eqn. (3.15)]. Then, the
dynamics (5.6) is controllable on Zu

N [B-T.1, Proof of Lemma 3.2]. Accordingly,
(5.6) satisfies Popov’s pole assignment property. In particular, given any γ1 >
0, there exist (constructively) suitable vectors {p1, . . . , pK} ∈ Zu

N such that the
corresponding feedback problem

z′N −Au
NzN =

K∑
i=1

PN (mwi)(zN , pi), zN(0) = PNz0 (5.7)

is exponentially stable with rate γ1 > 0:

|zN (t)| + |vN (t)| ≤ Cγ1e
−γ1t|PNz0|, t > 0 (5.8)

[B-T.1, Lemma 3.1]. Next, we return from the complexified version to the corre-
sponding real version of the problem. Since

uN ≡ Re vN = Re
K∑

i=1

viN (t)wi =
K∑

i=1

(Re viN (t))(Re wi) −
K∑

i=1

(Im viN (t))(Im wi)
(5.9)

uN ≡ Re vN =
K∑

i=1

(Re(zN (t), pi))(Re wi)−
K∑

i=1

(Im(zN(t), pi)(Im wi),
(5.10)

and with wi ∈ Zu
N ∈ H ,

Re PNPmvN = Re PNmv = PNmRe vN = PNmuN , (5.11)
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we deduce that a fortiori, the real value (Re zN )-dynamics is likewise controllable
within the class of 2K open-loop, real-valued controls of the form (5.10), (5.11).
[However, because of the presence of Im zN , such controls in (5.10), (5.11) are only
open-loop, and not closed loop. Accordingly, by standard, finite-dimensional con-
trol theory, the linear dynamics in (RezN ) can be stabilized by a 2K-dimensional,
real-valued, closed-loop feedback control of the same feedback low as its complex-
valued counterpart. Hence, there exist real vectors p̃i ∈ Z̃u

N , i = 1, . . . , 2K, such
that the real feedback dynamics

(Re zN )t = Au
N (Re zN) +

∑2K

i=1
(Re zN (t), p̃i)ψi, Re zN (0) = Re z0 (5.12)

satisfies
|(Re zN)(t)|H ≤ Cγ1e

−γ1t|Re z0|H , t ≥ 0, (5.13)
where we have set{

ψi = Re wi, i = 1, . . . ,K; ψi+K = −Im wi, i = 1, . . . ,K;

Z̃u
N = span{Re ϕi, Im ϕij}M

i=1
�i

j=1, ϕij in (1.3.4).
(5.14a)
(5.14b)

Finally, the argument of [B-T.1, Lemma 3.8] shows that the real linearized
dynamics

vt = −(ν0A+A0)v + PmuN = Av + Pm
{∑2K

i=1
(v(t), p̃i)ψi

}
, (5.15)

that is,

vt = AF v, v(t) = eAF tv0; AF = A + Pm
∑2K

i=1
( · , p̃i)ψi (5.16)

satisfies the asymptotic pointwise decays

|v(t)|H = |eAF tv0|H ≤ Cγ0e
−γ0t|v0|H , t ≥ 0, (5.17)

|A 1
4 v(t)|H = |A 1

4 eAF tv0|H ≤ Cγ0e
−γ0t|A 1

4 v0|H , t ≥ 0, (5.18)

with γ0 any constant such that 0 < γ0 < Re λN+1, see [B-T.1, (3.5.1a–b)]. More-
over, the argument of [B-T.1, Section 3.4, Step 1, p. 1475] then shows that∫ ∞

0

|A 3
4 eAF tv0|Hdt =

∫ ∞

0

|A 3
4 v(t)|Hdt ≤ C|A

1
4 v0|H , v0 ∈ D(A

1
4 ). (5.19)

Finally, we set

W ≡ D(A
1
4 ); Z ≡ D(A

3
4 ); F ≡ Pm

∑2K

i=1
( · , p̃i)ψi. (5.20)

We then have that (5.15), (5.17), (5.19) satisfy assumptions (H.2i), (H.2ii), (H.2iii).
Moreover,

D(AF ) = D(A) ⊂ D(A
3
4 ) ≡ Z, (5.21)

and (H.2iv) is likewise satisfied. Having verified assumption (H.2), we invoke The-
orem 1.2.2 and, this way, obtain Theorem 5.2. �

Remark 5.1. Using (5.18), one could also verify (H.1) and then invoke Theorem
1.2.1 to obtain Theorem 5.2. �
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Convergence Analysis of an Adaptive Finite
Element Method for Distributed Control
Problems with Control Constraints

A. Gaevskaya, R.H.W. Hoppe, Y. Iliash and M. Kieweg

Abstract. We develop an adaptive finite element method for a class of dis-
tributed optimal control problems with control constraints. The method is
based on a residual-type a posteriori error estimator and incorporates data os-
cillations. The analysis is carried out for conforming P1 approximations of the
state and the co-state and elementwise constant approximations of the control
and the co-control. We prove convergence of the error in the state, the co-
state, the control, and the co-control. Under some additional non-degeneracy
assumptions on the continuous and the discrete problems, we then show that
an error reduction property holds true at least asymptotically. The analysis
uses the reliability and the discrete local efficiency of the a posteriori esti-
mator as well as quasi-orthogonality properties as essential tools. Numerical
results illustrate the performance of the adaptive algorithm.
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Keywords. Distributed optimal control, control constraints, adaptive finite
elements, residual-type a posteriori error estimators, convergence analysis.

1. Introduction

We present a convergence analysis of adaptive finite element approximations of
a distributed optimal control problem with control constraints. In particular, as-
suming Ω ⊂ R2 to be a bounded, polygonal domain with boundary Γ := ∂Ω and
given data yd ∈ L2(Ω) and f ∈ L2(Ω), ψ ∈ H1(Ω)∩L∞(Ω) as well as a parameter
0 < α ≤ 1, we consider the following distributed optimal control problems with

The second author has been partially supported by the NSF under Grant No. DMS-0411403
and Grant No. DMS-0511611. The fourth author acknowledges the support by the elite graduate
school TopMath.
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bound constrained controls

minimize J(y, u) :=
1
2
‖y − yd‖2

0,Ω +
α

2
‖u‖2

0,Ω (1.1a)

over (y, u) ∈ H1
0 (Ω) × L2(Ω),

subject to −∆ y = f + u , (1.1b)

u ∈ K := {v ∈ L2(Ω) | v ≤ ψ a.e. in Ω} . (1.1c)

It is well known (cf., e.g., [15, 20, 21]) that (1.1a)–(1.1c) admits a unique solution
(y, u) ∈ H1

0 (Ω) × L2(Ω). The optimality conditions involve the existence of a co-
state p ∈ H1

0 (Ω) and a co-control σ ∈ L2
+(Ω) such that y, p, u, σ satisfy

a(y, v) = (f + u, v)0,Ω , v ∈ H1
0 (Ω) , (1.2a)

a(p, v) = − (y − yd, v)0,Ω , v ∈ H1
0 (Ω) , (1.2b)

u =
1
α

(p− σ) ∈ K , (1.2c)

(σ, u− v)0,Ω ≥ 0 , v ∈ K . (1.2d)

Here, (·, ·)0,Ω refers to the standard L2 inner product and a(·, ·) stands for the
bilinear form

a(w, z) :=
∫
Ω

∇w · ∇z dx , w, z ∈ H1
0 (Ω) .

We note that the variational inequality (1.2d) can be equivalently stated as the
complementarity condition

σ ∈ L2
+(Ω) , ψ − u ∈ L2

+(Ω) , (1.3)
(σ, ψ − u)0,Ω = 0 .

We define the active control set A(u) as the maximal open set A ⊂ Ω such that
u(x) = ψ(x) f.a.a. x ∈ A and the inactive control set I(u) according to I(u) :=⋃

ε>0 Bε, where Bε is the maximal open set B ⊂ Ω such that u(x) ≤ ψ(x) − ε
for almost all x ∈ B. Further, we refer to F(u) := ∂A(u) as the free boundary
between the active and inactive sets.

The control problem (1.1a)–(1.1c) will be approximated by Lagrangian type
finite elements with respect to an adaptively generated hierarchy of simplicial tri-
angulations of the computational domain. We note that adaptive finite element
methods (AFEM) are efficient and reliable algorithmic tools in the numerical so-
lution of partial differential equations. AFEMs typically consist of successive loops
of the sequence

SOLVE → ESTIMATE → MARK → REFINE . (1.4)

Here, SOLVE stands for the numerical solution of the finite element discretized
problem, ESTIMATE requires the a posteriori estimation of the global discretiza-
tion error in some appropriate norm or with respect to a goal oriented error func-
tional. The step MARK is devoted to the selection of elements and edges for
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refinement, and the final step REFINE takes care of the technical realization of
the refinement process.

The development, analysis and implementation of efficient and reliable a pos-
teriori error estimators has been the subject of intensive research in the past two
decades and has actually reached some level of maturity (see, e.g., the monographs
[1, 3, 4, 14, 25, 26] and the references therein). On the other hand, a rigorous con-
vergence analysis of (1.4) relying on appropriate error reduction properties has
so far only been done for conforming AFEMs [8, 13, 24] and, very recently, by
Carstensen and the second author for mixed and nonconforming finite element
methods in [10, 11] as well as for edge element methods for eddy current equations
in [12].

As far as the a posteriori error analysis of adaptive finite element schemes
for optimal control problems is concerned, the unconstrained case has been con-
sidered in [4, 6], whereas residual-type a posteriori error estimators in the control
constrained case have been derived and analyzed in [17, 19, 21, 22]. No convergence
analysis has been addressed so far.

This contribution aims to provide a convergence analysis of AFEM for (1.1a)–
(1.1c). The paper is organized as follows:

In Section 2, we consider the finite element approximation of (1.1a)–(1.1c)
and present details of the adaptive loop (1.4) focusing on a residual-type a poste-
riori error estimator in the step ESTIMATE and a bulk criterion for the selection
of edges and elements for refinement in the step MARK. The reliability of the
estimator and its discrete local efficiency are shown in Section 3. In Section 4, we
prove convergence of the discrete states and co-states in H1

0 (Ω) and of the discrete
controls and co-controls in L2(Ω). Under the assumptions of strict complementar-
ity and non-degeneracy, in Section 5 we show that an error reduction property
holds true at least asymptotically. Finally, Section 6 illustrates the performance of
the estimator by an illustrative numerical example.

2. Finite element discretization

For the finite element discretization of (1.1a)–(1.1c) we assume that T� is a shape-
regular simplicial triangulation of Ω. We refer toN�(D), E�(D), and T�(D) , D ⊆ Ω,
as the sets of vertices, edges and elements of T� inD ⊆ Ω. We set h� := max{hT |T ∈
T�} where hT stands for the diameter of an element T ∈ T� and we denote by hE

the length of an edge E ∈ E�. Further, we refer to gT as the integral mean of
g ∈ L2(Ω) on T ∈ T�, i.e., gT = |T |−1

∫
T g dx. We denote by

V� := { v� ∈ C0(Ω) | v�|T ∈ P1(T ) , T ∈ T� } ,

the standard conforming P1 finite element space and by

W� := { w� ∈ L2(Ω) | w�|T ∈ P0(T ) , T ∈ T� }
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the linear space of elementwise constant functions on Ω. We refer to y� ∈ V�

and u� ∈ W� as finite element approximations of the state y and the control u,
respectively. The upper obstacle ψ is approximated by the elementwise constant
function ψ� ∈ W� with ψ�|T := ψT , T ∈ T�.

Then, the finite element approximation of the distributed optimal control
problem (1.1a)–(1.1c) reads as follows:

minimize J�(y�, u�) :=
1
2
‖y� − yd‖2

0,Ω +
α

2
‖u�‖2

0,Ω , (2.1a)

over (y�, u�) ∈ V� ×W� ,

subject to a(y�, v�) = (f + u�, v�)0,Ω , v� ∈ V� , (2.1b)

u� ∈ K� := {w� ∈W� | w�|T ≤ ψT , T ∈ T�} . (2.1c)

The optimality conditions for (2.1a)–(2.1c) again give rise to the existence of a
co-state p� ∈ V� and a co-control σ� ∈ W� such that

a(y�, v�) = (f + u�, v�)0,Ω , v� ∈ V� , (2.2a)

a(p�, v�) = − (y� − yd, v�)0,Ω , v� ∈ V� , (2.2b)

u� =
1
α

(M�p� − σ�) ∈ K� , (2.2c)

(σ�, v� − u�)0,Ω = 0 v� ∈ K� . (2.2d)

Here, M� : H1
0 (Ω) →W� stands for the operator given by

(M�v)T := vT = |T |−1

∫
T

v(x) dx , T ∈ T� . (2.3)

As in the continuous case, (2.2d) can be stated as the complementarity condition

σ� ≥ 0 , ψ� − u� ≥ 0 , (2.4)
(σ�, ψ� − u�)0,Ω = 0 .

We define A(u�) and I(u�) as the discrete active and inactive control sets accord-
ing to

A(u�) :=
⋃

{ T ∈ T� | u�|T = ψ�|T } , (2.5a)

I(u�) :=
⋃

{ T ∈ T� | u�|T < ψ�|T } (2.5b)

and refer to F(u�) := ∂A(u�) as the discrete free boundary between the discrete
active and inactive sets.

We note that the discrete state and co-state y�, p� ∈ V� may also be considered
as finite element approximations of an auxiliary state y(u�) ∈ H1

0 (Ω) and an
auxiliary co-state p(u�) ∈ H1

0 (Ω) as given by the coupled elliptic system

a(y(u�), v) = (f + u�, v)0,Ω , v ∈ H1
0 (Ω) , (2.6a)

a(p(u�), v) = − (y(u�)− yd, v)0,Ω , v ∈ H1
0 (Ω) . (2.6b)
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Obviously, we have the Galerkin orthogonality

a(y� − y(u�), v�) = 0 , v� ∈ V� . (2.7)

Furthermore, there holds

|y(u�) − y|1,Ω ≤ cF (Ω) ‖u− u�‖0,Ω , (2.8a)

|p(u�) − p|1,Ω ≤ cF (Ω) ‖y − y(u�)‖0,Ω , (2.8b)

where cF (Ω) > 0 is the constant in the Poincaré-Friedrichs inequality

‖v‖0,Ω ≤ cF (Ω) |v|1,Ω , v ∈ H1
0 (Ω) . (2.9)

Throughout the rest of this paper, we assume that the coupled system (2.6a),
(2.6b) is H1+γ-regular for some γ > 0 which implies the existence of a constant
Cr > 0, depending only on the shape regularity of the triangulations, such that

‖y� − y(u�)‖0,Ω ≤ Crh
γ
� |y� − y(u�)|1,Ω . (2.10)

3. The adaptive loop

In the step SOLVE of the adaptive loop, for the computation of the solution of
(2.1a)–(2.1c) we use the primal-dual active set strategy as described in [7]. In the
step ESTIMATE, we use the residual type error estimator

η :=
(
η2y + η2p

)1/2

, (3.1)

ηy :=
( ∑

T∈T�

η2y,T +
∑

E∈E�

η2y,E

)1/2

, (3.2)

ηp :=
( ∑

T∈T�

2∑
i=1

(η(i)p,T )2 +
∑

E∈E�

η2p,E

)1/2

. (3.3)

The estimator consists of easily computable element residuals and edge residuals.
In particular, for T ∈ T� the element residuals ηy,T and η(i)p,T , 1 ≤ i ≤ 2, are as
follows

ηy,T := hT ‖f + u�‖0,T , (3.4)

η
(1)
p,T := hT ‖yd − y�‖0,T , (3.5)

η
(2)
p,T := ‖M�p� − p�‖0,T , (3.6)

whereas for E ∈ E� the edge residuals ηy,E , ηp,E are given by

ηy,E := h
1/2
E ‖νE · [∇y�]‖0,E , (3.7)

ηp,E := h
1/2
E ‖νE · [∇p�]‖0,E . (3.8)

Here, E = T1 ∩ T2, Tν ∈ T�, 1 ≤ ν ≤ 2, and νE is the exterior unit normal vector
on E directed towards T2, whereas [∇y�] and [∇p�] denote the jumps of ∇y�,∇p�
across E.
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Moreover, the convergence analysis invokes data oscillations in yd, f and ψ

osc�(yd) :=
( ∑

T∈T�

oscT (yd)2
)1/2

, oscT (yd) := hT ‖yd − yd� ‖0,T , (3.9a)

osc�(f) :=
( ∑

T∈T�

oscT (f)2
)1/2

, oscT (f) := hT ‖f − f�‖0,T , (3.9b)

osc�(ψ) :=
( ∑

T∈T�

oscT (ψ)2
)1/2

, oscT (ψ) := hT ‖∇ψ‖0,T . (3.9c)

where yd� ∈W� and f� ∈W� with yd� |T := ydT , f�|T := fT , T ∈ T�.
Given universal constants Θi, 1 ≤ i ≤ 2 with 0 < Θi < 1, in the bulk criterion
of step MARK we select a set of edges ME

� ⊂ E� and a set of elements MT
� :=

Mη,T
� ∪Mosc,T ⊂ T� such that

Θ1

∑
E∈E�

(η2y,E + η2p,E) ≤
∑

E∈ME

(η2y,E + η2p,E) , (3.10)

Θ2

( ∑
T∈T�

(η2y,T + (η(1)p,T )2 + (η(2)p,T )2)
)

≤
∑

T∈Mη,T

(η2y,T + (η(1)p,T )2 + (η(2)p,T )2) .
(3.11)

The bulk criteria are realized by a greedy algorithm (cf., e.g., [17]).
In the final step REFINE, an element T selected in the bulk criterion is refined

by successive bisection such that at least one interior nodal point is generated
(‘interior node property’). If two or three edges of an element have been marked
for refinement, the triangle is subdivided into four subtriangles by joining the
midpoints of the edges, whereas simple bisection is used, if only one edge has been
selected in the bulk criterion. Bisection is also used in case of newly created nodes
at midpoint of edges not contained in ME in order to provide a geometrically
conforming new triangulation T�+1. Setting

osc� :=
(
osc2

�(y
d) + osc2

� (f) + osc2
�(ψ)

)1/2
, (3.12)

we assume that T�+1 is such that there exists 0 ≤ ρ2 < 1 satisfying

osc2
�+1 ≤ ρ2 osc2

� . (3.13)

In practice, the oscillation term osc� is included in the bulk criteria of step MARK
(cf., e.g., [24] for a thorough discussion of the oscillation term and see [17] for
details of the algorithmic realization).
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4. Reliability and discrete local efficiency

The reliability of the estimator has been established in [17].

Theorem 4.1. Let (y, p, u, σ) and (y�, p�, u�, σ�) be the solutions of (1.2a)–(1.2d)
and (2.2a)–(2.2d), and let η and µ�(ψ) be the residual error estimator and the data
oscillations as given by (3.1) and (3.9c), respectively. Then, there exists a constant
C1 > 1, depending only on α and on the shape regularity of the triangulations, such
that

|y − y�|21,Ω + |p− p�|21,Ω + ‖u− u�‖2
0,Ω (4.1)

+ ‖σ − σ�‖2
0,Ω ≤ C1

(
η2 + osc2

�(ψ)
)
.

For the discrete local efficiency of the estimator we have to show that for
refined elements T and edges E the local components of the estimator can be
bounded from above by the norms of the differences of the fine and coarse mesh
approximations on T and the patches ωE , respectively.

Lemma 4.2. For a refined element T ∈ T� there holds

η2y,T � |y� − y�+1|21,T + h2T ‖u� − u�+1‖2
0,T + osc2

T (f) , (4.2)

(η(1)p,T )2 � |p� − p�+1|21,T + |y� − y�+1|21,T + osc2
T (yd) , (4.3)

(η(2)p,T )2 � |p� − p�+1|20,T + α2‖u� − u�+1‖2
0,T + ‖σ� − σ�+1‖2

0,T . (4.4)

Proof. Let ϕa
�+1 ∈ V�+1 be a nodal basis function associated with an interior point

a ∈ N�+1(T ) and Da := supp(ϕa
�+1). Then, the function z�+1 := (fT + u�)ϕa

�+1

satisfies

‖fT + u�‖2
0,T � (fT + u�, z�+1)0,T , (4.5)

‖z�+1‖0,T � ‖fT + u�‖0,T , |z�+1|1,T � h−1
T ‖fT + u�‖0,T . (4.6)

Using (4.5) and (4.6) we find

η2y,T = h2T ‖fT + u�‖2
0,T � h2T (f + u�+1, z�+1)0,T (4.7)

+h2T
(
‖u� − u�+1‖0,T ) + ‖f − fT ‖0,T

)
‖z�+1‖0,T .

Since z�+1 is an admissible test function in (2.5a) (with � replaced by � + 1), we
have

a(y�+1, z�+1) = (f + u�+1, z�+1)0,T .

Observing ∆y� = 0 on T and z�+1|∂Da = 0, a simple integration by parts shows

a|T (y�, z�+1) =
∑

T ′∈T�+1(Da)

∫
T ′

∇y� · ∇z�+1 dx

= −
∑

T ′∈T�+1(Da)

∫
T ′

∆y�z�+1 dx+
∫

∂Da

ν∂Da · ∇y�z�+1 ds = 0 .



54 A. Gaevskaya, R.H.W. Hoppe, Y. Iliash and M. Kieweg

Consequently, we obtain

h2T (f + u�+1, zh)0,T (4.8)

= h2Ta(y�+1 − y�, z�+1) ≤ h2T |y�+1 − y�|1,T |z�+1|1,T .

Inserting (4.8) into (4.7) and using (4.6) as well as Young’s inequality gives the
assertion.

The proof of (4.3) follows by similar arguments, this time choosing z�+1 =
(yd� − ŷ�)ϕa

�+1, where ŷ� is the integral mean of y� on T .
For the proof of (4.4), the triangle inequality readily gives

η
(2)
p,T ≤ ‖M�p� −M�+1p�+1|0,T + ‖p� − p�+1‖0,T + ‖M�+1p� − p�‖0,T . (4.9)

Using the relationship (2.2c) both for the coarse and the fine mesh, for the first
term on the right-hand side in (4.9) we obtain

‖M�p� −M�+1p�+1|0,T ≤ α‖u� − u�+1‖0,T + ‖σ� − σ�+1‖0,T . (4.10)

For the third term on the right-hand side in (4.9), there exists 0 ≤ q < 1 such that

‖M�+1p� − p�‖0,T ≤ q ‖M�p� − p�‖0,T . (4.11)

Taking advantage of (4.10), (4.11) in (4.9) yields

η
(2)
p,T ≤ 1

1 − q
(
‖p� − p�+1‖0,Ω + α‖u� − u�+1‖0,Ω + ‖σ� − σ�+1‖0,Ω

)
.

�

Lemma 4.3. For a refined edge E ∈ E� there holds

η2y,E � |y� − y�+1|21,ωE
+ h2T ‖u� − u�+1‖2

0,ωE
+ η2y,ωE

, (4.12)

η2p,E � |p� − p�+1|21,ωE
+ |y� − y�+1|21,ωE

+ η2p,ωE
. (4.13)

Proof. Let ϕmidE

�+1 ∈ V�+1 be the nodal basis function associated with mid(E) ∈
N�+1(Ω). Then, the function z�+1 := [νE · ∇y�]ϕmidE

�+1 satisfies

‖[νE · ∇y�]‖2
0,E � ([νE · ∇y�], z�+1)0,E , (4.14)

‖z�+1‖0,ωE � h
1/2
E ‖[νE · ∇y�]‖0,E , (4.15)

|z�+1|1,ωE � h
−1/2
E ‖[νE · ∇y�]‖0,E . (4.16)

Using (4.14)–(4.16) and the fact that z�+1 is an admissible test function in (2.5a)
(with � replaced by �+ 1), we find

η2y,E = hE‖[νE · ∇y�]‖2
0,E � hE([νE · ∇y�], z�+1)0,E (4.17)

= hE

(
a|ωE (y� − y�+1, z�+1) + (u� − u�+1, z�+1)0,ΩE − (f + u�, z�+1)0,ΩE

)
� h

1/2
E ‖[νE · ∇y�]‖0,E

(
|y� − y�+1|1,ωE + hT ‖u� − u�+1‖0,ωE + ηy,ωE

)
,

which immediately leads to (4.12). The estimate (4.13) is shown in exactly the
same way. �
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Summarizing the results of Lemma 4.2 and Lemma 4.3 and taking account
that the union of the patches ωE has a finite overlap, we obtain

Theorem 4.4. Let (y, p, u, σ) and (yk, pk, uk, σk), k ∈ {�, � + 1}, be the solutions
of (1.2a)–(1.2d) and (2.2a)–(2.2d), and let η and osc�(yd), osc�(f) be the residual
error estimator and the data oscillations as given by (3.1) and (3.9a), (3.9b),
respectively. Then, there exists a constant C2 > 1, depending only on the constants
Θi, 1 ≤ i ≤ 2, in the bulk criteria (3.10), (3.11), and on the shape regularity of the
triangulations, such that∑

T∈MT
�

(
η2y,T + (η(1)p,T )2 + (η(2)p,T )2

)
+
∑

E∈ME
�

(
η2y,E + η2p,E

)
≤ C2

(
|y� − y�+1|21,Ω + |p� − p�+1|21,Ω + α2‖u� − u�+1‖2

0,Ω

+ ‖σ� − σ�+1‖2
0,Ω + osc2

�(y
d) + osc2

�(f)
)
. (4.18)

5. Convergence result

In this section, we will prove convergence of the discrete states, co-states, controls,
and co-controls to its continuous counterparts.

The reliability (4.1), the bulk criteria (3.10), (3.11), and the discrete local
efficiency (4.18) imply

|y − y�|21,Ω + |p− p�|21,Ω + ‖u− u�‖2
0,Ω + ‖σ − σ�‖2

0,Ω

≤ C3

(
α|y� − y�+1|21,Ω + |p� − p�+1|21,Ω

)
+ C4

(
α2‖u� − u�+1‖2

0,Ω

+ ‖σ� − σ�+1‖2
0,Ω

)
+ C5

(
osc2

�(y
d) + osc2

�(f) + osc2
�(ψ)

)
, (5.1)

where C3 := C1C2α
−1, C4 := C1C2 and C5 := max(C1, C2).

Now, using the fundamental relationships

|s� − s�+1|21,Ω (5.2)

= |s− s�|21,Ω − |s− s�+1|21,Ω + 2a(s− s�+1, s� − s�+1) ,

‖w� − w�+1‖2
0,Ω (5.3)

= ‖w − w�‖2
0,Ω − ‖w − w�+1‖2

0,Ω + 2(w − w�+1, w� − w�+1)0,Ω

for s = y, sk = yk and s = p, sk = pk and for w = u,wk = uk and w = σ,wk =
σk, k ∈ {�, �+ 1}, we would be able to deduce not only convergence, but even an
error reduction property, if we had Galerkin orthogonality of the AFEM. However,
Galerkin orthogonality does not apply here. Instead, we will establish some quasi-
orthogonality properties which allow to prove convergence.

Lemma 5.1. Let (y, p, u, σ) and (yk, pk, uk, σk), k ∈ {�, �+ 1}, be the solutions of
(1.2a)–(1.2d) and (2.2a)–(2.2d), and let y(u�+1) ∈ V be the auxiliary state as given
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by (2.6). Then, there holds

α a(y − y�+1, y� − y�+1) + a(p− p�+1, p� − p�+1) (5.4)

= (y�+1 − y(u�+1), p� − p�+1)0,Ω + (y(u�+1) − y, σ� − σ�+1)0,Ω

+ (y(u�+1) − y, (I −M�)p� − (I −M�+1)p�+1)0,Ω

+ α (u�+1 − u, (y(u�) − y�) + (y�+1 − y(u�+1))0,Ω ,

α2 (u− u�+1, u� − u�+1)0,Ω + (σ − σ�+1, σ� − σ�+1) (5.5)

≤ α (σ, u�+1 − u�)0,Ω + α (σ�+1 − σ, ψ� − ψ�+1)0,Ω

+ α (σ, ψ� − ψ�+1)0,Ω + α (σ�+1 − σ�, u− ψ)0,Ω

+ α (σ� − σ�+1, ψ�+1 − ψ)0,Ω + (p−M�+1p�+1,M�p� −M�+1p�+1)0,Ω.

Proof. In view of (1.2a), (2.2a) and (2.6), (2.7), we readily get

αa(y − y�+1, y� − y�+1) (5.6)
= αa(y − y(u�+1), y� − y�+1) = α(u− u�+1, y� − y�+1)0,Ω .

On the other hand, observing (1.2b), (1.2c) and (2.2b), (2.2c) as well as (2.8), we
find

a(p− p�+1, p� − p�+1) = (y�+1 − y(u�+1), p� − p�+1)0,Ω (5.7)
+ (y(u�+1) − y, σ� − σ�+1 + (I −M�)p� − (I −M�+1)p�+1)0,Ω

+ α(y(u�+1)− y, u� − u�+1)0,Ω .

Moreover, since y(u�+1)−y = (−∆)−1(u�+1−u) and (−∆)−1(u�−u�+1) = y(u�)−
y(u�+1), we obtain

α(y(u�+1) − y, u� − u�+1)0,Ω (5.8)
= α(u�+1 − u, y(u�) − y(u�+1))0,Ω = α(u�+1 − u, y� − y�+1)0,Ω

+ α(u�+1 − u, (y(u�)− y�) + (y�+1 − y(u�+1))0,Ω .

Using (5.8) in (5.7) and combining (5.6) and(5.7) results in (5.4).
As far as the proof of (5.5) is concerned, using again (1.2c), (2.2c), we find

α2(u− u�+1, u� − u�+1)0,Ω + (σ − σ�+1, σ� − σ�+1) (5.9)
= α(σ�+1 − σ, u� − u�+1)0,Ω + α(u − u�+1, σ�+1 − σ�)0,Ω

+ (p−M�+1p�+1,M�p� −M�+1p�+1)0,Ω .

For the first term on the right-hand side in (5.9), we obtain

α(σ�+1 − σ, u� − u�+1)0,Ω (5.10)
= α(σ�+1, u� − ψ�)0,Ω + α(σ�+1, ψ� − ψ�+1)0,Ω

+ α(σ�+1, ψ�+1 − u�+1)0,Ω + α(σ, u�+1 − u�)0,Ω

≤ α(σ�+1, ψ� − ψ�+1)0,Ω + α(σ, u�+1 − u�)0,Ω ,
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where we have used that due to (2.4)

(σ�+1, u� − ψ�)0,Ω ≤ 0 and (σ�+1, ψ�+1 − u�+1)0,Ω = 0 .

For the second term, similar arguments yield

α(σ�+1 − σ�, u− u�+1)0,Ω (5.11)
= α(σ�+1 − σ�, u− ψ)0,Ω + α(σ�+1 − σ�, ψ�+1 − ψ)0,Ω .

Using (5.10), (5.11) in (5.9) gives the assertion. �
For the terms in (5.4), (5.5) involving the averaging operators M� and M�+1

we provide the following result.

Lemma 5.2. Under the assumptions of Lemma 5.1 there holds

(y�+1 − y, (I −M�)p� − (I −M�+1)p�+1)0,Ω (5.12)

� h2�
(
|y − y�+1|21,Ω + |p− p�|21,Ω + |p− p�+1|21,Ω

)
+ µ2

� (p) ,

(p−M�+1p�+1,M�p� −M�+1p�+1)0,Ω (5.13)

� h2�
(
|p− p�|21,Ω + |p− p�+1|21,Ω

)
+ µ2

� (p) ,

where
µ�(p) :=

(∑
T∈T�

µ2
T (p)

)1/2
, µT (p) := hT |p|1,T . (5.14)

Proof. We split the left-hand side in (5.9) according to

(y�+1 − y, (I −M�)p� − (I −M�+1)p�+1)0,Ω

= (y�+1 − y, (I −M�+1)(p� − p�+1))0,Ω

+ (y�+1 − y, (M�+1 −M�)p�)0,Ω .

For T ∈ T�+1 we set ŷ�+1 := |T |−1
∫

T (y�+1−y)dx. SinceM�+1)(p�−p�+1) has zero
integral mean on T ∈ T�+1, an elementwise application of Poincaré’s inequality
and of Young’s inequality gives

(y�+1 − y, (I −M�+1)(p� − p�+1))0,T

= (y�+1 − y − ŷ�+1, (I −M�+1)(p� − p�+1))0,T

� hT |y − y�+1|1,T hT |p� − p�+1|1,T

� h2T |y − y�+1|21,T + h2T |p� − p�+1|21,T .

Summing over all T ∈ T�+1, we obtain

(y�+1 − y, (I −M�)p� − (I −M�+1)p�+1)0,Ω

� h2�
(
|y − y�+1|21,Ω + |p� − p�+1|21,Ω

)
.

Moreover, using similar arguments

(y�+1 − y, (M�+1 −M�)p�)0,Ω

� h2�
(
|y − y�+1|21,Ω + |p− p�|21,Ω

)
+ µ2

�(p) .

Combing both inequalities proves (5.12). The proof of (5.13) is along the same
lines. �
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Since the | · |1,Ω-norm of the co-state p can be bounded from above by means
of the given data of the problem (cf., e.g., [20]), we may interpret µ�(p) as a data
term. As far as the reduction of that data term is concerned, we may assume the
existence of 0 ≤ ρ3 < 1 such that

µ2
�+1(p) ≤ ρ3 µ2

� (p) . (5.15)

For the convergence proof, we set z := (y, p, u, σ), z� := (y�, p�, u�, σ�), � ∈ N0, and
introduce the norm

|||z − z�||| :=
(
|y − y�|21,Ω + |p− p�|21,Ω + ‖u− u�‖2

0,Ω + ‖σ − σ�‖2
0,Ω

)1/2
. (5.16)

We establish convergence with respect to ||| · ||| in the sense that the sequence
{|||z − z�|||}N0 belongs to �2.

Theorem 5.3. Let (y, p, u, σ) and (y�, p�, u�, σ�) be the solutions of (1.2a)–(1.2d)
and (2.2a)–(2.2d) and let osc�(yd), osc�(f), osc�(ψ), µ�(p) be the data oscillations
and data terms given by (3.9a)–(3.9c) and (5.14). Assume that (3.13) and (5.15)
are satisfied. Then, there exists a constant Λ > 0, depending on the data of the
problem, the constants Θi, 1 ≤ i ≤ 2, in the bulk criteria (3.10), (3.11) and on the
shape regularity of the triangulations, such that

∞∑
�=0

|||z − z�|||2 ≤ Λ . (5.17)

Proof. In addition to Lemma (5.2), we provide further estimates for the remaining
terms on the right-hand side in (5.4). In particular, by means of (2.8a), (2.9) and
(2.10), setting cΩ := max(1, cF (Ω)) we obtain

(y�+1 − y(u�+1), p� − p�+1)0,Ω ≤ CrcΩh
γ
�

(
|y − y�+1|1,Ω (5.18)

+ |y − y(u�+1)|1,Ω

)(
|p− p�|1,Ω + |p− p�+1|1,Ω

)
≤ 1

2
CrcΩh

γ
�

(
|y − y�+1|21,Ω + 4|p− p�|21,Ω + 4|p− p�+1|21,Ω

)
+

1
2
Crc

2
Ωh

γ
� ‖u− u�+1‖2

0,Ω ,

α(u�+1 − u, (y(u�) − y�) + (y�+1 − y(u�+1))0,Ω (5.19)

≤ αCrh
γ
� ‖u− u�+1‖0,Ω

(
|y − y�|1,Ω + |y − y�+1|1,Ω

+ cΩ (‖u− u�‖0,Ω + ‖u− u�+1‖0,Ω)
)

≤ αCrh
γ
�

(
|y − y�|21,Ω + |y − y�+1|21,Ω

+ c2Ω ‖u− u�‖2
0,Ω + (1 + c2Ω) ‖u− u�+1‖2

0,Ω

)
.

Moreover, in view of (2.8a), (2.9) and Young’s inequality

(y(u�+1) − y, σ� − σ�+1)0,Ω ≤ c2Ω‖u− u�+1‖0,Ω‖σ� − σ�+1‖0,Ω (5.20)

≤ ε1 ‖u− u�+1‖2
0,Ω +

c4Ω
4ε1

‖σ� − σ�+1‖2
0,Ω ,
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where ε1 > 0 can be arbitrarily chosen. Likewise, for some arbitrary ε2 > 0 we get

α(σ�+1 − σ, ψ� − ψ�+1)0,Ω

≤ α‖σ − σ�+1‖0,Ω

(
‖ψ − ψ�‖0,Ω + ‖ψ − ψ�‖0,Ω

)
(5.21)

≤ ε2 ‖σ − σ�+1‖2
0,Ω +

α2

4ε2
(1 + ρ2) osc2

� (ψ) ,

α(σ� − σ�+1, ψ�+1 − ψ)0,Ω (5.22)

≤ ε2
(
‖σ − σ�‖2

0,Ω + ‖σ − σ�+1‖2
0,Ω

)
+
α2

2ε2
ρ2 osc2

�(ψ) ,

where we have used (3.13) in both estimates.
Now, we choose ε1 > 0, ε2 > 0 according to

ε1 := α/(16C4) , ε2 := α/(16C4(α+ 4c4Ω))

and h∗ ∈ R+ by means of

h∗ := (α/(120C4max(C6, C7, Cr)c4Ω))1/γ .

Then, there exists �∗ ∈ N such that h� ≤ h∗ for � ≥ �∗. If we take advantage of
(5.18)–(5.22) as well as (5.12), (5.13) from Lemma 5.2 in (5.4), (5.5) and use the
result in (5.1), setting C8 := 4C3c

4
Ω + C4α

2 and C9 := 4C3c
4
Ω + C4, for � ≥ �∗ we

get

|||z − z�|||2 ≤ (C4 +
1
12

)|y − y�|21,Ω − (C4 −
1
4
)|y − y�+1|21,Ω (5.23)

+ (C3 +
1
4
) |p− p�|21,Ω − (C3 −

1
4
) |p− p�+1|21,Ω

+ (C8 +
1
4
) ‖u− u�‖2

0,Ω − (C8 −
1
4
) ‖u− u�+1‖2

0,Ω

+ (C9 +
1
2
) ‖σ − σ�‖2

0,Ω − (C9 −
1
4
) ‖σ − σ�+1‖2

0,Ω

+ C10 (osc2
� +µ2

�(p)) + 2α(σ, u�+1 − u�)0,Ω

+ 2α(σ, ψ� − ψ�+1)0,Ω + 2α(σ�+1 − σ�, u− ψ)0,Ω ,

where C10 := C5 + 2C3C6 + 2C9(C7 + 4(1 + ρ2)). We define constants 0 < κi ≤
1, 1 ≤ i ≤ 3, and 0 < ρ1 < 1 according to

κ1 :=
C4 − 1/4
C9 − 1/4

, κ2 :=
C3 − 1/4
C9 − 1/4

, (5.24)

κ3 :=
C8 − 1/4
C9 − 1/4

, ρ1 :=
C9 − 1/2
C9 − 1/4

(observe C4 < C9, C3 < C9, and C8 ≤ C9). We further introduce the weighted
norm

|||z − z�|||κ :=
(
κ1|y − y�|21,Ω + κ2|p− p�|21,Ω + κ3‖u− u�‖2

0,Ω + ‖σ − σ�‖2
0,Ω

)1/2
.

(5.25)
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Then, from (5.23) we deduce that

|||z − z�+1|||2κ (5.26)

≤ ρ|||z − z�|||2κ + 2α(σ, u�+1 − u�)0,Ω + 2α(σ, ψ� − ψ�+1)0,Ω

+ 2α(σ�+1 − σ�, u− ψ)0,Ω + C11

(
osc2

l +µ2
�(p)
)
,

where C11 := C10/(C9 − 1/4). Summing in (5.26) over � from � = �∗ to � = n > �∗

results in

(1 − ρ)
n−1∑
�=�∗

|||z − z�+1|||2κ + |||z − zn+1|||2κ ≤ ρ|||z − z�∗ |||2κ (5.27)

+ 2α(σ, un+1 − u�∗)0,Ω + 2α(σ, ψ�∗ − ψn+1)0,Ω

+ 2α(σn+1 − σ�∗ , u− ψ)0,Ω + C7

n∑
�=�∗

(
osc2

� +µ2
�(p)
)
.

Now, taking (1.3) and (2.4) into account, we have

(σ, un+1 − u�∗)0,Ω + (σ, ψ�∗ − ψn+1)0,Ω ≤ (σ, ψ�∗ − u�∗)0,Ω ,

(σn+1 − σ�∗ , u− ψ)0,Ω ≤ (σ�∗ , ψ − u)0,Ω .

Moreover, due to (3.13) and (5.15)
∞∑

�=�∗

(
osc2

� +µ2
�(p)
)
≤ C7

1 − ρ2
osc2

�∗ +
C7

1 − ρ3
µ2

�∗(p) .

Using the preceding estimates in (5.27) implies the existence of a constant ϑ such
that

min
1≤i≤3

κi

∞∑
�=0

|||z − z�|||2 ≤ ϑ ,

which gives the assertion. �

Corollary 5.4. Under the assumptions of Theorem 5.3 there holds

|y − y�|1,Ω, |p− p�|1,Ω, ‖u− u�‖0,Ω, ‖σ − σ�‖0,Ω → 0 as �→∞ . (5.28)

6. Error reduction property

An error reduction property of the adaptive finite element approximation of the
obstacle problem in the weighted norm ||| · |||κ can be established under some
additional assumptions. In particular, we suppose that the sequence {W�}N0 of
spaces of elementwise constants is limit dense in L2(Ω) in the sense

(L) For each w ∈ L2(Ω), there is a sequence {w�}N, w� ∈ W�, � ∈ N, such that
w� → w in L2(Ω) as �→∞.
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We further assume strict complementarity of the continuous problem
(C) σ|I(u) > 0 ,
as well as the following non-degeneracy properties of the discrete control problems:
(N1) There exist ε∗1 > 0 and C1 > 0 such that for all 0 < ε < ε∗1 and for all

sufficiently large � ∈ N

meas({x ∈ I(u�) | 0 < ψ�(x) − u�(x) < ε2}) ≤ C1 ε .

(N2) There exist ε∗2 > 0 and C2 > 0 such that for all 0 < ε < ε∗2 and for all
sufficiently large � ∈ N

{x ∈ I(u�) | 0 < ψ�(x) − u�(x) < ε2} ⊆ {x ∈ I(u�) | dist(x,F�) < C2ε} .
(N3) There exist ε∗3 > 0 and C3 > 0 such that for all 0 < ε < ε∗3 and for all

sufficiently large � ∈ N

{x ∈ I(u�) | dist(x,F�) < ε} ⊆ {x ∈ I(u�) | 0 < ψ�(x) − u�(x) < C3ε
2}.

The error reduction property holds asymptotically, i.e., once the continuous free
boundary has been sufficiently resolved by its discrete counterpart. We enhance
the resolution of the free boundary by an extension of the bulk criteria. To this
end, we define the sets

Â(u�) := int
(⋃

{T ∈ T� | u�|T ′ = ψ�|T ′ , T ′ ∈ T�, T
′ ∩ T �= ∅}

)
, (6.1)

Î(u�) := int
(⋃

{T ∈ T� | ψ�|T − u�|T ≥ ε̂ > 0}
)
, (6.2)

F̂(u�) := Ω \
(
Â(u�) ∪ Î(u�)

)
(6.3)

for some ε̂ > 0 in (6.2). Then, the extension of the bulk criteria (3.10)–(3.11) is as
follows:
(E) In the step ‘MARK’ of the adaptive loop, all edges E ∈ E�(F̂�) are marked

for refinement.

Proposition 6.1. Assume that the discrete problem (2.2a)–(2.2d) satisfies (N1),
(N2) and that the refinement is done based on the bulk criteria (3.10), (3.11) and
its extension (E). Then, there exists a subsequence N∗ ⊂ N such that for all � ∈ N∗

Î(u�) ⊆ Î(u�+1) , Â(u�) ⊆ Â(u�+1) , (6.4)

F̂(u�+1) ⊂ F̂(u�) . (6.5)

Proof. If the assertion does not hold true, we have Î(um+1) ⊂ Î(um) and
Â(um+1) ⊂ Â(um) for m > � which implies F̂(um) ⊆ F̂(um+1). Hence, in view of
(N1) and (E), there exists T ∈ F̂(um) such that dist(x,F(um)) > τ, x ∈ T , where
τ > C2hm with C2 from (N2), and 0 = ψm(aν) − um(aν) < ψm(aµ) − um(aµ)
for some vertices aν , aµ, ν �= µ, of T . Then, we find U(aν) := {x ∈ T ′|0 <
ψm(x) − um(x) < h2m} and (N2) implies dist(x,F(um)) < C2hm < τ contra-
dicting dist(x,F(um)) > τ, x ∈ U(aν) ⊂ T . Note that (6.5) is a direct consequence
of (6.4). �
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Proposition 6.2. Assume that (1.2a)–(1.2d) and (2.2a)–(2.2d) satisfy (S) and
(N1), (N2), (N3), respectively, and that (L) holds true. Then, there exists �∗ ∈ N
such that

Î(u�) ⊆ I(u) for all � ≥ �∗ . (6.6)

Proof. If (6.6) does not hold true, there is a subsequence N′ ⊂ N such that Î(u�)∩
A(u) �= ∅ for all � ∈ N′. Hence, we find D� ⊂ A,meas(D�) �= 0 such that D� ⊂
Î(u�), � ∈ N′. If D := ∩�∈N′D� is such that meas(D) �= 0, for w ∈ L2(D)+, w �≡ 0,
there is {w�}N′ with w� ∈ L2(Î(u�))W� ∩ L2(Î(u�)), � ∈ N′, such that w� → w in
L2(Ω) as �→∞ whence

〈σ�, w�〉∗,Î(u�)
→ 〈σ,w〉∗,D as �→∞ .

But 〈σ�, w�〉∗,Î(u�)
= 0, � ∈ N′, due to (2.4), and hence, 〈σ,w〉∗,D = 0 contradicting

σ|D > 0, D ⊂ A (cf. (C)). If meas(D) = 0, for the Hausdorff distance dH(F , ∂N̂�)
we must have dH(F , ∂N̂�) → 0 as � → ∞ whence dH(F ,F�) → 0 as � → ∞,
since otherwise we arrive at a contradiction to (6.5). Consequently, there exist
x� ∈ N̂�, � ∈ N′, such that u�(x�) − χ(x�) ≥ ε > 0 and dist(x�,F�) → 0 as � → ∞
contradicting (N3). �

We are now in a position to prove an error reduction property. The essential
ingredient is a refined quasi-orthogonality property that can be derived by a more
subtle treatment of the terms α(σ� − σ, u� − u�+1)0,Ω and α(σ�+1 − σ, u− u�+1)0,Ω

in (5.6) of the proof of Lemma 5.1.

Lemma 6.3. Under the same assumptions as in Proposition 6.1, for any ε > 0 and
� ≥ �∗ there holds

α(σ� − σ, u� − u�+1)0,Ω ≤ αε
(
‖u− u�‖2

0,Ω + ‖σ − σ�+1‖2
0,Ω

)
(6.7)

+ α(ε+
1
4ε

)‖σ‖2
0,F̂(u�)

+
1
4ε
(
osc2

�(ψ) + osc2
�+1(ψ)

)
,

α(σ�+1 − σ, u− u�+1)0,Ω (6.8)

≤ αε
(
‖σ − σ�‖2

0,Ω + ‖σ − σ�+1‖2
0,Ω

)
+

1
4ε
(
‖ψ − u‖2

0,F̂(u�)

+ osc2
�+1(ψ)

)
.

Proof. Taking advantage of the complementarity conditions (1.3), (2.4), we obtain

α (σ�+1 − σ, u� − u�+1)0,Ω = α (σ�+1, ψ�+1 − u�+1)0,Ω (6.9)
+ α (σ�+1, u� − ψ�)0,Ω + α (σ, u�+1 − ψ�+1)0,Ω

+ α (σ�+1 − σ, ψ� − ψ�+1)0,Ω + α (σ, ψ� − u�)0,Ω

≤ α (σ, ψ� − u�)0,Ω + α (σ�+1 − σ, ψ� − ψ�+1)0,Ω ,

where we have used that the first term after the equality sign is zero, whereas the
second and the term is non-positive.
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The first term on the right-hand side is obviously zero in I(u) and in Â(u�).
Due to Proposition 6.1 we thus have

(σ, ψ� − u�)0,Ω = (σ, ψ� − u�)0,F̂(u�)
.

We further get

(σ, ψH − uH)0,F̂(u�)
= (σ, u − uH)0,F̂(u�)

+ (σ, ψH − ψ)0,F̂(u�)
, (6.10)

where we have used that (σ, ψ − u)0,F̂(u�)
= 0 due to (1.3). Using (6.10) in (6.9)

and applying Cauchy’s and Young’s inequality results in (6.7).
The proof of (6.8) is done by similar arguments. �

In view of Lemma 6.3, we define

µ�(u, σ) :=
( ∑

T∈F̂(u�)

(‖σ‖2
T + ‖ψ − u‖2

T

)1/2

. (6.11)

We assume that the sequence {T�}N of triangulations, generated by (3.10), (3.11)
and (E), is such that there exists 0 ≤ ρ4 < 1 satisfying

µ2
�+1(u, σ) ≤ ρ4 µ2

�(u, σ) , � ∈ N
∗ . (6.12)

Theorem 6.4. Let (y, p, u, σ) and (y�, p�, u�, σ�) be the solutions of (1.2a)–(1.2d)
and (2.2a)–(2.2d) and let osc�, µ�(p), µ�(u, σ) be the data oscillations and data
terms given by (3.12), (5.14) and (6.11). Assume that (2.10), (L),(C), (N1) − (N3)
and (3.13), (5.15), (6.12) are satisfied. Then, there exist constants 0 ≤ ρ1 < 1 and
Λ > 0, depending on the data of the problem, the constants Θi, 1 ≤ i ≤ 2, in the
bulk criteria (3.10), (3.11) and on the shape regularity of the triangulations, such
that ⎛⎜⎜⎝

|||z − z�+1|||2κ
osc2

�+1

µ2
�+1(p)

µ2
�+1(u, σ)

⎞⎟⎟⎠ ≤

⎛⎜⎜⎝
ρ1 Λ Λ Λ
0 ρ2 0 0
0 0 ρ3 0
0 0 0 ρ4

⎞⎟⎟⎠
⎛⎜⎜⎝

|||z − z�|||2κ
osc2

�

µ2
� (p)

µ2
�(u, σ)

⎞⎟⎟⎠ .
Proof. Using the results of Lemma 6.3, as in the proof of Theorem 5.3 we find
constants 0 < κi < 1, 1 ≤ i ≤ 3, and 0 ≤ ρ1 < 1 such that for some Λ > 0

|||z − z�+1|||2κ ≤ ρ1 |||z − z�|||2κ + Λ
(
osc2

� +µ2
�(p) + µ2

� (u, σ)
)
. �

7. Numerical results

We provide numerical results that illustrate the performance of the adaptive finite
element approximation for a distributed optimal control problems where the data
are given as follows

Ω = (0, 1)2 , ud = f = 0 , ψ = 1 , α = 10−k , 1 ≤ k ≤ 5 ,

yd :=
{

200x1x2(x1 − 1/2)2(1 − x2) , 0 ≤ x1 ≤ 1/2
200(x1 − 1)x2(x1 − 1/2)2(1 − x2) , 1/2 < x1 ≤ 1 .
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Figure 1 shows a visualization of the optimal state and the optimal control for
various values of α. The flat region in the visualization of the control corresponds
to the active set.

Figure 1. Visualization of the optimal state y and the optimal control
u for α = 0.01 (top), α = 0.001 (middle) and α = 0.00001 (bottom)

The initial simplicial triangulation T0 was chosen according to a subdivision
of Ω by joining the four vertices resulting in one interior nodal point and four
congruent triangles. Since ud, f and ψ are constant, we have osc�(ud) = osc�(f) =
osc�(ψ) = 0, � ∈ N0.

For various values of α, Figure 2 displays the adaptively generated triangu-
lations after six refinement steps with Θi = 0.6, 1 ≤ i ≤ 2, in the bulk criteria. In
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Figure 2. Adaptively generated grids after 6 refinement steps (α =
0.01 (top left), α = 0.001 (top right), α = 0.0001 (bottom left) and
α = 0.00001 (bottom right))

case α = 0.01, the elliptically shaped area in the left part represents the active set.
We observe that the active set is growing for decreasing α. The continuous free
boundary between the active and inactive sets, displayed by a black curve, is well
resolved by the adaptive refinement due to the extension (E) of the bulk criteria.

More detailed information is given in Table 1–Table 3. In particular, Table 1
displays the error reduction in the total error

‖|z − z�|‖ := (|y − y�|21,Ω + |p− p�|21,Ω‖u− u�‖2
0,Ω + ‖σ − σ�‖2

0,Ω)1/2

and the errors in the state, the co-state, the control, and the co-control, whereas
the actual element and edge related components of the residual type a posteriori
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Table 1. Total discretization error, discretization errors in the state,
co-state, control, and co-control (α = 0.01)

l Ndof ‖|z − z�|‖ |y − y�|1 |p− p�|1 ‖u − u�‖0 ‖σ − σ�‖0
1 13 9.38e-02 5.69e-02 3.18e-02 4.17e-01 1.37e-03
2 41 5.37e-02 3.35e-02 1.76e-02 2.07e-01 6.63e-04
3 134 3.02e-02 1.89e-02 9.67e-03 1.30e-01 3.24e-04
4 319 2.24e-02 1.39e-02 7.47e-03 8.07e-02 1.98e-04
5 795 1.47e-02 9.14e-03 4.84e-03 5.92e-02 1.10e-04
6 1998 1.02e-02 6.35e-03 3.33e-03 3.87e-02 9.16e-05
7 4373 7.16e-03 4.46e-03 2.37e-03 2.69e-02 6.70e-05
8 10612 4.93e-03 3.08e-03 1.61e-03 1.83e-02 4.60e-05
9 23019 3.44e-03 2.14e-03 1.13e-04 1.32e-02 3.24e-05

Table 2. Components of the error estimator and data oscillations (α = 0.01)

l Ndof ηy,T,� ηp,T,� ηy,E,� ηp,E,� osc�(yd)

1 13 2.54e-01 2.23e-01 1.56e-01 9.97e-02 9.76e-02
2 41 1.70e-01 1.10e-01 1.09e-01 6.50e-02 2.88e-02
3 134 1.03e-01 5.86e-02 6.63e-02 3.63e-02 1.03e-02
4 319 6.43e-02 3.83e-02 4.74e-02 2.63e-02 5.09e-03
5 795 4.18e-02 2.48e-02 3.25e-02 1.78e-02 2.21e-03
6 1998 2.80e-02 1.66e-02 2.30e-02 1.24e-02 1.02e-03
7 4373 1.90e-02 1.15e-02 1.64e-02 8.95e-03 5.01e-04
8 10612 1.28e-02 7.63e-03 1.15e-02 6.14e-03 2.53e-04
9 23019 8.75e-03 5.30e-03 8.35e-03 4.41e-03 1.30e-04

Table 3. Percentages of elements/edges selected for refinement by the
bulk criteria and its extension (α = 0.01)

l Ndof Mη,T Mη,E Mosc,E Mfb,E

0 5 50.0 75.0 75.0 0.0
1 13 25.0 20.0 43.8 0.0
2 41 23.4 20.5 29.7 21.9
3 134 18.8 20.6 10.3 13.2
4 319 17.5 13.2 8.7 10.4
5 795 16.0 13.6 6.6 8.2
6 1998 15.4 11.8 5.8 6.4
7 4373 16.3 13.0 5.0 5.8
8 10612 15.7 12.5 2.6 4.7
9 23019 15.2 11.8 1.8 4.4

error estimator are given in Table 2. Table 3 contains the percentages of elements
and edges that have been marked for refinement according to the bulk criteria
and their extension (E). Here, Mη,T stands for the level l elements marked for
refinement due to the element residuals and the data oscillations. On the other
hand,Mη,E,Mosc,EandMfb,E refer to the edges marked for refinement with regard
to the edge residuals, data oscillations and the extension (E) of the bulk criteria
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(resolution of the free boundary). On the coarsest grid, the sum of the percentages
exceeds 100 %, since an edge may satisfy more than one criterion in the adaptive
refinement process. The refinement is initially dominated by the resolution of the
free boundary and the data oscillations, whereas at a later stage edge and element
residuals dominate.
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Optimal Boundary Control
in Flood Management

Martin Gugat

Abstract. In active flood hazard mitigation, lateral flow withdrawal is used to
reduce the impact of flood waves in rivers. Through emergency side channels,
lateral outflow is generated. The optimal outflow controls the flood in such a
way that the cost of the created damage is minimized. The flow is governed
by a networked system of nonlinear hyperbolic partial differential equations,
coupled by algebraic node conditions. Two types of integrals appear in the
objective function of the corresponding optimization problem: Boundary in-
tegrals (for example, to measure the amount of water that flows out of the
system into the floodplain) and distributed integrals.

For the evaluation of the derivative of the objective function, we intro-
duce an adjoint backwards system. For the numerical solution we consider a
discretized system with a consistent discretization of the continuous adjoint
system, in the sense that the discrete adjoint system yields the derivatives of
the discretized objective function. Numerical examples are included.

Mathematics Subject Classification (2000). 35L45 35L50 35L65 93C20 .

Keywords. St. Venant equations, subcritical states, adjoint system, optimal
boundary control, necessary optimality conditions, classical solutions.

1. Introduction

In flood management, the aim is to minimize the damage caused by a flood by
active flow control (see [29]). In the present paper, we consider a problem where
the aim is to find a compromise with minimal cost between flood in a city that
occurs if the water level rises above a certain upper bound and the cheaper outflow
through emergency side channels, for example to a floodplain. Often damage is
caused if the water level in a certain area rises above a given upper bound. The
control function in the corresponding problem of optimal boundary control is the

This work was supported by DFG-research cluster: real-time optimization of complex systems;
grant number Le595/13-1.
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discharge from the emergency side channel; in practice the control is realized by
opening underflow gates.

The flow in the considered channel network is described by a networked
system of conservation laws. On each edge of the corresponding graph, the flow
is described by a hyperbolic quasilinear system of partial differential equations,
namely de St. Venant’s equations (see [11]), that model conservation of mass and
the evolution of momentum. On the vertices, the flow variables are coupled by
algebraic node conditions.

We work with continuously differentiable solutions of the system equations.
Our strategy is to control the flow in such a way that no singularities are generated.
This implies that also the boundary control functions have to be continuously dif-
ferentiable. Questions of boundary controllability within the class of continuously
differentiable solutions have been studied in [8], [9], [12], [16], [26]. The results in
these papers show that a large class or states can be reached with continuously
differentiable solutions of the system equations.

The nature of the boundary conditions changes with the speed of the flow.
Here we consider subcritical flow, that is the flow velocity remains below the wave
celerity. In this case, one scalar boundary condition appears at each boundary
node. Our problem is related to studies of the optimization of the operation of
hydro power stations, see for example [27].

This work is based upon the many studies of hyperbolic conservation laws,
see for example [5], [10], [23], [25], and the references therein. Classical solutions
are studied in [35]. In this paper, we want to study problems of optimal control
where a hyperbolic networked system is controlled. Such a networked system has
been considered for example in [17], [26] for networks of channels and in [6], [15],
[22] for a model of traffic flow.

Our objective function is a sum of integrals of different types: First bound-
ary integrals, where a function of the values of the state at a fixed boundary node
is integrated over time and secondly distributed integrals, where the state in a
whole rectangle in space-time contributes to the integral. The existence of direc-
tional derivatives of such objective functions has been proved in [14] for systems
in diagonal form. In [13], this result is given for systems in conservative form.

To evaluate the derivatives of such objective functions, we present an ad-
joint sensitivity calculus, first for the infinite-dimensional problem, then also for
a discretized problem that is obtained by upwind discretization that mimics the
propagation of information along the characteristic curves in the sense that for
the equation with a positive eigenvalue, information travels from left to right and
for the equation with a negative eigenvalue, information travels from right to left.
With our consistent discretization of the continuous adjoint problem we obtained
gradient information that was used to approximate optimal controls. This is re-
lated to studies by Hager for ordinary differential equations (see [20], [21]). Hager
characterizes time discretizations of the state equation such that the discrete ad-
joint equation leads to a highly accurate adjoint state.
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Adjoint problems for single channels have been presented from the engineer-
ing point of view in [30], [31], where a detailed exposition of the application can
be found. The adjoint sensitivity method is an important tool in optimal control,
see for example [33] and for applications to flow problems [4], [18] and also [7],
where the optimal boundary control af aeroaccoustic noise governed by the two-
dimensional unsteady compressible Euler equations is considered. Recent mathe-
matical studies of adjoint-based sensitivity calculations that emphasize the compu-
tation of the sensitivities of shock speeds are given in [36], [37] for scalar equations
and in [2], [3]. The problem that we study here is of a different type, since the aim
is to choose controls that generate classical solutions and do not cause shocks.

In contrast to what can be found in the literature our paper provides an
adjoint sensitivity calculus for networked systems; in particular, we show how to
derive adjoint interior node conditions. Moreover, we do not restrict our attention
to distributed integrals but consider boundary integral as well (and combinations
of the two) as objective functions. Finally, the quasilinear hyperbolic systems with
source terms that is studied here is not scalar.

The numerical results illustrate that our sensitivity calculus allows the nu-
merical solution of problems of optimal boundary control for networked systems
that arise naturally in the application that we consider here.

The paper has the following structure. First we present the model for our net-
worked system: The flow through each single channel is modelled by St. Venant’s
equation, that can be transformed to diagonal form. An appropriate initial condi-
tion has to be provided. The water flow through the nodes in our channel graph
is governed by algebraic node conditions. The control acts on the system through
the boundary conditions.

Then the cost functional is introduced, that is essential for the statement of
our problem of optimal control. For the evaluation of the derivative of the cost
functional, we use the results from [14]. The corresponding adjoint backwards
problem is stated: The adjoint system equation, the end conditions, the adjoint
node conditions and the adjoint boundary conditions.

Finally we present the discretized model for our system, the discretized ob-
jective function and a consisten discretization of the adjoint problem, which yields
the exact derivatives for the discretized objective function.

2. The model for the network flow

Let a finite graph (V,E) be given, where V denotes the set of nodes and E is the
set of edges. In each edge of the graph, the flow is governed by the equations of
free surface flow. In the vertices, these equations are coupled by algebraic node
conditions.

2.1. Shallow water equations

To model the flow in a single edge e of our network, we use de St. Venant’s
system (see [11], [34]) that models the conservation of mass and the evolution of



72 M. Gugat

s

0

he

......................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................
.....................

.....................
.....................

.....................
.....................

.....................
.....................

.....................
.....................

....................←−−−−−−−−−−−−−−−−−−−−−−−−− σe(s) −−−−−−−−−−−−−−−−−−−−−−−−−→
←−−−−−−−−−−−−−−−−−−−− be −−−−−−−−−−−−−−−−−−−−→

. . . . . . . . . . . . . . . . . . . .
. . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . .

Ae

Figure 1. Cross section of the channel

momentum. Let an edge e of our network be given. This edge corresponds to an
interval [0, Le], that is a one-dimensional model for a channel of length Le. The
initial state of the system is given by an initial condition of the form

ve(x, 0) = ve0(x), x ∈ [0, Le], (1)

where for all edges e ∈ E, the function ve0 is continuously differentiable.
We consider a prismatic channel with constant bottom slope γe. If γe is

negative, the channel proceeds downward. Let Ae denote the area of the wetted
cross section and V e the average velocity in the channel. Let be denote the breadth
of the water surface and let the width of the channel at elevation s be given by
the value σe(s) of the piecewise continuously differentiable function σe.

Then the wetted cross section corresponding to the water height he is

Ae(he) =
∫ he

0

σe(s) ds

and the water height corresponding to a wetted cross section Ae can be computed
as a function he(Ae). For example for a triangular channel we have σe(s) = 2τs
and Ae(he) = τh2/2, hence he(Ae) =

√
(2Ae/τ).

The conservation of mass yields our first system equation

Ae
t + (V eAe)x = 0. (2)

The flux of momentum is modelled by the equation

V e
t + (ghe(Ae) + (V e)2/2)x + Se

2 = 0.

The source term Se
2 has the form Se

2 = g(γe + ηe(Ae, V e)), and the friction slope
ηe(Ae, V e) can be modelled in the form of the Manning–Strickler relation (see for
example [28])

ηe(Ae, V e) =
C2

e |V e| V e

(Ae/P e(Ae))4/3
, (3)

with a constant Ce and where P e(Ae) is the wetted perimeter corresponding to
Ae, for example

P e(Ae) = be + 2 he(Ae)

for a rectangular cross section. Note that wind stress can be modelled by adding
another term to Se

2 . Our system of conservation laws can be written in the form

vet + Fe(ve)x + Se(ve) = 0, (4)
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where ve = (Ae, V e)T . We have

(F e)′(ve) =
(

V e Ae

g(he)′(Ae) V e

)
.

A set of left eigenvectors for the system matrix (F e)′ is

Le
+(Ae, V e) = (

√
g(he)′(Ae)/

√
Ae, 1), Le

−(Ae, V e) = (−
√
g(he)′(Ae)/

√
Ae, 1),

with the corresponding eigenvalues

λe
+(Ae, V e) = V e +

√
gAe(he)′(Ae), λe

−(Ae, V e) = V e −
√
gAe(he)′(Ae).

In the subcritical case that we consider in this paper, we have λe
− < 0 < λe

+.
Let Ae

0 > 0 be given. Define Ge(Ae) =
√
g(he)′(Ae)/

√
Ae and

ϕe(Ae) =
∫ Ae

Ae
0

Ge(a) da =
√
g

∫ he(Ae)

he(Ae
0)

√
d

dh
ln(A(h)) dh, (5)

where the last equation follows by substitution. Note that (Ae)′(he) = σe(he),
hence (he)′(Ae) = 1/(σe(he(Ae)). Then we can work with the Riemann invariants
(see [26]) Re

+(Ae, V e) = V e +ϕe(Ae), Re
−(Ae, V e) = V e −ϕe(Ae). In terms of the

functions (Re
+, R

e
−), our system equation (4) has the diagonal form(
Re

+

Re
−

)
t

+De

(
Re

+

Re
−

)
x

+
(
Se

2(R
e
+, R

e
−)

Se
2(R

e
+, R

e
−)

)
= 0 (6)

where De is a diagonal matrix that contains the eigenvalues λe
+, λe

− as functions of
the Riemann invariants and the source term Se is also written as a function of the
Riemann invariants. We have V e = (Re

+ +Re
−)/2 and Ae = (ϕe)−1((Re

+−Re
−)/2).

2.2. Junctions: The interior node conditions

In [34], the conditions to be satisfied at a junction are chosen to be conservation
of mass and continuity of the water surface. In general these geometric conditions
do not guarantee the conservation of energy for the flow through the node. An
alternative is to require the conservation of mass and the continuity of the specific
energy, as proposed in [26]. In general this leads to a solution with a discontinuity
in the water surface. In [32], an analysis of the balance of momentum along the
streamlines leads to another more complicated set of node conditions that takes
into account the boundary friction force. In these conditions two parameters appear
that vary with the junction angle.

We consider here only subcritical flow, which means that our system matrix
De has everywhere one positive and one negative eigenvalue, so at each end of each
channel we have one characteristic curve that enters the channel and one that leaves
the channel. This implies that in a node of our network with n adjacent channels
we need a system of n equations as node conditions.

Let a vertex ω of our network be given. Let E0(ω) denote the set of adjacent
edges. Assume that the set E0(ω) has more than one element, that is that ω is an
interior node of the network.
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For e ∈ E0(ω), xe(ω) ∈ {0, Le} denotes the end of the interval [0, Le] that
corresponds to the vertex. Define εe(ω) = 1 if xe(ω) = Le and εe(ω) = −1 if
xe(ω) = 0. Think of εe(ω) as a one-dimensional outer normal vector.

Then the first node condition (conservation of mass) is∑
e∈E0(ω)

Ae(xe(ω), t)V e(xe(ω), t) εe(ω) = 0 for all t ≥ 0. (7)

Our second node condition (continuity of water surface) is

he(xe(ω), t) = hf (xf (ω), t) for all e, f ∈ E0(ω), t ≥ 0. (8)

Define hω(t) as the water height at the junction. Note that here we assume that
the bed in all adjacent edges has the same height. Assume now that the beds of
all adjacent channels have the same shape, that is there is a function σω and for
all e ∈ E0(ω) there exist numbers βe > 0 such that

σe(s) = βeσω(s). (9)

Assumption (9) is valid for nodes where all adjacent channels are rectangular and
for nodes where all adjacent channels are triangular,

Due to (9) we have Ae(he) = βe
∫ he

0 σ
ω(s) ds, hence (7) and (8) yield∑

e∈E0(ω)

βe V e(xe(ω), t) εe(ω) = 0, (10)

an equation where only the velocities V e appear.
We choose the areas Ae

0 in the definition (5) of ϕ in such a way that for all
e, f ∈ E0(ω) we have he(Ae

0) = hf (Af
0 ). Then Equation (9) implies that

ϕe(Ae) =
∫ he(Ae)

he(Ae
0)

√
gσw(h)/

√∫ h

0

σω(s) ds dh,

hence the node condition (8) can be replaced by the equation ϕe(Ae) = ϕf (Af )
for all e, f ∈ E0(ω). Therefore our node conditions can be transformed to a system
of linear equations for the Riemann invariants, namely∑

e∈E0(ω)

βe(Re
+ +Re

−) εe(ω) = 0, (11)

Re
+ −Re

− = Rf
+ −Rf

− for all e, f ∈ E0(ω). (12)

This fact is very useful, since we can solve this system analytically which simplifies
the numerical implementation.

2.3. The boundary conditions

A boundary node ω is a node where the set E0(ω) of adjacent edges has only one
element. For a boundary node ω, let e(ω) denote this edge. Let VB denote the
set of all boundary nodes of our network. In our network, we have two types of
boundary nodes: The controlled nodes and the uncontrolled nodes. At a controlled
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node ω with xe(ω) = 0 for the adjacent edge e, the boundary condition has the
form

Re
+(0, t) = uω(t), (13)

where uω is the control function. The value of the other Riemann invariant Re
− is

transported to the boundary from the interior of the interval along the character-
istic curves. In the applications, the boundary condition will usually be given in
the implicit form f(Re

+(0, t), Re
−(0, t), uω

1 (t)) = 0 (for example with uω
1 denoting

the opening height of an underflow gate) but it can be transformed to the form
(13) with uω given as a function of Re

−(0, t) and uω
1 (t). Our policy is to solve the

problem of optimal control in terms of the Riemann invariants as control func-
tions; from the computed optimal control and the corresponding generated state
in the system, we can then compute the controls in the form that is needed to
steer the involved machinery. In this way we can work in our computations with
the diagonal form of the system. At a controlled node ω with xe(ω) = Le for the
adjacent edge e, the boundary condition is

Re
−(Le, t) = uω(t). (14)

At an uncontrolled node with xe(ω) = 0 for the adjacent edge e, the boundary
condition has the form

Re
+(0, t) = wω(t). (15)

Here the function wω contains the information that enters the system from outside,
in our application through the expected hydrographs. Again this condition will
usually be given implicitly, for example in the form

f(Re
+(0, t), Re

−(0, t), wω
1 (t)) = 0,

where wω
1 denotes the expected flow rate. At an uncontrolled node with xe(ω) = Le

for the adjacent edge e, the boundary condition has the form

Re
−(Le, t) = we(t). (16)

If the velocity is positive, the function we contains the information that enters
the system from downstream. In our examples, we will prescribe a constant value
for Re

− at such a node where outflow occurs, which yields absorbing boundary
conditions. Important work on boundary data for hyperbolic problems can be
found for example in [1].

3. The objective function and a problem of optimal control

We consider a problem of control for our network, where a nonempty set V c
B of

controlled boundary nodes is given. For a controlled boundary node ω ∈ V c
B , the

corresponding control costs are given in terms of boundary integrals of the form
(17), (18) with integrands fω, that give the volume of the water that flows from
the node ω into the floodplain during the time-interval [0, T ].
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Let V 0 denote the set of boundary nodes that are at the end zero of the
adjacent edge and V L denote the set of boundary nodes that are at the end Le of
the adjacent edge e. We consider objective functions of the form

J(u) =
∑

ω∈V 0

∫ T

0

fω(Re(ω)
+ (0, t), Re(ω)

− (0, t)) dt (17)

+
∑

ω∈V L

∫ T

0

fω(Re(ω)
+ (Le(ω), t), R

e(ω)
− (Le(ω), t)) dt (18)

+
∑
e∈E

∫ T

0

∫ Le

0

fe(Re
+(x, t), Re

−(x, t)) dx dt. (19)

The functions fω, and fe are assumed to be continuously differentiable, the func-
tion u is the control function and (R+, R−) is the solution of the networked system
governed by the system equation (6), with the initial conditions (1), the interior
node conditions (11), (12) and the boundary conditions (13), (14) at the con-
trolled boundary nodes and (15), (16) at the uncontrolled boundary nodes that is
generated by this control function u.

The cost of a flood in the floodplain will in general be much lower than the
cost of a flood event in a city, which is given in terms of a distributed integral of
the form (19), where the function fe is for example of the form

fe(x) = we(x)ge(Re
+(x, t), Re

−(x, t)),

with a positive weight function we, whose mass is concentrated near the city center.
This part of the objective function can for example penalize water heights that
are greater than a given upper bound.

For a given time horizon [0, T ] and boundary data wω (for ω ∈ VB , ω �∈ V c
B),

we are looking for a continuously differentiable control function u that generates
a continuously differentiable state with minimal cost. Then the set of feasible
controls is

U = {u : for all ω ∈ V 0
c , u

e
+ ∈ C1(0, T ); for all ω ∈ V L

c , u
e
− ∈ C1(0, T );

the solution of the system equation (6) with the initial conditions (1) and the
boundary conditions (13), (14), (15), (16) and the interior node conditions (25)
((27) respectively) is a continuously differentiable function of the time and space
variables and a subcritical state.} Our optimization problem is

min
u∈U
J(u). (20)

We do not discuss the question of the existence of a solution of the optimiza-
tion problem here. This will be the subject of future studies.
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4. The adjoint problem

The existence of the directional derivatives of J has been proved in [14]. In order to
evaluate the derivatives of the objective function J with respect to the boundary
controls, we will work with an adjoint backwards system. In this problem, end
conditions for the adjoint state are prescribed and we proceed backwards in time, so
the roles of ingoing and outgoing characteristics are exchanged. The characteristic
curves are the same as for the forward problem, so our assumption that the state is
continuously differentiable implies that no shocks are generated by the intersection
of characteristic curves. Since the adjoint equation has also diagonal form, we can
consider solutions of the adjoint problem that satisfy integral equations along the
characteristic curves.

4.1. The adjoint system equations

Let µe = (µe
+, µ

e
−) denote the adjoint variables corresponding to (Re

+, R
e
−)T . The

adjoint variables can be thought of as Lagrange multipliers for our pde-constrained
optimization problem. The adjoint system equation is

(µe
+, µ

e
−)t +

(
(µe

+, µ
e
−)De

)
x
− (µe

+, µ
e
−)Ze − (µe

+, µ
e
−)Be = (∂+fe, ∂−f

e)

or in short notation

µe
t + (µeDe)x − µeZe − µeBe = (∇fe)T , (21)

where the 2 × 2 matrix

Ze =
(
Ze

++ Ze
+−

Ze
−+ Ze

−−

)
has the entries

Ze
++ = ∂Re

+
λe

+(Re
+, R

e
−) ∂xRe

+

Ze
+− = ∂Re

−λ
e
+(Re

+, R
e
−) ∂xRe

+

Ze
−+ = ∂Re

+
λe
−(Re

+, R
e
−) ∂xRe

−

Ze
−− = ∂Re

−λ
e
−(Re

+, R
e
−) ∂xRe

−

and the 2× 2 matrix Be is given by the equation

Be =
(
∂Re

+
Se

2(R
e
+, R

e
−) ∂Re

−S
e
2(Re

+, R
e
−)

∂Re
+
Se

2(R
e
+, R

e
−) ∂Re

−S
e
2(Re

+, R
e
−)

)
.

Since we work with continuously differentiable solutions of system (4), for each
eigenvalue of the system matrix the characteristic curves, (i.e. the integral curves
of this eigenvalue) generate a curvilinear system of coordinates, hence they do
not intersect and there are no rarefaction fans. These curves are the same for the
adjoint equation (21). Hence we can consider solutions of (21) that are defined
by the evolution of the corresponding Riemann invariants along the characteris-
tic curves (characteristic solutions). Note that this process does not necessarily
produce continuously differentiable solutions, since singularities generated by the
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initial/boundary conditions are transported as contact discontinuities; however,
this is the only type of singularities that occurs here.

The end conditions for the adjoint system are

µe(x, T ) = 0, x ∈ [0, Le], (22)

with the time T that is the endpoint of the time interval [0, T ] where we consider
our system. If the friction slope ηe is given by (3), for the case of rectangular
channels (i.e., Ae = behe) with the notation τe = 2/be + 1/he we have

∂Re
+
Se

2 = (Ce)2(τe)1/3|V e|
[
gτe − V e(Re

+ −Re
−)/(6(he)2)

]
, (23)

∂Re
−S

e
2 = (Ce)2(τe)1/3|V e|

[
gτe + V e(Re

+ −Re
−)/(6(he)2)

]
. (24)

4.2. The adjoint interior node conditions

Consider now a node δ with three adjacent edges e, f , g that model channels that
satisfy (9). We consider two cases.

Case 1: Assume that xe(δ) = Le, xf (δ) = Lf and xg(δ) = 0 (see Figure 2). The

� δ
���

e
���

f

�g

Figure 2. A junction of three channels

corresponding node conditions are

βe(Re
+ +Re

−) + βf (Rf
+ +Rf

−) − βg(Rg
+ +Rg

−) = 0,

Re
+ −Re

− = Rf
+ −Rf

− = Rg
+ − Rg

−.

Since we consider subcritical flow, Re
+, Rf

+ and Rg
− are determined from

the interior of the channels and Re
−, Rf

− and Rg
+ are determined from the node

conditions. We can write the interior node conditions in the form⎛⎝ Re
−
Rf

−
Rg

+

⎞⎠ =Mω

⎛⎝ Re
+

Rf
+

Rg
−

⎞⎠ (25)

where the matrix Mω is given by the equation

Mω =
1

βe + βf + βg

⎛⎝ −βe + βf + βg −2βf 2βg

−2βe βe − βf + βg 2βg

2βe 2βf βe + βf − βg

⎞⎠ .
The eigenvalues of the matrix Mω are −1 with a one-dimensional eigenspace and
1 with a two-dimensional eigenspace.

(λe
+µ

e
+, λ

f
+µ

f
+,−λ

g
−µ

g
−) = (−λe

−µ
e
−,−λ

f
−µ

f
−, λ

g
+µ

g
+)Mω. (26)
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That these conditions are meaningful can be seen as follows. For each node, the
ingoing characteristic curves for the forward problem where information flows into
the node with time going forwards are for the adjoint problem with time going
backwards the curves where information flows out of the node, hence the adjoint
variables corresponding to these curves have to be prescribed in terms of the
remaining variables.

Case 2: Assume that xe(δ) = Le, xf (δ) = 0 and xg(δ) = 0 (see Figure 3). In this

�δ�
e

���f ��� g

Figure 3. A junction of three channels

case, Re
+, Rf

− and Rg
− are determined from the interior of the channels and Re

−,
Rf

+ and Rg
+ are determined from the node conditions that can be written in the

form ⎛⎝ Re
−
Rf

+

Rg
+

⎞⎠ =Mω

⎛⎝ Re
+

Rf
−
Rg

−

⎞⎠ (27)

where the matrix Mω is given by the equation

Mω =
1

βe + βf + βg

⎛⎝ −βe + βf + βg 2βf 2βg

2βe βe − βf + βg −2βg

2βe −2βf βe + βf − βg

⎞⎠ .
In this case, the adjoint interior node conditions are

(λe
+µ

e
+,−λ

f
−µ

f
−,−λ

g
−µ

g
−) = (−λe

−µ
e
−, λ

f
+µ

f
+, λ

g
+µ

g
+)Mω. (28)

We have discussed in detail the adjoint interior node conditions for a node with
three adjacent edges. In the sequel we assume that each node of our network is of
the type considered in Case 1 or in Case 2.

4.3. The adjoint boundary conditions and derivatives

In this section we introduce the adjoint boundary conditions that allow the eval-
uation of derivatives of J . At a boundary node ω ∈ V 0 the adjoint boundary
condition has the form

µ
e(ω)
− (0, t) = ∂−fω(Re(ω)

+ (0, t), Re(ω)
− (0, t))/λe(ω)

− (0, t). (29)

Here ∂− denotes the partial derivative with respect to Re(ω)
− .

At a boundary node ω ∈ V L the adjoint boundary condition has the form

µ
e(ω)
+ (Le(ω), t) = −∂+fω(Re(ω)

+ (Le(ω), t), R
e(ω)
− (Le(ω), t))/λ

e(ω)
+ (Le(ω), t).

Here ∂+ denotes the partial derivative with respect to Re(ω)
+ .
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We can evaluate the directional derivative

DdJ(u) = lim
h→0

[J(u+ hd) − J(u)]/h

with respect to the boundary control function u using the adjoint solution µ that
satisfies for all edges e ∈ E the end condition (22), the adjoint system equation
(21), in the interior nodes the adjoint interior node conditions (26), (28) respec-
tively and at the boundary nodes the adjoint boundary conditions (29), (30).

Define the set V 0
c = {ω ∈ V c

B : for all e ∈ E0(ω), xe(ω) = 0}, that is the set of
all controlled boundary nodes with zero end for the adjacent edge, and analogously
V L

c = {ω ∈ V c
B : for all e ∈ E0(ω), xe(ω) = Le}. Then we have

DdJ(u) =
∑

ω∈V 0
c

∫ T

0

[
∂+f

ω(Re(ω)
+ (0, t), Re(ω)

− (0, t))
]
dω+(t) dt (30)

−
∑

ω∈V 0
c

∫ T

0

[
µ

e(ω)
+ (0, t)λe(ω)

+ (0, t)
]
dω+(t) dt (31)

+
∑

ω∈V L
c

∫ T

0

[
∂−f

ω(Re(ω)
+ (Le(ω), t), R

e(ω)
− (Le(ω), t))

]
dω−(t) dt (32)

+
∑

ω∈V L
c

∫ T

0

[
µ

e(ω)
− (Le(ω), t)λ

e(ω)
− (Le(ω), t)

]
dω−(t) dt. (33)

Here for a controlled boundary node ω ∈ V c
B, dω+ (dω− respectively) gives the direc-

tion in which the directional derivative is evaluated for the control function at ω.
This representation of the directional derivative is valid for a finite network under
the assumptions that the control u generates a continuously differentiable state
and that the direction d satisfies the compatibility conditions d(0) = d′(0) = 0
(see [14], Theorem 3).

5. Necessary optimality conditions

We consider directions dω+, for ω ∈ V 0
c , dω− for ω ∈ V L

c that are compatible with
continuously differentiable solutions, that is with zero value and zero derivative at
zero. Assume that u∗ is an optimal control function that generates a continuously
differentiable state and solves (20). Then the directional derivative

Jd(u∗) = lim
h→0+

J(u∗ + hd) − J(u∗)
h

in such a direction d is greater than or equal to zero, that is Jd(u∗) ≥ 0 for all such
directions. The representations of the directional derivatives given in (30)–(33)
yields the following adjoint problem:

For all e ∈ E, the end condition is (22), that is µe(x, T ) = 0 for all x ∈ [0, Le],
and the adjoint system equation is µe

t + (µe De)x = µeZe + µeBe + (∇fe)T . The
interior node conditions are given by (26), (28) respectively. With the adjoint
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boundary conditions (29), (30) we have defined a backwards problem for a given
control function u∗, that yields the necessary optimality condition

∂+f
ω − µe(ω)

+ λ
e(ω)
+ = 0 for all ω ∈ V 0

c (34)

∂−f
ω + µe(ω)

− λ
e(ω)
− = 0 for all ω ∈ V L

c , (35)

on the time-interval [0, T ].

6. Stationary states on the network

It makes sense to choose a stationary state as an initial state for our simulation.
Therefore in this section we study stationary states on our network. A stationary
state (Re

+, R
e
−) on the network satisfies the ordinary differential equation

De

(
Re

+

Re
−

)
x

=
(
Se

2

Se
2

)
for all e ∈ E, and the interior node conditions (25), (27) respectively.

If such a state is constant, it satisfies for all e ∈ E the equation

Se
2(R

e
+, R

e
−) = 0. (36)

Consider now the dischargeQe = AeV e. The conservation of mass (2) implies
that for every stationary state, Qe is constant for all e ∈ E. In a channel with zero
slope γe = 0, all states with Qe = 0, that is with zero velocity are stationary.

It is interesting to study constant stationary states in the variables (Qe, he).
The second node condition (8) implies that the water height is constant on the
whole network, say it has value hs > 0. Equation (36) determines the corresponding
values of the discharges Qe, e ∈ E. Only if these values satisfy the first node
condition (7), we have obtained a stationary solution. Whether this is the case
depends on the geometry, the slopes and the roughness of the adjacent channels.
In a network of horizontal channels with γe = 0 for all e ∈ E, we haveQe = 0 for all
e ∈ E and this yields indeed a constant stationary state. Nonconstant stationary
states have been studied for the supercritical case in [17].

Consider now a junction of three channels as in 4.2, Case 1, with the friction
slope ηe as in (3). For a constant stationary state, (36) implies the equation ηe =
−γe, hence we have Qe = −(signγe)

√
|γe|Ae [Ae/(P e(Ae))]2/3/Ce. At the node

δ, we have Qe +Qf = Qg and he = hf = hg. If the data for the edges e and f are
known and the geometry of the channel on edge e is also known, but the friction
constant Cg and the slope γg are unknown, they must satisfy the equation

−(signγg)
√
|γg|/Cg = (Qe +Qf )/[Ag(Ag/(P g(Ag)))2/3].
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7. The discretized problem

Since we are unable to solve our infinite-dimensional optimization problem ana-
lytically, we use a discretized finite-dimensional problem that allows us to obtain
numerical results.

7.1. The discretized system equations

For our numerical computations, we replace the original system equation (6) by a
difference approximation obtained through upwind discretization and flux-vector
splitting [38]. On each edge e of the graph, we have a grid with the gridpoints
xe

j = jhe, j ∈ {0, 1, . . . , Ne} with the space step he = Le/Ne. We introduce a time
step k = T/NT > 0 and replace the time-interval [0, T ] by the grid that consists
of the points t0, t1,. . . ,tNT , with tn = nk. So we have a time-space grid consisting
for each e ∈ E of the gridpoints (xe

j , tn), j ∈ {0, 1, . . . , Ne}, n ∈ {0, 1, . . . , NT }.
Gridfunctions will be denoted by

Re
+,n,j = Re

+(xe
j , tn), Re

−,n,j = Re
−(xe

j , tn), Se
2(R

e
+,n,j , R

e
−,n,j) = Se

n,j .

We use the following approximation based upon forward differences in time and
backward differences in space for the positive eigenvalues and forward differences
in space for the negative eigenvalues. This discretization mimics the evolution of
the Riemann invariants along the characteristic curves.

Re
+,n+1,j = Re

+,n,j − (k/h)λe
+,n,j−1

(
Re

+,n,j −Re
+,n,j−1

)
− kSe

n,j−1 (37)

for j ∈ {1, . . . , Ne}, n ∈ {0, . . . , NT − 1};
Re

−,n+1,j = Re
−,n,j − (k/h)λe

−,n,j+1

(
Re

−,n,j+1 −Re
−,n,j

)
− kSe

n,j+1 (38)

for j ∈ {0, . . . , Ne − 1}, n ∈ {0, . . . , NT − 1}.
It is well known that k/h should be chosen in such a way that the Courant–
Friedrichs–Lewy condition (see for example [19]) k/h ≤ min{1/|λ+|, 1/|λ−|} is
valid. The values Re

+,n+1,0 are determined from the boundary conditions for the
controlled nodes (13) and (15) for the uncontrolled nodes and for the interior
nodes with adjacent end 0 from (25), (27) respectively. Analogously the values of
Re

−,n+1,NT are obtained from (14), (16), (25), (27) respectively.

7.2. Boundary conditions for the discretized system

Let u denote the discretized control function; for a controlled node ω ∈ VB, the cor-
responding control vector has the components uω

n, n = 0, . . . , NT . The boundary
conditions for the discretized problem are at the controlled nodes

R
e(ω)
+,n,0 = uω

n for n ∈ {0, . . . , NT }, ω ∈ V 0
c , (39)

R
e(ω)

−,n,Ne(ω) = uω
n for n ∈ {0, . . . , NT }, ω ∈ V L

c , (40)

and at the uncontrolled nodes

R
e(ω)
+,n,0 = wω

n for n ∈ {0, . . . , NT }, ω ∈ V 0, ω �∈ V 0
c , (41)

R
e(ω)

−,n,Ne(ω) = wω
n for n ∈ {0, . . . , NT }, ω ∈ V L, ω �∈ V L

c . (42)
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The interior node conditions (25), (27) remain unchanged, as well as the initial
condition (1).

7.3. The discretized objective function

We consider objective functions K that are discretized integrals of the form

K(u) =
∑

ω∈V 0

NT −1∑
n=0

kfω(Re(ω)
+,n,0, R

e(ω)
−,n,0)

+
∑

ω∈V L

NT −1∑
n=0

kfω(Re(ω)

+,n,Ne(ω) , R
e(ω)

−,n,Ne(ω))

+
∑
e∈E

NT −1∑
n=0

Ne−1∑
j=1

khfe(Re
+,n,j, R

e
−,n,j). (43)

Here (R+, R−) is the solution of the discretized system governed by the system
equations (37), (38) with initial values prescribed by the initial conditions (1), the
interior node conditions (25), (27) and the boundary conditions (39), (40) at the
controlled boundary nodes and (41), (42) at the uncontrolled boundary nodes that
is generated by the discretized control function u.

For our numerical solution, we consider the discretized control problem

min
u
K(u). (44)

For a numerical solution of this problem based upon gradient-based optimization
methods it is useful to be able to evaluate the exact derivatives of K. On the other
hand, an approximation for an optimal control should approximatively satisfy the
necessary optimality conditions (34), (35). Therefore we consider a discretization
of the adjoint problem that yields the exact derivatives of K.

7.4. The discretized adjoint equations

For the adjoint backwards equation (21) we use a discretization that allows the
exact evaluation of the derivatives of the discretized objective function K. For op-
timal control problems with ordinary differential equations, this problem of con-
sistency has been studied in the paper by Hager [20].

With the notation (see (23), (24))

Se
+,n,j = ∂Re

+
Se

2(R
e
+,n,j , R

e
−,n,j), Se

−,n,j = ∂Re
−S

e
2(R

e
+,n,j , R

e
−,n,j),

∆ = k/h

∂+λ
e
+,n,j = ∂Re

+
λe

+(Re
+,n,j, R

e
−,n,j), ∂−λ

e
+,n,j = ∂Re

−λ
e
+(Re

+,n,j , R
e
−,n,j),

∂+λ
e
−,n,j = ∂Re

+
λe
−(Re

+,n,j , R
e
−,n,j), ∂−λ

e
−,n,j = ∂Re

−λ
e
−(Re

+,n,j , R
e
−,n,j),
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we have: For j ∈ {0, . . . , Ne − 2}, n ∈ {1, . . . , NT }:

µe
+,n−1,j =

µe
+,n,j + ∆

(
λe

+,n,j+1µ
e
+,n,j+1 − λe

+,n,jµ
e
+,n,j

)
−∆∂+λe

+,n,j+1(R
e
+,n,j+2 −Re

+,n,j+1)µ
e
+,n,j+1

−∆∂+λe
−,n,j+1(R

e
−,n,j+1 −Re

−,n,j) µe
−,n,j+1

−kSe
+,n,j+1(µ

e
+,n,j+1 + µe

−,n,j+1)− k ∂+fe
n,j+1; (45)

For j ∈ {2, . . . , Ne}, n ∈ {1, . . . , NT } :
µe
−,n−1,j =

µe
−,n,j + ∆

(
λe
−,n,jµ

e
−,n,j − λe

−,n,j−1µ
e
−,n,j−1

)
−∆∂−λe

+,n,j−1(R
e
+,n,j −Re

+,n,j−1) µe
+,n,j−1

−∆∂−λe
−,n,j−1(R

e
−,n,j−1 −Re

−,n,j−2)µ
e
−,n,j−1

−kSe
−,n,j−1(µ

e
+,n,j−1 + µe

−,n,j−1) − k ∂−fe
n,j−1; (46)

For n ∈ {1, . . . , NT } :
µe

+,n−1,Ne−1 =

µe
+,n,Ne−1 + ∆

(
λe

+,n,Neµe
+,n,Ne − λe

+,n,Ne−1µ
e
+,n,Ne−1

)
−∆∂+λe

−,n,j+1(R
e
−,n,Ne −Re

−,n,Ne−1)µ
e
−,n,Ne

−kSe
+,n,Neµe

−,n,Ne

For n ∈ {1, . . . , NT } :
µe
−,n−1,1 =

µe
−,n,1 + ∆

(
λe
−,n,1µ

e
−,n,1 − λe

−,n,0µ
e
−,n,0

)
−∆∂−λe

+,n,0(R
e
+,n,1 −Re

+,n,0) µe
+,n,0

−kSe
−,n,0µ

e
+,n,0.

The remaining values µe
+,n−1,Ne and µe

−,n−1,0 come from the boundary conditions
and the node conditions. Note that in (45) the role of the backward and forward
differences in space is exchanged compared with (37), which is a consequence
of the fact that the adjoint problem is a backwards equation; similarly the role
of backward and forward differences is exchanged in (46) compared with (38).
This corresponds to the fact that the adjoint solution is obtained by travelling
backwards in time along the characteristic curves.

7.5. Boundary and node conditions for the adjoint discretized system

For boundary nodes ω ∈ V 0, the adjoint boundary condition (29) for the con-
tinuous system is replaced by the following adjoint boundary condition for the
discretized system

µ
e(ω)
−,n,0 = ∂−fω

n /λ
e(ω)
−,n,0. (47)
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Instead of (30), the corresponding adjoint boundary condition for the discretized
system is

µ
e(ω)

+,n,Ne(ω) = −∂+fω
n /λ

e(ω)

+,n,Ne(ω) . (48)

In the adjoint interior node conditions (26), λe
+, λf

+ and λg
− remain un-

changed, λe
− (and analogously λf

−) is replaced by

λ̃e
− = λe

−,n,Ne + ∂−λe
−,n,Ne(Re

−,n,Ne −Re
−,n,Ne−1) + hSe

−,n,Ne (49)

and λg
+ is replaced by

λ̃g
+ = λg

+,n,0 − ∂+λ
g
+,n,0(R

g
+,n,1 −R

g
+,n,0) − hS

g
+,n,0. (50)

In (28), λe
+, λf

− and λg
− remain unchanged, λe

− is replaced by (49) and λg
+

(and analogously λf
+) is replaced by (50).

7.6. Derivatives for the discretized objective function

With a solution of the discrete adjoint system with the end condition

µe
+,NT ,j = 0 = µe

−,NT ,j , j ∈ {0, . . . , Ne}, e ∈ E (51)

(corresponding to (22)), the system equations (45), (46), the adjoint interior node
conditions (with λ̃ as defined in (49), (50))(

λe
+µ

e
+, λ

f
+µ

f
+,−λ

g
−µ

g
−

)
(52)

=
(
−λ̃e

−µ
e
−,−λ̃

f
−µ

f
−, λ̃

g
+µ

g
+

)
Mω, (53)

in Case 1 and (
λe

+µ
e
+,−λ

f
−µ

f
−,−λ

g
−µ

g
−

)
(54)

=
(
−λ̃e

−µ
e
−, λ̃

f
+µ

f
+, λ̃

g
+µ

g
+

)
Mω, (55)

in Case 2 and the adjoint boundary conditions (47), (48), we have the following
representation of the derivative of K:

DdK(u) =
∑

ω∈V 0
c

NT −1∑
n=1

k∂+f
ω(Re(ω)

+,n,0, R
e(ω)
−,n,0)d

ω
n (56)

+
∑

ω∈V 0
c

NT−1∑
n=1

kµ
e(ω)
+,n,0 (57)

(
−λe(ω)

+,n,0 + ∂+λ
e(ω)
+,n,0(R

e(ω)
+,n,1 −R

e(ω)
+,n,0) + hSe(ω)

+,n,0

)
dωn

+
∑

ω∈V L
c

NT −1∑
n=1

k∂−f
ω(Re(ω)

+,n,Ne(ω) , R
e(ω)

−,n,Ne(ω))dωn (58)
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+
∑

ω∈V L
c

NT −1∑
n=1

kµ
e(ω)

−,n,Ne(ω)

(
λ

e(ω)

−,n,Ne(ω) (59)

+∂−λe
−,n,Ne(Re(ω)

−,n,Ne(ω) −Re(ω)

−,n,Ne(ω)−1
) + hSe(ω)

−,n,Ne(ω)

)
dωn .

Here the direction d has the components dωn , ω ∈ V 0
c ∪ V L

c , n = 1, . . . , NT .
For the direction d with dωn = 1 if ω ∈ V 0

c and n = m, dωn = 0 else, this yields
the partial derivative

∂uω
m
K(u) = k∂+fω(Re(ω)

+,m,0, R
e(ω)
−,m,0)

+ kµe(ω)
+,m,0(−λ

e(ω)
+,m,0 + ∂+λ

e(ω)
+,m,0(R

e(ω)
+,m,1 −R

e(ω)
+,m,0) + hSe(ω)

+,m,0).

If dωn = 1 if ω ∈ V L
c and n = m, dωn = 0 else, this yields the partial derivative

∂uω
m
K(u) = k∂−fω(Re(ω)

+,m,Ne(ω) , R
e(ω)

−,m,Ne(ω)) + kµe(ω)
−,m,Ne(ω)

(
λ

e(ω)

−,m,Ne(ω)

+ ∂−λ
e(ω)

−,m,Ne(ω)(R
e(ω)

−,m,Ne(ω) −Re(ω)

−,m,Ne(ω)−1) + hSe(ω)

−,m,Ne(ω)

)
.

Note that (56) can also be written in terms of λ̃ defined in (49), (50).
If we compare the representation (56) of the derivative of the discretized ob-

jective function K with the representation (30) of the derivative of J we see that in
(56) additional terms appear, that do not appear automatically in a discretization
of (30) but are necessary to obtain the exact derivative ofK. Since these additional
terms are of order order h, their influence becomes smaller if the discretization is
refined. The additional terms can also be considered as a perturbation of the eigen-
values λe to λ̃e, and exactly the same perturbation appears in the discretization
of the node conditions (53), (55).
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Figure 4. Example network

8. Example

As an example network, consider the graph depicted in Figure 4 that consists
of seven channels. All the Channels e have the end Le in the direction of the
boundary node of Channel 7. The water enters the system at Channel 1. Channel
2, Channel 4 and Channel 6 are emergency side channels. The standard outflow of
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the system is at Channel 7. The objective is to keep the water height in Channel
3 and Channel 5 below a given upper bound hmax = 0.11 by using outflow from
the emergency side channels into the floodplain. Note that due to the orientation
of the channel, emergency outflow means negative velocity in Channel 2, Channel
4 and Channel 6. The objective function is

J(u) = p
∫ T

0

(Q2(0, t))
2 + (Q4(0, t))

2 + (Q6(0, t))
2
dt

+
∫ T

0

∫ L3

0

[(h3(x, t) − hmax)+]2dx dt+
∫ T

0

∫ L5

0

[(h5(x, t) − hmax)+]2dx dt

with (−q)+ = max(−q, 0). We have considered the time T = 10000. The weight
p equals 10−4. The emergency side channels have slope zero and length L2 =
L4 = L6 = 200. The other channels have slope γ = −10−4 and length L1 = 800,
L3 = 400, L5 = 300, L7 = 200. All the channels are rectangular and have the same
width b = 1.

We start with an initial state, where the water in the side channels is at rest,
that is V2 = V4 = V6 = 0. The water height throughout the system is h0 = 0.1.
We have V1 = V3 = V5 = V7 =

√−γ [bh0/(b+ 2h0)]2/3/C =
√
−γ/η(A, 1), where

C = 0.02 is the constant that appears in the Manning–Strickler relation (3).
Let V 0 = {ω1, ω2, , ω4, ω6} where ω1 is the vertex that is adjacent to Channel

1, etc. The boundary condition at ω1 where the flood wave enters the system has
the form Re(ω1)

+ (0, t) = Re(ω1)
+ (0, 0) + sin4(9πt/T ) if 9t/T ≤ 1 and Re(ω1)

+ (0, t) =
R

e(ω1)
+ (0, 0) if 9t/T > 1.

At the node ω7 at the end L7 of channel 7 where outflow out of the system
occurs we have the boundary conditions Re(ω7)

− (L7, t) = Re(ω7)
− (L7, 0).

At the controlled boundary nodes, that is for ω ∈ {ω2, ω4, ω6}, the boundary
conditions areRe(ω)

+ (0, t) = Re(ω)
+ (0, 0)+uω(t). The discretized objective function is

given by (43), with fω = 0 if ω ∈ V L = {ω7}, and fω = p (gω)2 if ω ∈ {ω2, ω4, ω6},
where gω(R+, R−) = −be(ω)(R+ +R−)(R+ −R−)2/(32g) if ω ∈ {ω2, ω4, ω6}. We
have

fe(R+, R−) =
[(

(R+ −R−)2/(16g)− hmax

)
+

]2
if the edge e corresponds to Channel 3 or Channel 5; otherwise we have fe = 0.
For the corresponding derivatives we have

∂+g
ω(R+, R−) = −be(ω)(3R+ + R−)(R+ −R−)/(32g)

∂−g
ω(R+, R−) = −be(ω)(R+ + 3R−)(−R+ +R−)/(32g)

if ω ∈ {ω2, ω4, ω6}. Moreover, if e is the edge corresponding to Channel 3 or
Channel 5,

∂+f
e(R+, R−) =

(
(R+ −R−)2/(16g)− hmax

)
+

(R+ −R−)/(4g)

∂−f
e(R+, R−) =

(
(R+ −R−)2/(16g)− hmax

)
+

(R− −R+)/(4g).



88 M. Gugat

Let u2n = uω2
n denote a component of the control vector at the boundary node

0 of Channel 2. Then for the partial derivative with respect to this component, we
have

∂u2
n
J(u) = k∂+fω2(Re(ω2)

+,n,0, R
e(ω2)
−,n,0) (60)

+kµe(ω2)
+,n,0

[
−λe(ω2)

+,n,0 + 0.75(Re(ω2)
+,n,1 −R

e(ω2)
+,n,0) + hbe(ω2)

+,n,0

]
and the analogous results for ω4 and ω6 also hold.

We present numerical results for NT = 600, Ne1 = 33, Ne2 = Ne4 = Ne6 =
Ne7 = 9, Ne3 = 17, Ne5 = 13.

The iteration started with the zero control function uω = 0 for all ω ∈
{ω2, ω4, ω6}. The corresponding objective value is 1.28 with p times the sum of
the pure time-integrals equal to 1.23 ∗ 10−5.

We used the steepest descent method with the Armijo rule for step-length
control (see for example [24]). The step-size in the line-search has to be chosen so
small that the candidates for the control function all generate subcritical states.
If the step-size is chosen too large, the corresponding control can generate a su-
percritical state that cannot be computed by our discretization of the state. In
the algorithm, this was done by choosing the initial step-length in the line-search
sufficiently small, the initial step was chosen ε times the gradient with ε ∈ (0, 1)
sufficiently small.

With 80 gradient steps, we computed a solution with gradient norm 1.7∗10−5

and value of the objective function 1.5 ∗ 10−5. The value of the second part of
the objective function (the space-time integrals where the water height appears)
is much smaller, in fact 3.3 ∗ 10−8, hence the value of the objective function is
determined by the amount of water that flows out of the system, which is given
by the pure time-integrals. During the iteration, in each step there was a decrease
in the gradient norm. Of course the gradients obtained by the backwards problem
can also be used for any other gradient-based optimization algorithm.

Figure 5 shows the computed control functions. The units at the x-axis de-
note the number of the points in the time grid. The control functions generate
a depression wave before the flood wave arrives. We present several snapshots of
the state. Figure 6 show the water height in the network. Channel 1 starts at the
point x = 0 and Channel 7 ends at the point x = 1700. The line with ’∧’s shows
the upper bound for the water height. The stationary initial state is also plotted.
The units of the x- and y-axis are m, and the unit of the z-axis is 10−4m. By far
the most water flows into the first side channel at x = 800.

Figure 7 show the water height in Channel 3 generated by the computed
control. The unit of the x- and z-axis is m, and the unit of the y-axis is seconds.

With zero control functions uω(t) = 0 for ω ∈ {ω2, ω4, ω6} the objective
value is 1.28, the gradient norm 3.206 and snapshots of the corresponding states
are presented in Figure 9. The generated water height is shown in Figure 8.

For a second example, we changed the value of hmax to 0.102. Starting from
the objective value 46.9 and the gradient norm 38.1, after 400 iterations we ob-
tained a control with objective value 0.827, gradient norm 0.001 and value of p
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Figure 5. The computed approximations of the optimal controls

times the amount of water that flows out of the system equal to 10−4. In this case,
in the first twenty steps, the line-search was started with 0.1 times the gradient.
After twenty steps, the first step in the line-search was 5 times the gradient.
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Figure 6. Water height with the computed control
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Figure 7. Water height in Channel 3 for the computed control

Figure 8. Water height in Channel 3 for zero control
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On Two Numerical Approaches for the
Boundary Control Stabilization of Semi-linear
Parabolic Systems: A Comparison

Vincent Heuveline and Hoang Nam-Dung

Abstract. The present article is concerned with boundary control stabilization
of semi-linear parabolic systems which are unstable if uncontrolled. A partic-
ular emphasis is put on Dirichlet control in that context. We investigate two
different numerical approaches to solve these problems. The first approach
relies on the extension method proposed by A.V. Fursikov where the consid-
ered partial differential equations are first solved on an extended domain with
suitable initial value leading a stable solution. The needed control is then de-
fined as an appropriate trace of this solution. The second approach relies on
the formulation of the stabilization problem as an optimization problem with
constraints based on partial differential equations. We address the numerical
issues related to both class of approaches toward a comparison of their spe-
cific stabilization properties. The considered methodology is applied to the
solution of test parabolic problems assuming linear and nonlinear models.

Mathematics Subject Classification (2000). 35K45, 65N22, 93B40, 93B52,
93C20, 93D15, 93D21 .

Keywords. Dirichlet control, feedback control, stabilization, semi-linear para-
bolic systems, extension method, finite element method.

1. Introduction

In this article, we investigate two different numerical approaches for the boundary
control stabilization of semi-linear parabolic systems which are unstable if uncon-
trolled. A particular emphasis is laid on Dirichlet control in that context. For the
first class of methods, we consider the extension method proposed by A. Fursikov
[12, 13, 14]. This approach relies on the solution of the considered partial differen-
tial equations in an extended domain. The initial value on the extended domain is
chosen such that the extended solution is stable. The boundary control needed for
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the stabilization of the original problem is then defined to be an adequate trace
of the extended solution. For the second class of methods, we consider an optimal
control based solution process where the stabilization problem is formulated as an
optimization problem with PDEs constraints. The considered approach is inspired
from the method proposed by R. Glowinski et al. [19, 18]. In that context, we
consider finite-difference methods for the time discretization, finite element meth-
ods for the space discretization, and the L-BFGS method for the solution of the
resulting discrete control problem. The main goal of this article is to address some
of the numerical issues associated to both class of approaches toward a comparison
of their specific stabilization properties.

This article is organized as follows. In Section 2 we formulate the stabiliza-
tion problem for semi-linear parabolic systems. In Section 3, we derive first the
extension method for the stabilization problem and discuss then numerical aspects
associated to the realization of the associated extension operator. The second ap-
proach relying on the formulation of the stabilization problem as an optimization
problem with PDEs constraints is derived in Section 4. In Section 5, the proposed
numerical schemes are validated and compared by means of numerical experiments
assuming linear and nonlinear models.

2. Problem formulation

Let Ω be a bounded domain in Rd (1 ≤ d ≤ 3). We consider the following partial
differential equation

∂tu− F (u) = 0 in Ω × (0, T ), (2.1)
u(x, 0) = u0(x) for x ∈ Ω, (2.2)
u(x, t) = 0 on (∂Ω\Γ)× (0, T ), (2.3)
u(x, t) = q(x, t) on Γ× (0, T ), (2.4)

where Γ ⊂ ∂Ω, u0 is a given initial value, and F is a (semi-)elliptic operator. The
goal of the stabilization problem of the above equation is to construct a control
q ∈ L∞(0, T ;H1/2

0 (Γ)) where

L∞(0, T ;H1/2
0 (Γ)) = {q | q(·, t) ∈ H1/2

0 (Γ) ∀t ∈ (0, T ), ‖q(·, t)‖H1/2(Γ) ∈ L∞(0, T )}

such that the state solution u converges to a steady state solution us of the equation

F (u) = 0, u|∂Ω = 0, (2.5)

as t tends to T . Note that the homogeneous Dirichlet boundary conditions (2.3)
can be generalized to non homogeneous Dirichlet boundary conditions leading
to non homogeneous Dirichlet boundary conditions in (2.5). This generalization
would lead to minor additional technicalities in the derivation of the proposed
stabilization methods and for simplicity of notation will not be considered in the
sequel of this paper.
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3. Extension method for the stabilization problem

3.1. Theoretical background

The basic idea of this method developed by Fursikov (see [12]) is to reformulate
the stabilization problem associated to the partial differential equation (2.1)–(2.4)
in an extended domain G ⊃ Ω where a stable solution can be comparatively more
easily computed. The control q is then defined as an adequately chosen trace of
the extended solution. Here the choice of G as well as of the extended initial value
v0 (i.e., v0|Ω = u0) are crucial.

First, we assume a linear parabolic problem (2.1)–(2.4) with

F (u) = A(x)u := −
∑d

i,j=1
aij(x)∂iju+

∑d

i=1
bi(x)∂iu+ c(x)u,

T = +∞ and u0 ∈ L2(Ω), where aij , bi, and c are real-valued functions. We assume
further us = 0 which can easily be obtained by substitution of u by v = u − us

in (2.1)–(2.4). Let σ0 > 0 be a given number. Our goal is to construct a control
q ∈ L∞(0, T ;H1/2

0 (Γ)) such that the solution u of (2.1)–(2.4) satisfies

‖u(·, t)‖L2(Ω) ≤ ce−σ0t as t→∞, (3.1)

for some c > 0.
Let ω ⊂ Rd be a bounded domain disjoint from Ω such that the intersection

of the boundaries ∂ω and ∂Ω equals to Γ, i.e.,

ω ∩ Ω = ∅, Int(∂ω ∩ ∂Ω) = Γ �= ∅,
where IntA denotes the interior of set A. Let

G = Int(ω ∪ Ω)

and assume that the domain ω guarantees that the boundary ∂G of G is a (d−1)-
dimensional manifold which is of class C2.

We extend the coefficients aij(x), bi(x), c(x) of the operator A from Ω to
real-valued functions âij(x) = âji(x), b̂i(x), ĉ(x) of class C2(G) on G satisfying
the ellipticity condition, i.e.,

d∑
i,j=1

âij(x) ξi ξj ≥ β |ξ|2, ∀ξ = (ξ1, . . . , ξd) ∈ R
d,

where β > 0 does not depend on x ∈ G. We consider the system

∂tv + Â(x) v = 0 in G× R+, (3.2)
v = 0 on ∂G× R+, (3.3)

v(·, t)
∣∣
t=0

= v0 in G, (3.4)

where

Â(x) v := −
d∑

i,j=1

âij(x) ∂ijv +
d∑

i=1

b̂i(x) ∂iv + ĉ(x) v, (3.5)

and v0 is constructed in a special way from u0.
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We assume that σ0 satisfies the condition

σ(−Â) ∩ {λ ∈ C | Reλ = −σ0} = ∅,

where σ(−Â) denotes the spectrum of the operator −Â.
Let Â∗ be the adjoint operator of Â. There holds

σ(−Â) = σ(−Â∗).

In our case σ(−Â) is a discrete set of points. For λ ∈ σ(Â) we denote the canonical
system of −Â∗ associated to −λ by

ε
(k)
0 (−λ), ε(k)

1 (−λ), . . . , ε(k)
mk(−λ)(−λ), k = 1, 2, . . . , N(−λ).

We number all the non-zero real and imaginary parts of the functions{
ε
(k)
i (−λ)

∣∣∣ λ ∈ σ(Â); Re(−λ) > −σ0; k = 1, . . . , N(−λ); i = 0, . . . , mk(−λ)
}

by ε1(x), ε2(x), . . . , εK(x), and denote

XK(G) =
{
v ∈ L2(G)

∣∣∣ ∫
G

v(x) εj(x) dx = 0, j = 1, 2, . . . ,K
}
.

Theorem 3.1 ([12], p. 611). The system of the restrictions to ω of the functions
ε1(x), ε2(x), . . . , εK(x) are linearly independent.

Theorem 3.2 ([12], p. 612). There exists a continuous linear extension operator

EK : L2(Ω) → XK(G).

In the proof of Theorem 3.2 presented in [12], EK is defined by

(EKv)(x) =

⎧⎨⎩
v(x), x ∈ Ω,
K∑

j=1

cj εj(x), x ∈ ω ≡ G \ Ω, (3.6)

where the coefficients cj are determined from the equations

K∑
j=1

cj

∫
ω

εj(x) εk(x) dx = −
∫

Ω

v(x) εk(x) dx, k = 1, 2, . . . , K. (3.7)

Obviously, the system of linear equations (3.7) ensures that the function (3.6) is
in the space XK(G), and it is clearly an extension of v, i.e.,

(EKv)
∣∣
Ω

= v.

The existence result of Theorem 3.2 relies on the existence of a solution of (3.7).
Let

aij =
∫

ω

εi(x) εj(x) dx and bi = −
∫

Ω

v(x) εi(x) dx,
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then c = (c1, c2, . . . , cK)T is a solution of the system of linear equations Ax = b,
where A = (aij)K

i,j=1 and b = (b1, b2, . . . , bK)T . One can easily prove that the
matrix A is positive definite. Therefore, the system of linear equations Ax = b
has a unique solution A−1b. A numerical method can be directly derived from this
approach toward the computation of the extended initial value (see Section 3.2).

Theorem 3.3 ([12], p. 605). For any v0 ∈ XK(G) there holds for the solution v of
(3.2)–(3.4)

‖v(·, t)‖L2(G) ≤M e−σ0t ‖v0‖L2(G) for t ≥ 0. (3.8)

Theorem 3.4 ([12], p. 614). For any initial value u0 ∈ L2(Ω) and any rate σ0 > 0,
there is a control q defined on Γ × R+ such that the solution u(x, t) of problem
(2.1)–(2.4) satisfies the condition

‖u(·, t)‖L2(Ω) ≤ c e−σ0t as t→∞. (3.9)

In the proof of Theorem 3.4 presented in [12], the following mapping is con-
structed:

EK : L2(Ω) → XK(G),

which is an extension operator according to Theorem 3.2, where G is an extension
of Ω. Let v(x, t) be the solution of problem (3.2)–(3.3) satisfying

v(x, t)
∣∣
t=0

= v0(x) := (EKu0)(x) (3.10)

and define
q(·, t) = v(·, t)|Γ.

It follows from Theorem 3.2 and Theorem 3.3 that the solution u of problem (2.1)–
(2.4) corresponding to q fulfills condition (3.9). For nonlinear problems, the same
approach is applied to the linearization at us of the partial differential equations.

3.2. Calculating an extended initial value

The main difficulty in the extension method is the construction of an adequate
extended initial value v0. In the following we introduce two numerical approaches
for this step. The overall goal is to construct v0 satisfying v0|Ω = u0 and∫

G

v0(x) εj(x) dx = 0, j = 1, 2, . . . , K. (3.11)

a) Eigenfunction method: In the eigenfunction method (EFM) we use the exten-
sion operator EK defined in (3.6) to construct v0. Numerically this leads to the
solution of the system of linear equations

K∑
j=1

ξj

∫
ω

εj(x) εi(x) dx = −
∫

Ω

u0(x) εi(x) dx, i = 1, 2, . . . , K, (3.12)
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with ω := G \ Ω. The extension v0 is then defined in the following way

v0(x) :=

⎧⎨⎩
u0(x), x ∈ Ω,
K∑

j=1

ξj εj(x), x ∈ ω.

Despite its simplicity, the main drawback of this approach is related to the fact that
the condition number of the resulting linear system increases extremely rapidly
for small extension domain and for an increasing number of unstable modes (see
Table 1).

b) Least squares method: The main difference between the least squares method
(LSM) and the eigenfunction method is that in the least squares method we do
not use ε1, ε2, . . . , εK as a basis to determine v0, but a basis of a finite element
space Vh defined by

Vh = span {ϕ1, · · · , ϕl} ⊕ span {ϕ̃1, · · · , ϕ̃l} ,

which contains functions whose traces lie on G\Ω̄. In order to attain this goal we
assume the following expression for v0:

v0(x) = u0(x), x ∈ Ω, (3.13)

v0(x) =
l∑

j=1

ξjϕj +
r∑

j=l+1

ξ̃jϕ̃j , x ∈ G\Ω, (3.14)

where we assume for the ansatz functions

ϕj(x) = 0, x ∈ ∂(G\Ω), j ∈ [1, l], (3.15)

ϕ̃j(x) �= 0, x ∈ ∂(G\Ω), j ∈ [l + 1, r]. (3.16)

At the interface between Ω and G\Ω the values ξ̃j are set to ensure a continuity
condition with v0. On the non interfacing part of the boundary of G\Ω the exten-
sion is assumed to be equal to 0. Therefore the components ξ̃j for j ∈ [l + 1, r]
are given by the problem setting. The orthogonality condition (3.11) leads to the
following constraints∫

G\Ω

⎛⎝ l∑
j=1

ξjϕj(x) +
r∑

j=l+1

ξ̃jϕ̃j

⎞⎠ εi(x)dx +
∫

Ω

v0(x)εi(x)dx = 0, i ∈ [1, n].

(3.17)
The resulting system of n linear equations is used to determine the l ≥

n unknowns {ξj}1≤j≤l by means of a least square approach, i.e., we solve the
following problem:

min
ξ

1
2
ξTQξ + c̃T ξ s.t. Tξ = b̃, (3.18)
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where Q = (qij) ∈ Rl×l, c̃ = (c̃i) ∈ Rl, T = (tij) ∈ RK×l, b̃ = (b̃i) ∈ Rl with

qij =
∫

G\Ω
∇ϕi(x) · ∇ϕj(x)dx, (3.19)

c̃i =
∫

G\Ω
∇ϕi(x)(

r∑
j=l+1

ξ̃j∇ϕ̃j)dx, (3.20)

tij =
∫

G\Ω
ϕj(x)εi(x)dx, (3.21)

b̃i = −
∫

Ω

v0(x)εi(x)dx −
∫

G\Ω
(

r∑
j=l+1

ξ̃j ϕ̃j)εi(x)dx. (3.22)

Solving the problem (3.18) corresponds to minimize the semi-norm | · |1 on G
of the extension v0 under the orthogonality constraints (3.11). The optimization
problem (3.18) can be solved by means of the standard Euler-Lagrange formulation
which leads to the following two steps:

step 1: η = (TQ−1T T )−1[b̃+ TQ−1c̃], (3.23)

step 2: ξ = Q−1(−c̃+ T Tη). (3.24)

Here η denotes the Lagrange multiplier.

Remark 3.5. Instead of solving the problem (3.18) which aims at minimizing the
H1-seminorm one could consider the following minimization problem

min
ξ

1
2
ξTMξ + ĉT ξ s.t. Tξ = b̃, (3.25)

where M = (mij) ∈ Rl×l, ĉ = (ĉi) ∈ Rl with

mij =
∫

G\Ω
ϕi(x)ϕj(x)dx (3.26)

ĉi =
∫

G\Ω
ϕi(x)(

r∑
j=l+1

ξ̃j ϕ̃j)dx, (3.27)

In this second approach the goal is to minimize the L2-norm on the extension. In
practice however this approach leads to highly oscillating solutions at the interface
and as a consequence to numerical instabilities (see Figure 1).

3.3. Extension method

By solving the problem on computer, rounding errors cannot be avoided. Hence,
the computed extension initial value may have some components in the unstable
manifold. At some point this may lead to a blow up of the computed solution in
the extended domain. In order to avoid this phenomenon, we check at which stage
the state solution stops to decrease in time. Let t1 be a such a time step. In order
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Figure 1. Extension of the function v0(x) = sin(2x) from Ω =
[0, 3π/4] to G = [0, π] assuming γ = 3 in (5.5). This configuration leads
to one unstable mode ε1(x) = sin(x). Here we consider the extension
approach based on (3.23), i.e., on the minimization of L2 norm of the
extension. This approach is numerically not adequate since it leads to
a solution which is highly oscillating at the interface between Ω
and G\Ω.

to damped the unwanted component lying in the unstable manifold we restart the
whole extension process at t = t1, i.e., the operator EK is applied to u(x, t1):

v1(x) := EKu(x, t1).

Let v(x, t) be the solution of the system (3.2)–(3.3) with t ∈ (t1, T ) and the initial
state v(x, t1) = v1(x), and

(u(·, t), q(·, t)) = (v|Ω(·, t), v|Γ(·, t)), t ∈ (t1, T ).

Let t2 > t1 be the next exploding point, we then restart the stabilization process
again at t = t2 and so on. By combining the controls in subintervals we obtain the
control in (0,T). The overall process leads to the following algorithm:

Algorithm (Stabilization algorithm for linear problems). Given an initial value
u0, an extended domain G, a decreasing rate σ0, a convergence constant c, and
constants k1 and k2, e.g., k1 = 1 and k2 = 3. Let Vh be a given finite element
space and {t0, . . . , tm} be a grid in time.

• Compute an extended initial value v0 by using one of the algorithms (EFM)
or (LSM).

• Set i = 1 and k = 0.
• do while i ≤ m

1. Solve the discrete variational problem of the extended state
equation at t = ti and obtain vih(x).

2. If k ≥ k1 and ‖vih‖Ω ≥ ‖vi−1
h ‖Ω then go to 5.

3. If k ≥ k2 and ‖vih‖Ω > c e
−σ0ti then go to 5.
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4. Go to 7.
5. Set i = i− 1 and k = −1.
6. Let vih be an extension of vih|Ω calculated by using one of the

algorithms (EFM) or (LSM).
7. Set i = i+ 1 and k = k + 1.

end do
• Set q = vh|Γ.

4. Optimal control based solution process

4.1. Formulation

We consider the system (2.1)–(2.4) with

F (u) = ν∆u+H(u),

where H is a functional of u and first order derivatives of u. Let (Q, ‖ · ‖Q) be
the space (H1/2

0 (Γ), ‖ · ‖L2(Γ)) or (H1
0 (Γ), ‖ · ‖H1(Γ)) depending on the considered

formulation of the optimization problem. We denote further Qad := L∞(0, T ;Q).
Assume that there exists for each q ∈ Qad a unique weak solution u of the system
(2.1)–(2.4), which is continuously depending on the control q ∈ Qad.

Our problem reads as follows: Find q∗ ∈ Qad such that

J(q∗) ≤ J(q), ∀q ∈ Qad, (4.1)

where

J(q) =
K1

2

∫ T

0

‖q(·, t)‖2
Q dt+

1
2

∫ T

0

K2(t) ‖u(·, t)− us‖2
Ω dt, (4.2)

K1 ≥ 0, 0 < K0
2 ≤ K2(t) ≤ K1

2 for all t ∈ [0, T ], and u is the weak solution of the
system (2.1)–(2.4). We should set K2 as a function, which increases in time, and
K1 should be sufficiently small compared with K2.

We describe the optimization problem in case ‖ · ‖Q = ‖ · ‖L2(Γ) as an L2-
optimization problem, and in case of ‖ · ‖Q = ‖ · ‖H1(Γ) as an H1-optimization
problem.

Since (H1/2
0 (Γ), ‖ · ‖L2(Γ)) is not complete the standard existence theory can

not be directly applied while the existence of an optimal solution for the H1-
optimization problem at least for linear parabolic problems is guaranteed. In that
last case, the regularity requirements for q are however usually to high in practice.

4.2. First order optimality condition

We first consider the L2-optimization formulation, that means

(Q, ‖ · ‖Q) = (H1/2
0 (Γ), ‖ · ‖Γ).

The case of the H1-optimization formulation can be treated similarly.
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Theorem 4.1. For the L2-optimization problem there holds for each q ∈ Qad

∇J(q) = K1q − ν∂nz, (4.3)

where z ∈ V 0
ad solves the following adjoint system

−∂tz − ν∆z −H ′(u)∗(z) = K2(u− us) in Ω × (0, T ), (4.4)
z(x, T ) = 0 for x ∈ Ω, (4.5)
z(x, t) = 0 on ∂Ω× (0, T ), (4.6)

with H ′(u)∗ is the adjoint operator of H ′(u) and

V 0
ad := H1(0, T ;L2

0(Ω)) ∩ L2(0, T ;H1
0 (Ω)).

Proof. From the definition of the functional F we have

F ′(u)(v) = ν∆v +H ′(u)(v).

Let Σ = Ω × (0, T ). With every function z belonging to the space V 0
ad we have∫

Σ

H ′(u)(v) · z dx dt =
∫

Σ

v ·H ′(u)∗(z) dx dt. (4.7)

In order to compute ∇J(q), we shall use a formal perturbation analysis. Let us
consider q ∈ Qad and a small perturbation δq of q. We then have

δJ(q) =
∫ T

0

∫
Γ

∇J(q) · δq dO dt

= K1

∫ T

0

∫
Γ

q · δq dO dt +
∫ T

0

∫
Ω

K2(t)(u − us) · δu dx dt, (4.8)

where δu satisfies

∂tδu− ν∆δu−H ′(u)(δu) = 0 in Ω× (0, T ), (4.9)
δu(x, 0) = 0 for x ∈ Ω, (4.10)
δu(x, t) = 0 on (∂Ω\Γ) × (0, T ), (4.11)
δu(x, t) = δq(x, t) on Γ× (0, T ). (4.12)

Let us consider z ∈ V 0
ad. Multiplying both sides of (4.9) by z and integrating

over Σ, we obtain∫
Σ

∂tδu · z dx dt−
∫

Σ

ν∆δu · z dx dt−
∫

Σ

H ′(u)(δu) · z dx dt = 0.
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Integrating by parts over Σ and taking into account relations (4.10)–(4.12) and
(4.7) gives

0 =
∫

Ω

δu(x, T ) · z(x, T ) dx−
∫

Ω

δu(x, 0) · z(x, 0) dx−
∫

Σ

δu · ∂tz dx dt

−
∫

∂Ω×(0,T )

ν∂nδu · z dO dt+
∫

∂Ω×(0,T )

νδu · ∂nz dO dt

−
∫

Σ

νδu ·∆z dx dt−
∫

Σ

δu ·H ′(u)∗(z) dx dt

=
∫

Ω

δu(x, T ) · z(x, T ) dx+
∫

Γ×(0,T )

νδq · ∂nz dO dt

+
∫

Σ

(
− ∂tz − ν∆z −H ′(u)∗(z)

)
· δu dx dt. (4.13)

Suppose that, in addition to the condition z ∈ V 0
ad, the function z satisfies the

adjoint system (4.4)–(4.6). Then from (4.13) we have∫
Σ

K2(u − us) · δu dx dt = −
∫

Γ×(0,T )

νδq · ∂nz dO dt. (4.14)

It follows from (4.8) and (4.14) that∫ T

0

∫
Γ

∇J(q) · δq dO dt = K1

∫ T

0

∫
Γ

q · δq dO dt−
∫ T

0

∫
Γ

νδq · ∂nz dO dt

=
∫ T

0

∫
Γ

(K1q − ν∂nz) · δq dO dt. (4.15)

Since (4.15) is valid for all (small) perturbation δq, we finally obtain

∇J(q) = K1q − ν∂nz. �
The first order necessary optimality condition of the L2-optimization problem

reads as follows.

Theorem 4.2. If q∗ ∈ Qad is a local minimizer of the L2-optimization problem,
then

K1q
∗ = ν∂nz∗,

where z∗ is the adjoint solution corresponding to the control q∗.

With an analogous argument we obtain the optimality condition of the H1-
optimization problem.

Theorem 4.3. For the H1-optimization problem the gradient of the objective func-
tional solves∫ T

0

∫
Γ

∇J(q) · ϕdO dt = K1

∫ T

0

(q, ϕ)H1(Γ) dt−
∫ T

0

∫
Γ

ν∂nz · ϕdO dt,

for all ϕ ∈ L∞(0, T ;H1(Γ)), where z is the solution of the adjoint system (4.4)–
(4.6).
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Theorem 4.4. The first order necessary optimality condition of theH1-optimization
problem reads as follows:

K1

∫ T

0

(q∗, ϕ)H1(Γ) dt−
∫ T

0

∫
Γ

ν∂nz
∗ · ϕdO dt = 0, ∀ϕ ∈ L∞(0, T ;H1(Γ)),

where z∗ is the adjoint solution corresponding to the control q∗.

4.3. Solution process

In order to solve the optimization problem we use the L-BFGS method, which
needs only the gradient of the objective functional. The advantage of the L-BFGS
method in the comparison with the BFGS method is that the approximation of
the Hessian matrix does not need to be stored (see, e.g., [15])

At each step of the L-BFGS method we have to calculate the gradient of
the objective functional, this means the primal and adjoint state solution has be
available. To solve the primal and adjoint equations numerically we apply the
implicit Euler method for discretization in time and finite element method for
discretization in space.

Let 0 = t0 < t1 < · · · < tm = T be a grid in time, ki := ti − ti−1 (i =
1, 2, . . . ,m), and Vh and V 0

h be given finite element spaces

Vh =
{
vh ∈ C(Ω)

∣∣∣ vh|K ∈ P (K), ∀K ∈ Th

}
,

V 0
h =

{
vh ∈ Vh

∣∣∣ vh|∂Ω = 0
}
.

We denote

Qh :=
{
vh|Γ

∣∣∣ vh ∈ Vh

}
∩Hs

0 (Γ),

for some suitable s > 0. Let qih (i = 1, 2, . . . ,m) be the interpolation of q(·, ti) in
Qh. Then the discrete variational problem of the primal equation (2.1)–(2.4) at
the ith time step (i = 1, 2, . . . ,m) is the following: Find ui

h ∈ qih + V 0
h such that

(ui
h, ϕ)Ω + ki a(ui

h, ϕ) = (ui−1
h , ϕ)Ω, ∀ϕ ∈ V 0

h , (4.16)

u0h(x) = u0(x) in Ω, (4.17)

where the bilinear form a : H1(Ω) ×H1
0 (Ω) → R is defined by

a(v, w) := ν(∇v,∇w)Ω − (H(v), w)Ω.

The discrete variational formulation of the adjoint problem (4.4)–(4.6) at the ith
time step (i = m− 1,m− 2, . . . , 0) reads: Find zih ∈ V 0

h such that there holds for
all ϕ ∈ V 0

h

(zih, ϕ)Ω + ki+1a
∗(zih, ϕ;u

i
h) = (zi+1

h , ϕ)Ω + ki+1

(
K2(ti)(ui

h − us), ϕ
)
Ω
, (4.18)

zmh ≡ 0, (4.19)
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where

a∗(v, φ;w) := ν(∇v,∇φ)Ω −
(
H ′(w)∗(v), φ

)
Ω
.

Discretizing the gradient of the objective functional at the continuous level, we
obtain that the ith coordinate of the discrete gradient ∇Jh,∆t(qh,∆t) solves the
following problem: Find ∇Jh,∆t(qh,∆t)i ∈ Qh such that(

∇Jh,∆t(qh,∆t)i, χ
)
Γ

=
(
K1q

i
h − ν∂nzih, χ

)
Γ
, ∀χ ∈ Qh. (4.20)

5. Numerical experiments

5.1. Unstable linear parabolic problem in 1D

First, we consider the following one-dimensional linear parabolic problem:

∂tu−∆u− γ u = 0 in [0,
3π
4

]× (0, T ), (5.1)

u(x, 0) = u0(x) for x ∈ [0,
3π
4

], (5.2)

u(0, t) = 0 for t ∈ (0, T ), (5.3)

u(
3π
4
, t) = q(t) for t ∈ (0, T ). (5.4)

Our goal is to stabilize the problem toward the stationary solution us = 0. For
the extension method we assume for the extended domain G = (0, gmax) where
obviously gmax >

3π
4 . Note that the eigenvalues of the operator ∆v + αv with

v : G → R and v|∂G = 0 depend on γ and gmax. For the discretization we use
uniform grids in time and space with ∆t = 10−3 and h = 2−8.

Table 1 shows the condition number of the linear system (3.12) for various
values of gmax and γ leading to different number of unstable modes. The solution of
the linear system (3.12) is needed to compute the extended initial value by means
of the numerical approach EFM (see Section 3.2). Table 1 clearly shows that this
condition number drastically increase for a decreasing size of the extended domain
and for an increasing number number of unstable modes. For a small extended
domain, the linear system is badly conditioned even if a few number of unstable
modes has to be filtered. The method LSM should be therefore preferred in that
context and is used for all presented numerical tests.

The extension method performs efficiently and robustly for the problem (5.1–
5.4). Corresponding results are depicted on Figures 2–7. Especially for an increas-
ing number of unstable modes no special tuning of the method is needed to obtain
the stabilizing control variable. The optimal control based approach describes in
Section 4 behaves well for a small number of unstable modes (see Figure 8). For an
increasing number of unstable modes a fine tuning of the parameters K1 and K2

as well as a feedback control approach are needed to attain convergence if possible
at all.
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gmax 1.1 1.2 1.5 2
NEV

2 5.13e+04 3.90e+03 1.33e+02 1.22e+01

3 2.66e+09 1.53e+07 1.88e+04 1.97e+02

4 5.04e+12 5.39e+10 2.55e+06 4.08e+03

5 1.59e+13 3.41e+13 3.55e+08 9.63e+04

6 7.67e+12 5.89e+13 5.18e+10 2.44e+06

7 9.71e+12 5.06e+13 6.11e+12 6.51e+07

8 1.34e+13 2.83e+14 2.53e+13 1.79e+09

9 2.89e+13 1.04e+14 2.54e+13 5.05e+10

10 1.70e+13 1.71e+14 2.34e+13 1.31e+12

Table 1. Condition number of the linear system (3.12) for various val-
ues of gmax and γ leading to different number of unstable modes NEV.
The solution of the linear system (3.12) is needed to compute the ex-
tended initial value by means of the numerical approach EFM (see Sec-
tion 3.2).

5.2. Unstable nonlinear parabolic problem in 1D

The extension method presented in Section 3 relies on a linearization at us of
the considered partial differential equations. Our goal in this section is to exhibit
some of the properties of this approach for a nonlinear problem. We consider the
following one-dimensional nonlinear parabolic problem:

∂tu−∆u− γu− u2 = 0 in [0,
3π
4

]× (0, T ), (5.5)

u(x, 0) = u0(x) for x ∈ [0,
3π
4

], (5.6)

u(0, t) = 0 for t ∈ (0, T ), (5.7)

u(
3π
4
, t) = q(t) for t ∈ (0, T ). (5.8)

Our goal is to stabilize the problem toward the stationary solution us = 0. We
prescribe G = (0, π). In the range γ < 8, the extension method performs robustly
and efficiently toward a stabilization of this unstable problem (see Figure 8). For
more than two unstable modes the stabilization of the equations could not be
obtained even for small initial data. The optimal control based approach shows
for this problem similar stabilizing properties in comparison to the linear case
(5.1)–(5.4).
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5.3. Unstable linear parabolic problem in 2D

Let Ω = (0, 1) × (0, 1), Γ = (0, 1) × {1}, and T = 1. Consider the following two-
dimensional linear parabolic problem:

∂tu−∆u− 25 u = 0 in Ω× (0, T ), (5.9)
u(x, 0) = u0(x) for x ∈ Ω, (5.10)
u(x, t) = 0 for (x, t) ∈ (∂Ω\Γ)× (0, T ), (5.11)
u(x, t) = q(t) for (x, t) ∈ Γ × (0, T ), (5.12)

where
u0(x) = sin(πx1) sin(πx2) for x = (x1, x2) ∈ Ω. (5.13)

Without control, i.e., q = 0, the state solution blows up (see Figure 9). Our
goal is to stabilize the problem toward the stationary solution us = 0. For the
discretization we consider a uniform grid in time and space with ∆t = 0.01 and
h = 2−6 and discretize the problem in space by means of Q1 finite elements.
We consider the optimization based approach described in Section 4 for different
coefficients K1 and K2(t) (see Table 2).

Case 1 Case 2 Case 3 Case 4

K1 10−3 10−3 10−3 10−3

K2(t) t e4t e6t 0.1e8t

Table 2. Setup of the coefficients for the optimization based approach
(see Section 4) used to solve the problem (5.9)–(5.12).

The obtained optimal controls and the corresponding state solutions and
there norms are presented in Figures 10–15. These results clearly show that for a
wide range of parameters K2 this numerical approach allows to obtain the needed
stabilizing properties.

6. Conclusion

In the extension method, the computational costs are mainly related to the com-
putation of the unstable eigenfunctions as well as one forward solution of the
considered partial differential equations. The costs related to the computation of
the extension operator are almost negligible. The delicate and still open issue for
this approach is the adequate choice of the extended domain especially for higher-
dimensional problems. The optimal control based approach is more straightforward
to apply since it does not rely on the definition of an extended domain. The main
computational costs are related to the calculation of the gradient, i.e., the com-
putation of the primal and adjoint state solution. For highly unstable problems, a
feedback control approach has to be considered for both methods.
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Figure 2. Time variation of (upper left) ‖v(·, t)‖H1(G), (upper right)
‖u(·, t)‖H1(Ω), (lower left) ‖v(·, t)‖L2(G), (lower right) ‖u(·, t)‖L2(Ω). for
problem (5.1)-(5.4) with γ = 3 (one unstable mode).

Figure 3. The description of the plots is identical to Figure 2. Problem
(5.1)–(5.4) for γ = 5 (two unstable modes).
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Figure 4. Time variation of (upper left) ‖v(·, t)‖H1(G), (upper right)
‖u(·, t)‖H1(Ω), (lower left) ‖v(·, t)‖L2(G), (lower right) ‖u(·, t)‖L2(Ω). for
problem (5.1)–(5.4) with γ = 10 (three unstable modes).

Figure 5. The description of the plots is identical to Figure 4. Problem
(5.1)–(5.4) for γ = 17 (four unstable modes).
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Figure 6. Time variation of (upper left) ‖v(·, t)‖H1(G), (upper right)
‖u(·, t)‖H1(Ω), (lower left) ‖v(·, t)‖L2(G), (lower right) ‖u(·, t)‖L2(Ω) for
problem (5.5)–(5.8) with γ = 3, u0(x) = 0.01 sin(2x).

Figure 7. The description of the plots is identical to Figure 6. Problem
(5.5)–(5.8) for γ = 5, u0(x) = 0.01 sin(2x).
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Figure 8. Results obtained by means of the optimization based ap-
proach depicted in Section 4 for the stabilization problem (5.1)–(5.4)
assuming K1 = 10−3 and K2(t) = e4t. For the upper (resp. lower) plots
we imposed γ = 3 (resp. γ = 5). The plots on the left column describe
the time variation of log10(‖u(·, t)‖L2(Ω)). On the right column the time
behavior of the control q is plotted.
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Figure 9. The function log10 ‖u(·, t)‖Ω assuming no control for the
stabilization problem (5.9)–(5.12).
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Figure 10. Isolines of the computed stabilized solution of the problem
(5.9)–(5.12) for t = 0, 0.2, 0.4, 0.6, 0.8, 1. (case 1)

Figure 11. Isolines of the computed stabilized solution of the problem
(5.9)–(5.12) for t = 0, 0.2, 0.4, 0.6, 0.8, 1. (case 2)
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Figure 12. Optimal control for problem (5.9)–(5.12) and case 1.

-6

-5

-4

-3

-2

-1

 0

 0  0.2  0.4  0.6  0.8  1

x1=0
x1=0.125

x1=0.25
x1=0.375

x1=0.5

-5

-4.5

-4

-3.5

-3

-2.5

-2

-1.5

-1

-0.5

 0

 0.5

 0  0.2  0.4  0.6  0.8  1

x1=0.625
x1=0.75

x1=0.875
x1=1

Figure 13. Optimal control for problem (5.9)–(5.12) and case 2.

-7

-6

-5

-4

-3

-2

-1

 0

 1

 0  0.2  0.4  0.6  0.8  1

Case1
Case2
Case3
Case4

Figure 14. The function log10 ‖u(·, t)‖Ω for problem (5.9)–(5.12) as-
suming corresponding optimal Dirichlet control.
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Figure 15. Comparison between optimal controls in the 4 cases (see
Table 2) at x1 = 0.25 and x1 = 0.5.
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Fast Solution Techniques in
Constrained Optimal Boundary Control
of the Semilinear Heat Equation

M. Hintermüller, S. Volkwein and F. Diwoky

Abstract. Efficient numerical techniques for the solution of constrained op-
timal control problems for the nonlinear heat equation are considered. The
nonlinearity in the governing equation is due to the boundary conditions which
cover the Boltzmann radiation boundary condition. With respect to numeri-
cal algorithms, variants of semismooth Newton methods are proposed which
allow a convergence analysis in function space. For the latter aspect the con-
cept of generalized (Newton, or slant) differentiability is invoked. The paper
ends with a comparison of the proposed algorithms among each other and
with a sequential quadratic programming method.

Mathematics Subject Classification (2000). Primary 49K20, 65K05; Secondary
35Kxx.

Keywords. Constrained optimal control, integral constraints, nonlinear heat
equation, pointwise constraints, semismooth Newton.

1. Introduction

In this paper we study methods for the numerical solution of constrained opti-
mal control problems for thermal processes. The governing time-dependent partial
differential equation is given by the heat equation

yt − α∆y = f in Q, y(0) = y◦ on Ω, (1.1)

where Ω represents the domain of interest and Q is the space-time cylinder. Fur-
ther, f is a given source, y◦ denotes the initial temperature, and α > 0 is a given

The authors gratefully acknowledge support by the Austrian Science Fund FWF under grant no.
P16760-N12. The first author (M.H.) also acknowledges support via the START-program Y305
“Interfaces and Free Boundaries”.
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constant reflecting heat conduction properties. We consider (1.1) together with
nonlinear boundary conditions of the type

∂y

∂n
+ b(y) = βu, (1.2)

with a given possibly nonlinear function b. Above, u denotes the control, and β �= 0
is a given constant. Note that (1.2) covers locally radiative heat transfer across the
boundary which is modelled by the Stefan-Boltzmann-radiation boundary condi-
tion

∂y

∂n
+ y3|y| = βu.

The latter law is of interest, e.g., in crystal growth phenomena [21].
In many practically relevant situations the control u has to obey certain

restrictions. For instance, due to technical limitations and/or to prevent phase
changes it is required that the control only acts within certain bounds. This can
be modelled by bilateral pointwise inequality constraints of the type

ua ≤ u ≤ ub almost everywhere in Q.

Also, it might be of interest to constrain the available “volume” of the control
action. This results in inequality constraints of integral type. The control problem
stated in the next section contains all these constraints simultaneously. In addition,
it also covers integral state constraints.

For theoretical investigations of constrained optimal control problems involv-
ing parabolic partial differential equations we refer to, e.g., [7, 21, 23] and the many
references therein. These sources essentially focus on the derivation of practically
relevant first or second order optimality conditions. This is a complex task due to
the presence of the inequality constraints, and requires a careful investigation of
the solvability of the state equation, the adjoint system, and of the choice of the
involved function spaces. We point out that the first order optimality system is
usually the starting point for the development of numerical solution algorithms.

Besides the modelling issues and the theoretical aspects mentioned above,
in practical applications the efficient numerical solution of the underlying control
problem is of utmost importance. In the present work we emphasize variants of
semismooth Newton techniques. The latter algorithm class is based on a general-
ized differentiability concept in function space [18] and turned out to be extremely
efficient for classes of elliptic control problems; see some of the references in [18].
For its globalization we propose a combination of problem dependent modifica-
tions of the Hessian of the Lagrangian (see [15, 17]) and a line search procedure.
Let us point out that an alternative trust-region globalization for a related prob-
lem class was considered in [11]. The resulting algorithm is implemented in the
trice-project (see www.caam.rice.edu/~trice).

The subsequent sections are organized as follows: In Section 2 we give a brief
introduction highlighting the model problem together with the involved function
spaces. Further we state the first order optimality system for characterizing (local)
solutions. In order to avoid conflicting situations due to constraint requirements,
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we introduce an augmented Lagrangian penalization approach for the integral con-
straint. For later purposes we also study the reduced problem and differentiability
properties of the control-to-state mapping. Section 3 is concerned with the de-
velopment of algorithms for the efficient solution of the augmented Lagrangian
subproblems. We introduce a partial semismooth Newton method, which only lin-
earizes some parts of the first order system and leaves the state equation nonlinear,
and we study classical semismooth Newton methods. In either case we consider
two subtypes of methods: The first variant considers the state equation as an ex-
plicit constraint, while the second one performs a reduction process via the state
equation by expressing the state as a function of the control variable. Finally, in
Section 4 we report on numerical results, and we provide a comparison with a se-
quential quadratic programming method. Due to the augmentation of the integral
constraint, the latter method is also a variant of semismooth Newton algorithms.

2. Optimal control problem and augmented Lagrangian formulation

In this section we formulate the optimal control problem with integral constraints
and review first order necessary optimality conditions. Moreover, to handle the
integral constraints, we propose an augmented Lagrangian approach.

2.1. The constrained optimal control problem

Suppose that Ω is an open and bounded subset of Rd, with d ∈ {2, 3}, with
Lipschitz boundary Γ = ∂Ω. For T > 0 we set Q = (0, T ) × Ω and Σ = (0, T ) ×
Γ. Moreover, by L2(0, T ;H1(Ω)) we denote the space of (equivalence classes) of
measurable abstract functions ϕ : [0, T ] → H1(Ω), which are square integrable, i.e.,∫ T

0

‖ϕ(t)‖2
H1(Ω) dt <∞.

For the definition of Sobolev spaces we refer the reader, e.g., to [1, 14]. When t is
fixed, the expression ϕ(t) stands for the function ϕ(t, ·) considered as a function
in Ω only. Recall that

W (0, T ) =
{
ϕ ∈ L2(0, T ;H1(Ω)) : ϕt ∈ L2(0, T ;H1(Ω)′)

}
is a Hilbert space supplied with its common inner product; see [10, p. 473], for
instance. Notice that L2(0, T ;L2(Ω)) can be identified with L2(Q).

We consider an optimal boundary control problem for the heat equation with
pointwise control constraints and integral constraints. The goal is to minimize the
cost function J :W (0, T )× L2(Σ) → [0,∞) given by

J(y, u) =
1
2

∫ T

0

∫
Ω

αQ |y − zQ|2 dxdt+
1
2

∫
Ω

αΩ |y(T )− zΩ|2 dx

+
κ

2

∫ T

0

∫
Γ

|u|2 dsdt,
(2.1)
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where the state y and the control u are coupled by the following semilinear bound-
ary value problem

yt(t,x) − α∆y(t,x) = f(t,x) for all (t,x) ∈ Q, (2.2a)
∂y

∂n
(t, s) + b(y(t, s)) = βu(t, s) for all (t, s) ∈ Σ, (2.2b)

y(0,x) = y◦(x) for all x ∈ Ω. (2.2c)

In (2.1) we assume that αQ and αΩ are non-negative weights satisfying αQ ∈
L∞(Q) and αΩ ∈ L∞(Ω), respectively. The desired states zQ ∈ L∞(Q) and zΩ ∈
L∞(Ω) are given, and κ > 0 denotes a regularization parameter. For the data in
(2.2) we suppose that the inhomogeneity f belongs to L∞(Q), α > 0 and β �= 0
hold true, and the initial state satisfies y◦ ∈ C(Ω). Moreover, the nonlinear function
b : R → R is twice continuously differentiable, and there exist real constants
C1, C2, C3 with C1, C3 ≥ 0 such that

|b(0)| ≤ C1 and C2 ≤ b′(r) ≤ C3 η(|r|) for r ∈ R, (2.3)

where η : [0,∞) → [0,∞) is a non-decreasing function. It was proven in [7] that for
any u ∈ Lσ1(Σ), with σ1 > d+1, there exists a unique solution y ∈W (0, T )∩C(Q)
to the state equation (2.2). Moreover, the mapping u �→ y(u) is continuous from
Lσ1(Σ) to C(Q).

We also impose bilateral control constraints on the control variable u. For
that purpose let ua, ub ∈ Lσ2(Σ), with σ2 ≥ σ1, be given lower and upper bounds,
respectively. Then the admissible controls u are required to belong to the closed
convex set

Uad =
{
u ∈ L2(Σ)

∣∣ ua ≤ u ≤ ub on Σ almost everywhere (a.e.)
}
⊂ Lσ2(Σ).

(2.4)
In addition, an integral constraint has to be satisfied, i.e., we assume that∫ T

0

∫
Γ

(1 − τ)u + τy dsdt+ ζ
∫

Q

y dxdt ≤ CI (2.5)

where CI ∈ R, and τ, ζ ∈ [0, 1] are fixed. Note that for τ = ζ = 0 we have an
integral control constraint, whereas for τ = 1 condition (2.5) becomes an integral
state constraint.

For a compact formulation of the optimal control problem we introduce the
two Banach spaces Y = W (0, T ) ∩ C(Q), X = Y × Lσ1(Σ), and the nonlinear
mapping e : X → L2(0, T ;H1(Ω)′) by

〈e(y, u), ϕ〉L2(0,T ;H1(Ω)′),L2(0,T ;H1(Ω)) =
∫ T

0

〈yt(t), ϕ(t)〉H1(Ω)′,H1(Ω) dt

+
∫ T

0

∫
Ω

α∇y · ∇ϕ− fϕ dxdt+
∫ T

0

∫
Γ

α
(
b(y(·)) − βu

)
ϕdsdt
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for ϕ ∈ L2(0, T ;H1(Ω)), where 〈· , ·〉H1(Ω)′,H1(Ω) denotes the duality pairing be-
tween H1(Ω) and the dual H1(Ω)′. The feasible set is given by

F(P) =
{
x = (y, u) ∈ X

∣∣∣ e(x) = 0, y(0) = y◦, u ∈ Uad, (2.5) is satisfied}.

Throughout the paper we assume that F(P) �= ∅. Note that in the special case
τ = ζ = 0 this can be guaranteed by the requirement∫ T

0

∫
Γ

ua dsdt ≤ CI . (2.6)

Our infinite-dimensional optimal control problem now reads

min J(x) subject to (s.t.) x ∈ F(P). (P)

Since F(P) �= ∅ by assumption, there exists at least one (global) solution x∗ =
(y∗, u∗) to (P). For a proof we refer to [4, 7].

Next we introduce the Lagrange functional L : X × L2(0, T ;H1(Ω)) → R by

L(x, p) = J(x) + 〈e(x), p〉L2(0,T ;H1(Ω)′),L2(0,T ;H1(Ω))

for the primal variable x = (y, u) ∈ X and the dual variable p ∈ L2(0, T ;H1(Ω)).
The first order necessary optimality conditions in the next theorem follow, e.g.,
from the results in [7] and [23].

Theorem 2.1. Suppose that (y∗, u∗) = x∗ ∈ F(P) is a local solution to (P). Then
there exist unique Lagrange multipliers (p∗, λ∗, ξ∗) in W (0, T ) × L2(Σ) × R sat-
isfying, together with (y∗, u∗), the dual system (here written in its strong form)

− p∗t − α∆p∗ = −αQ(y∗ − zQ) − ζξ∗ in Q, (2.7a)
∂p∗

∂n
+ b′(y∗(·))p∗ + τξ∗ = 0 on Σ, (2.7b)

p∗(T ) = −αΩ(y∗(T )− zΩ) in Ω, (2.7c)

κu∗ − αβp∗ + (1 − τ)ξ∗ + λ∗ = 0 on Σ, (2.7d)

λ∗ = max (0, λ∗ + σ(u∗ − ub)) + min (0, λ∗ + σ(u∗ − ua)) on Σ, (2.7e)

ξ∗ = max

(
0, ξ∗ + �

(∫ T

0

∫
Γ

(1 − τ)u∗ + τy∗ dsdt (2.7f)

+ζ
∫

Q

y∗dxdt− CI

))
in R

for any σ, � > 0, where in (2.7e) the functions min and max are interpreted in the
pointwise almost everywhere sense. In particular, if zΩ ∈ C(Ω), p∗ ∈ C(Q) holds
true.
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In (2.7b) and (2.7d) we identify ξ∗(s) = ξ∗ for all s ∈ Σ; analogously for ξ∗ in
(2.7a). Further, (2.7e) and (2.7f) are nonlinear complementarity problem (NCP)
function based reformulations of the complementarity systems

λ∗a ≥ 0, ua − u∗ ≤ 0, λ∗a(ua − u∗) = 0, a.e. on Σ, (2.8)

λ∗b ≥ 0, u∗ − ub ≤ 0, λ∗b (u
∗ − ub) = 0, a.e. on Σ, (2.9)

with λ∗ = λ∗b − λ∗a, and⎧⎨⎩ ξ
∗ ≥ 0,

∫ T

0

∫
Γ(1 − τ)u∗ + τy∗dsdt+ ζ

∫
Q y

∗dxdt− CI ≤ 0,

ξ∗
( ∫ T

0

∫
Γ(1 − τ)u∗ + τy∗dsdt+ ζ

∫
Q y

∗dxdt− CI

)
= 0.

(2.10)

2.2. Augmentation of the integral constraint

In our approach we handle the integral constraint (2.5) by an augmented La-
grangian penalization. See, e.g., [5, 6] for a detailed account of this technique. In
fact, for � > 0 and ξ̂ ∈ R

+
0 we introduce the modified cost functional

J�

ξ̂
(y, u) = J(y, u) +

1
2�

max
{

0, ξ̂ + �
(∫ T

0

∫
Γ

(1 − τ)u + τy dsdt

+ ζ
∫

Q

ydxdt− CI

)}2

.

Then, we consider the optimal control problem

min J�

ξ̂
(x) s.t. e(x) = 0, y(0) = y◦ and x = (y, u) ∈ Y × Uad (P�)

for fixed � > 0 and ξ̂ ∈ R+ instead of (P). Using analogous arguments as for (P)
one can prove that (P�) has at least one global solution for arbitrarily � > 0 and
ξ̂ ∈ R

+
0 . Notice that (P�) does not involve the integral constraint explicitly. Rather

this constraint is realized by adding an augmented Lagrangian-type penalty term
to the original objective function. It is well known that the augmented Lagrangian
penalization is exact for sufficiently large ρ > 0, i.e., a local solution x∗ ∈ Y ×Uad

to (P) is also a local solution to (P�).
The corresponding augmented Lagrange function

L�

ξ̂
: X × L2(0, T ;H1(Ω)) → R

associated with (P�) is

L�

ξ̂
(x, p) = J�

ξ̂
(x) + 〈e(x), p〉L2(0,T ;H1(Ω)′),L2(0,T ;H1(Ω))

for x = (y, u) ∈ X , p ∈ L2(0, T ;H1(Ω)), � > 0, and ξ̂ ∈ R
+
0 .

Suppose that x� = (y�, u�) ∈ X denotes a solution to (P�) for fixed � > 0
and ξ̂ ∈ R

+
0 . The first order necessary optimality conditions of (P�) involve the
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dual system

− p�t − α∆p� = −αQ(y� − zQ)− ζξ� in Q, (2.11a)
∂p�

∂n
+ b′(y�(·))p� + τξ� = 0 on Σ, (2.11b)

p�(T ) = −αΩ(y�(T )− zΩ) in Ω, (2.11c)

κu� − αβp� + (1 − τ)ξ� + λρ = 0 on Σ, (2.11d)

λ� = max (0, λ� + σ(u� − ub)) + min (0, λ� + σ(u� − ua)) on Σ, (2.11e)

ξ� = max

(
0, ξ̂ + �

(∫ T

0

∫
Γ

(1 − τ)u� + τy� dsdt (2.11f)

+ζ
∫

Q

y� dxdt− CI

))
in R.

In contrast to (2.7f) the scalar ξ� is now given explicitly by (2.11f) since ξ̂ is fixed.
Let us review the augmented Lagrangian algorithm, which can be interpreted

as a combination of penalty functions and local duality methods.

Algorithm 1 (Augmented Lagrangian algorithm).

1. Choose a starting value ξ0 ∈ R+ for the Lagrange multiplier associated to the
integral constraint (2.5), the initial parameter �0 > 0 for the augmentation,
a factor β� > 1 and a stopping criterion; set n = 0.

2. Determine a (local) solution xn+1 = (yn+1, un+1) ∈ Y × Uad of (P�) with
ρ = ρn and ξ̂ = ξn.

3. Set

ξn+1 = max
(

0, ξn + �n

(∫ T

0

∫
Γ

(1 − τ)un+1 + τyn+1 dsdt+

ζ

∫
Q

yn+1dxdt− CI

))
.

4. Unless the stopping rule is satisfied, set �n+1 = β��n, n = n+1, and continue
with step (2).

Remark 2.2.

1. Other augmentation rules for the parameter � than the one realized in step
(4) can be found, e.g., in [6, p. 405].

2. In the process of solving (P) the augmented Lagrangian algorithm acts as the
outer iteration of our whole optimization method, whereas at each level of
Algorithm 1 the solution of (P�) is computed by an inner iteration method.
In section 3 we propose variants of semismooth Newton techniques for solving
(P�) with ρ = ρn. ♦
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2.3. The reduced optimal control problem

Since for any u ∈ Lσ1(Σ) there exists a unique solution y ∈ Y to the state equation
(2.2), we can define the nonlinear solution operator

S : Lσ1(Σ) → Y
by y = S(u) for u ∈ Lσ1(Σ). Introducing the so-called reduced cost functional

Ĵ�

ξ̂
(u) = J�

ξ̂
(S(u), u),

the problem (P�) can be equivalently expressed as

min Ĵ�

ξ̂
(u) s.t. u ∈ Uad (P̂�)

with � > 0 and ξ̂ ∈ R
+
0 fixed. Notice that (P̂�) is a minimization problem with

bilateral control constraints, but with no equality constraints. For accessing the
gradient of Ĵρ

ξ̂
we have to guarantee differentiability of S(u) with respect to u.

This is the content of Theorem 2.3. For its proof we refer to [24, Theorem 5.10].

Theorem 2.3. The solution operator S of the state equation is continuously differ-
entiable as a mapping from Lσ1(Σ) to Y . The action of the derivative S′(u) (we
also write y′(u)) on some v ∈ Lσ1(Σ), i.e., S′(u)v = w, is characterized by the
solution w to the initial-boundary value problem

wt − α∆w = 0 in Q, (2.12)
∂w

∂n
+ b′(S(u))w = βv in Σ, (2.13)

w(0) = 0. (2.14)

We obtain an analogous differentiability result for the adjoint state p� satis-
fying (2.11a)–(2.11c) and considered as a function of u� and ξ�.

The derivative of Ĵ�

ξ̂
at a point u ∈ Lσ1(Σ) is represented by

(Ĵ�

ξ̂
)′(u) =

∂Jρ

ξ̂
(S(u), u)

∂y
S′(u) +

∂Jρ

ξ̂
(S(u), u)

∂u
= −αβp+ κu+ (1 − τ)ξ on Σ

(compare (2.11d)), where p ∈ W (0, T ) solves the adjoint system (2.11a)–(2.11c)
for the state y = S(u). Further, ξ satisfies

ξ = max
(

0, ξ̂ + �
(∫ T

0

∫
Γ

(1 − τ)u + τy dsdt+ ζ
∫

Q

y dxdt− CI

))
. (2.15)

Recall that the quantity ξ̂ is fixed by the outer iteration, i.e., the augmented La-
grangian algorithm. From (2.11) we derive that the first order necessary optimality
condition

〈(Ĵ�

ξ̂
)′(u�), u − u�〉

L2(Σ)
≥ 0 for all u ∈ Uad

for (P̂�) is equivalent to

κu� − αβp� + (1 − τ)ξ� + λ� = 0 on Σ, (2.16a)
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where the Lagrange multiplier λ� associated with the bilateral control constraints
satisfies

λ� = max (0, λ� + σ(u� − ub)) + min (0, λ� + σ(u� − ua)) on Σ (2.16b)

for some arbitrarily fixed σ > 0. Thus, the first order necessary optimality condi-
tions for (P̂�) are given by (2.16) together with (2.11a)–(2.11c) and (2.15) with
ξ = ξ� and u = u�, y = S(u�).

3. Solution methods for (P�)

In this section we describe different strategies for solving (P�), which is a nonlinear
optimal control problem with bilateral pointwise control constraints. The efficient
solution of (P�) is the key part in our augmented Lagrangian method. Here, we
explore several variants of semismooth Newton techniques and compare them with
a (reduced) sequential quadratic programming (SQP) method.

3.1. Partial semismooth Newton methods

Our first method aims at solving (P�) by a Newton-type algorithm applied to
the first order necessary optimality conditions of either the full problem or its
reduced variant (P̂�). In this context, the non-differentiability of the min- and
max-functions in (2.16b) complicates the treatment. In order to cope with this
difficulty, we recall the notion of Newton differentiability, which holds true in
finite as well as in infinite-dimensional spaces; see, e.g., [8, 18]. It generalizes the
classical Fréchet differentiability concept, and it allows to formulate a generalized
variant of Newton’s method for solving (P�), respectively (P̂�).

Definition 3.1. Let V , W be two Banach spaces, S ⊂ V a nonempty open set,
F : S →W a given mapping, and v∗ ∈ S. If there exists a neighborhoodN(v∗) ⊂ S
and a family of mappings G : N(v∗) → L(V,W ) such that

lim
‖h‖V ↓0

1
‖h‖V

‖F (v∗ + h)− F (v∗)−G(v∗ + h)(h)‖W = 0, (3.1)

then F is called Newton-differentiable at v∗, and G(v∗) is said to be a generalized
derivative (or Newton map) for F at v∗. Here, L(V,W ) denotes the Banach space
of all bounded and linear operators from V toW endowed with the common norm.

Remark 3.2. The function max : Lp(Σ) → Lq(Σ) is Newton differentiable for
1 ≤ q < p ≤ ∞ (see [18]). If F : Lr(Σ) → Lp(Σ) is Fréchet differentiable for some
1 ≤ r ≤ ∞, then the function

(t, s) �→ χA(t, s) · ∇F (u(t, s)), (t, s) ∈ Σ, (3.2)

is a generalized derivative of max(0, F (·)) : Lr(Σ) → Lq(Σ). Here, χA denotes the
characteristic function of the set A ⊂ Σ, where F (u(·)) is positive, i.e., χA(t, s) = 1
if F (u(t, s)) > 0 and χA(t, s) = 0 otherwise. From min(0, F (·)) = −max(0,−F (·)),
we see that an analogous differentiation formula holds true for the min-function. ♦
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Using this concept of generalized differentiability, we can formulate semis-
mooth Newton variants for the solution of (P�). In this section we realize a partial
semismooth Newton method; compare [20] for a related approach. This method op-
erates with a linearization of the nonlinearity due to the min- and max-operations,
whereas u �→ S(u) is kept nonlinear. Choosing σ = κ in (2.16b), a prerequisite for
proving locally superlinear rate of convergence of semismooth Newton methods
[18], and taking into account (2.16a), we find

− κu� + αβp� + (τ − 1)ξ� −max(0, αβp� + (τ − 1)ξ� − κub)

−min(0, αβp� + (τ − 1)ξ� − κua) = 0. (3.3)

Now suppose (u, ξ) ∈ Lσ1(Σ)×R is some given approximation of (u�, ξ�). Let S(u)
be the corresponding state, and let p(u, ξ) be the pertinent adjoint state satisfying
(2.11a)–(2.11c) with (y�, ξ�) replaced by (S(u), ξ). Further assume that λ = λ(u)
satisfies (2.11d) with (u�, p�, ξ�) replaced by (u, p(u, ξ), ξ). Then, since p(u, ξ)|Σ is
continuously differentiable from Lσ1(Σ) × R to Lσ3(Σ) with σ3 > σ1, Remark 3.2
provides Newton differentiability of the min- and max-terms in (3.3), respectively.
Using (3.2) and defining

Ab =
{
(t, s) ∈ Σ

∣∣λ+ κ(u− ub) > 0 a.e.
}
,

Aa =
{
(t, s) ∈ Σ

∣∣λ+ κ(u− ua) < 0 a.e.
}
,

I = Σ \ A, with A = Ab ∪ Aa,
(3.4)

we obtain the following linearization of (3.3) at (u, p(u, ξ), ξ) with respect to the
independent variables u and ξ:

− κ(u+ δu) + αβ (p(u, ξ) + pu(u, ξ)δu+ pξ(u, ξ)δξ) − (1 − τ)(ξ + δξ)

− χAb
(αβ(p(u, ξ) + pu(u, ξ)δu+ pξ(u, ξ)δξ) − (1−τ)(ξ + δξ) − κub) (3.5)

− χAa (αβ(p(u, ξ) + pu(u, ξ)δu + pξ(u, ξ)δξ) − (1−τ)(ξ + δξ) − κua) = 0.

Here δu ∈ Lσ1(Σ) and δξ ∈ R represent the increments. A closer look reveals:

u+ = a on Aa, (3.6a)

u+ = b on Ab, (3.6b)

−κu+ + αβ (p(u, ξ) + pu(u, ξ)δu + pξ(u, ξ)δξ) − (1 − τ)ξ+ = 0 on I, (3.6c)

where u+ = u+ δu and ξ+ = ξ + δξ. Note that (3.6c) can be viewed as

λ+ δλ = 0 on I, (3.6d)

with
δλ = −κδu+ αβ (pu(u, ξ)δu+ pξ(u, ξ)δξ) + (τ−1)δξ.

Define

γ�

ξ̂
(y, u) = ξ̂ + ρ

(∫ T

0

∫
Γ

(1 − τ)u + τy(u)dsdt+ ζ
∫

Q

y dxdt− CI

)
.
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The linearization of (2.15) in the generalized sense yields

ξ+ = 0 if γ�

ξ̂
(y, u) ≤ 0, (3.7a)

and

ξ+ = ξ̂ + ρ
(∫ T

0

∫
Γ

(1 − τ)u+ + τ(y(u) + y′(u)δu) dsdt (3.7b)

+ ζ
∫

Q

y(u) + y′(u)δu dxdt− CI

)
else.

The active respectively inactive set behavior of the variables in (3.6) moti-
vates the following algorithm.

Algorithm 2 (Partial semismooth Newton (pSSN) method).

(0) Inputs are � > 0 and ξ̂ ∈ R (from Algorithm 1).
1. Choose starting values λ�

0 and u�
0, compute y�0 = S(u�

0) and (p�0, ξ
�
0 ) satisfying

(2.11a)–(2.11d). Set k := 0.
2. Unless some stopping rule is satisfied, determine the active and inactive sets

Ak
a =

{
(t, s) ∈ Σ

∣∣λ�
k + κ(u�

k − ua) < 0 a.e.
}
,

Ak
b =

{
(t, s) ∈ Σ

∣∣λ�
k + κ(u�

k − ub) > 0 a.e.
}
,

Ik = Σ \ Ak, with Ak = Ak
b ∪ Ak

a.

3. Compute a local solution x�
k = (y�k, u

�
k) with pertinent multiplier λ�

k and
adjoint state p�k of⎧⎪⎪⎨⎪⎪⎩

min J�

ξ̂
(x) over x = (y, u) ∈ Y × Lσ1(Σ)

s.t. e(x) = 0, y(0) = y◦,
u = ua on Ak

a,
u = ub on Ak

b .

(3.8)

Set k = k + 1, and return to (2).

In our numerics Section 4 we report on two variants of Algorithm 2 which
differ in the way how the subproblems (3.8) are solved:

pSSN-SQP. This variant achieves the solution of the nonlinearly constrained prob-
lem (3.8) by a SQP method. In every iteration of the SQP iteration a quadratic
program of the type⎧⎪⎪⎨⎪⎪⎩

min ∇J�

ξ̂
(x�

k−1)δx+ 1
2 〈H

�,k−1

ξ̂
δx, δx〉 over δx = (δy, δu)

s.t. e(x�
k−1) +∇e(x�

k−1)δx = 0, δy(0) = 0,
u�

k−1 + δu = ua on Ak
a,

u�
k−1 + δu = ub on Ak

b .

(3.9)

has to be solved. Above, H�

ξ̂
denotes the generalized Hessian of L�

ξ̂
, the Lagrange

function of
min J�

ξ̂
(x) s.t. e(x) = 0
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defined by

L�

ξ̂
(x, p) = J�

ξ̂
(x) + 〈e(x), p〉L2(0,T ;H1(Ω)′),L2(0,T ;H1(Ω)).

The use of the generalized derivative in the computation of the Hessian is necessi-
tated by the augmented Lagrangian penalty term, which is only once continuously
Fréchet differentiable. Due to the integration process inside the max-operation of
the penalty term, the non-differentiability is on the level of the reals only. Hence,
standard non-smooth theory (see [9]) applies when differentiating the objective
function in (P�) and when analyzing the algorithm. In fact, the SQP method for
computing a solution of (3.8) can be interpreted as a semismooth Newton method
for solving the firstorder optimality system of (3.8). In our implementation we use
the following generalized derivative of max(0, ·) : R → R

+
0 :

gmax(z) = 0 if z ≤ 0, and gmax(z) = 1 else.

With this definition, it is easy to check that F : Lσ1(Σ) → R
+
0 ,

F (u) = max

(
0,
∫ T

0

∫
Γ

(1 − τ)u + τy dsdt+ ζ
∫

Q

y dxdt− CI

)
satisfies (3.1). Hence, from [18, Theorem 1.1] it follows that the SQP method with
subproblems (3.9) converges at a superlinear rate, provided that (H�

ξ )−1 exists
and is bounded in a neighborhood of a (local) solution x�

k and the SQP starting
point (x�

k,0, p
�
k,0, λ

�
k,0) is sufficiently close to (x�

k, p
�
k, λ

�
k).

pSSN-Newton. In our second approach, (3.8) is solved by a reduction process and
a subsequent application of a the semismooth Newton method: First, the state
equation is used to obtain y = y(u) = S(u). This allows us to consider the reduced
problem

min Ĵ�

ξ̂
(u) s.t. u = ua on Ak

a and u = ub on Ak
b (3.10)

instead of (3.8). Its first order necessary optimality conditions are given by

λ = 0 on Ik, (3.11a)

u = ub on Ak
b , (3.11b)

u = ua on Ak
a, (3.11c)

yt − α∆y = f in Q, (3.11d)

∂y

∂n
+ b(y(·)) = βu on Σ, (3.11e)

y(0) = y◦ in Ω, (3.11f)

− pt − α∆p = −αQ(y − zQ) − ζξ in Q, (3.11g)
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∂p

∂n
+ b′(y)p+ τξ = 0 on Σ, (3.11h)

p(T ) = −αΩ(y(T )− zΩ) in Ω, (3.11i)

κu− αβp+ (1 − τ)ξ + λ = 0 on Σ, (3.11j)

ξ = max
(

0, ξ̂ + ρ
(∫ T

0

∫
Γ

(1 − τ)u + τy dsdt (3.11k)

+ ζ
∫

Q

y dxdt− CI

))
.

As for pSSN-SQP, we obtain generalized differentiability of the max-operation
in the last equation of (3.11). Hence, we can again apply a semismooth Newton
method for computing a solution to (3.11). Also, we obtain a locally superlinear
rate of convergence, provided that the generalized Jacobian of the system has a
bounded inverse in a neighborhood of a solution to (3.10).

3.2. The semi-smooth Newton method

Next we turn to our second class of methods, which also linearizes the nonlinear
mapping u �→ S(u) when computing the new iterate u�

k+1. Again, we study two
variants, one operating on the full first order system (2.11) and the other one
utilizing a reduction process similar to the one in Section 3.1.

SSN. We first describe the full semismooth Newton method. For this purpose
recall that the choice σ = κ and inserting (2.16a) in (2.16b) yield (3.3). Hence, the
first order system (2.11) is equivalent to

y�t − α∆y� = f in Q, (3.12a)
∂y�

∂n
+ b(y�) = βu� on Σ, (3.12b)

y�(0) = y◦ in Ω, (3.12c)

− p�t − α∆p� = −αQ(y� − zQ) − ζξ� in Q, (3.12d)
∂p�

∂n
+ b′(y�)p� + τξ� = 0 on Σ, (3.12e)

p�(T ) = −αΩ(y�(T )− zΩ) in Ω, (3.12f)

− κu� + αβp� + (τ − 1)ξ� −max(0, αβp� + (τ − 1)ξ� − κub) (3.12g)

−min(0, αβp� + (τ − 1)ξ� − κua) = 0, on Σ,

ξ� = max
(

0, ξ̂ + �
(∫ T

0

∫
Γ

(1 − τ)u� + τy� dsdt (3.12h)

+ ζ
∫

Q

y�dxdt− CI

))
in R,

Let (x�
k, ξ

�
k) ∈ X × R be some guess of (x�

∗, ξ
�
∗) with y�k satisfying either (3.12a)–

(3.12c) at u�
k or a linearization thereof at some reference point. Note that in either
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case y�k = y�k(u�
k) is differentiable as a mapping from Lσ1(Σ) to W (0, T ) ∩ C(Q).

Further let p�k satisfy (3.12d)–(3.12f) with (y�, ξ�) replaced by (y�k, ξ
�
k). Then the

max- and min-expressions in the corresponding equation (3.12g) are Newton-
differentiable (consider p�k as a function of (u�

k, ξ
�
k)). Further, (3.12h) is generalized

differentiable as it was the case in Section 3.1. Hence, the semismooth Newton sys-
tem, which aims at finding a zero of the generalized linearization of the nonlinear
system (3.12) at (x�

k, p
�
k, ξ

�
k), is well defined. From the linearization of (3.12g) we

obtain
u�

k + δu�
k = ua on Ak

a and u�
k + δu�

k = ub on Ak
b , (3.13)

where δu�
k denotes the semismooth Newton update direction for u�

k and Ak =
Ak

a ∪ Ak
b is determined as in step (2) of Algorithm 2 with λ�

k given by (2.11d) at
(u�

k, p
�
k, ξ

�
k). Summarizing, the linear system which has to be solved in every step

of the (full) semismooth Newton method is given by

λ�
k + δλ = 0 on Ik, (3.14a)

δu = ua − u�
k on Ak

a, (3.14b)

δu = ub − u�
k on Ak

b , (3.14c)

δyt − α∆δy = 0 in Q, (3.14d)

∂δy

∂n
+ b′(y�k)δy − βδu = −

(
∂y�k
∂n

+ b(y�k)− βu�
k

)
on Σ, (3.14e)

δy(0) = y◦ − y�k(0) in Ω, (3.14f)

− δpt − α∆δp+ αQδy + ζδξ = 0 in Q, (3.14g)

∂δp

∂n
+b′(y�k)δp+〈b′′(y�k)p�k, δy〉+τδξ=−

(
∂p�k
∂n

+ b′(y�k)p�k + τξ�k

)
on Σ, (3.14h)

δp(T ) + αΩδy(T ) = 0 in Ω, (3.14i)

κδu− αβδp+ (1 − τ)δξ + δλ = 0 on Σ, (3.14j)

δξ = −ξ�k if γ�
k ≤ 0, (3.14k)

δξ = −ξk + γ�
k (3.14l)

+ �
(∫ T

0

∫
Γ

(1 − τ)δu + τδydsdt+ ζ
∫

Q

δydxdt
)

if γ�
k > 0.

Above, γ�
k is given by

γ�
k = ξ̂ + �

∫ T

0

∫
Γ

(1 − τ)u�
k + τy�kdsdt+ ζ

∫
Q

y�kdxdt− CI .
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The next iterates are then defined by x�
k+1 = x�

k + δx�
k, p�k+1 = p�k + δp�k, ξ�k+1 =

ξ�k +δξ�k, and λ�
k+1 = λ�

k +δλ�
k. The relations (3.13) and κδu = αβδp on Ik, as well

as regularity theory for parabolic equations yield that u�
k+1 ∈ Lσ1(Σ) provided

that u�
k ∈ Lσ1(Σ). Further, from parabolic regularity theory we obtain p�k+1 =

p�k+1(u
�
k+1, ξ

�
k+1) ∈ W (0, T ) ∩ C(Q) for zQ ∈ C(Q). Hence, the left-hand side

of (3.12g) is Newton differentiable at (u�
k+1, ξ

�
k+1), and the semismooth Newton

system is again well defined. As a consequence, under a bounded invertibility
assumption in a neighborhood of a solution to (3.12) the resulting semismooth
Newton method converges at a superlinear rate provided that the initial point x�

0

is sufficiently regular, and p�0 satisfies the adjoint system for given ξ�0 ∈ R.
We summarize the full semismooth Newton method in the following algo-

rithm.

Algorithm 3 (Semismooth Newton method).

(0) Inputs are � > 0 and ξ̂ ∈ R (from Algorithm 1).
1. Choose starting values u�

0, λ
�
0, and ξ�0 and compute y�0 = S(u�

0), and p�0 by
solving the adjoint system (2.11a)–(2.11c). Set k := 0.

2. Unless some stopping rule is satisfied, determine the active and inactive sets

Ak
a =

{
(t, s) ∈ Σ

∣∣λ�
k + κ(u�

k − ub) > 0 a.e.
}
,

Ak
b =

{
(t, s) ∈ Σ

∣∣λ�
k + κ(u�

k − ua) < 0 a.e.
}
,

Ik = Σ \ Ak, Ak = Ak
a ∪Ak

b .

3. Solve the Newton system (3.14), and compute the new iterates

(x�
k+1, p

�
k+1, λ

�
k+1, ξ

�
k+1) = (x�

k, p
�
k, λ

�
k, ξ

�
k) + (δx�

k, δp
�
k, δλ

�
k, δξ

�
k).

Set k := k + 1, and return to (2).

SSN-Newton. The second variant performs first a reduction by expressing y as
y(u) = S(u) through the solution of the state equation, and then it utilizes a
semismooth Newton method for the solution of the resulting minimization prob-
lem. Note that in contrast to SSN for SSN-Newton the nonlinear state equation
is always satisfied. Thus, in every step of SSN-Newton the boundary condition of
the state equation reads

∂δy

∂n
+ b′(y�k)δy − βδu = 0. (3.15)

The rest of (3.14) remains valid. When computing the next iterates, one first
updates u�

k, λ�
k, and ξ�k as above, and then computes y�k+1 = S(u�

k+1) and p�k+1 by
solving the adjoint system at (y�k+1, ξ

�
k+1). Arguments similar to the ones given for

SSN yield a locally superlinear rate of convergence of SSN-Newton.

3.3. Reduced SQP methods

In order to compare the methods in Sections 3.1 and 3.2 with standard optimiza-
tion methods for nonlinear problems, in Section 4 we also report on results obtained
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by a reduced sequential quadratic programming (rSQP) algorithm, where the re-
duction onto the control space takes place when solving the QP-subproblems. For
details on rSQP methods we refer the reader to, e.g., [22]. In our case, in every
iteration of the rSQP method we have to solve a linear-quadratic optimal control
problem with bilateral control constraints. Its solution is computed by a variant
of the primal-dual active set strategy, which is based on a generalized Moreau-
Yosida approximation of the indicator function of the set of admissible controls.
The method was developed in [3] and extended in [16]. Its local convergence is
q-superlinear (the analysis is similar to the one in [17]), and it exhibits a mesh in-
dependent behavior. The latter aspect can be made rigorous following the analysis
in [19] and is the subject of a subsequent paper.

3.4. Globalization strategy

The globalization of our SQP method is achieved by applying a line search strategy.
It is realized with the backtracking Armijo-rule for the L1-merit functional

Φ(x;µ1, µ2) =J�
ξ (x) + µ1 ‖e(x)‖L2(0,T ;H1(Ω)′)

+ µ2

(
‖min(0, u− ua)‖L2(Σ) + ‖max(0, u− ub)‖L2(Σ)

)
with penalty parameters µ1, µ2 > 0, see, e.g., [22]. In Section 4 we also report on
line search results for the augmented Lagrangian functional

Ψ(x, p, λa, λb; c) = J�

ξ̂
(x) + 〈e(x), p〉L2(0,T ;H1(Ω)′),L2(0,T ;H1(Ω))

+
c

2
‖e(x)‖2

L2(0,T ;H1(Ω)′) +
1
2c

(
‖max(0, λb + c(u − ub))‖2

L2(Σ) − ‖λb‖2
L2(Σ)

+ ‖min(0, λa + c(u− ua))‖2
L2(Σ) − ‖λa‖2

L2(Σ)

)
with penalty parameter c > 0.

To ensure that the search direction has a descent property we employ a
technique that modifies the Hessian of the Lagrange function in an appropriate
manner. In fact, it utilizes the particular problem structure, i.e., the convexity
of the objective function and the way how the nonlinearity enters into the state
equation. If a lack of positive definiteness occurs while computing the new up-
date direction, the nonlinear term in the state equation and correspondingly its
derivatives occurring in the Hessian are dampened by a parameter γ ∈ [0, 1]. Since
this modifies the (QP)-subproblem, the computation of the search direction is re-
started. In Section 4 we report on two different implementations of this strategy:
The γ-strategy adjusts γ ∈ [0, 1] by a backtracking technique starting with γ = 1.
Hence, 0 < γ < 1 is possible. The second technique sets γ = 0 whenever lack
of positive definiteness of the Hessian of the Lagrangian in the actual direction
is detected. In this second case, positive definiteness can be guaranteed after the
γ-reduction step. We refer to this strategy as 0/1-strategy. For more details on
these strategies we refer to [15, 17].
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4. Numerical tests

This section is devoted to numerical test examples. We consider three different
problems including integral control as well as integral state constraints, terminal
observations in Ω and partial observation in Q. All coding is done in Matlab
using routines from the Femlab package for the finite element discretization. All
computations are performed on a standard 1.7 GHz desktop PC. We stop the
respective algorithm as soon as the relative violation of the first order necessary
conditions drops below 10−12.

Example 4.1. In our first example we consider the problem

min J(y, u) =
1
2

∫
Ω

|y(T )− yd|2 dx+
κ

2

∫ T

0

∫
Γ

|u|2 ds

subject to the non-linear heat equation

yt − α∆y = 0 in Q = (0, T )× Ω,
∂y

∂n
+ y3|y| = u on Σ = (0, T )× Γ,

y(0) = 8 in Ω

and the inequality constraints

− 15 ≤ u(t, s) ≤ −5 + 15t for (t, s) ∈ Σ,∫ T

0

∫
Γ

u dsdt ≤ −20.

We choose the heat conduction parameter α = 0.1 and the terminal time T = 1.
The spatial domain Ω ⊂ R2 is the unit circle with center at the origin. Moreover,
yd(x1, x2) = 2 − 2sign(x1)x1 is the desired state (see Figure 1) and κ = 10−4 the
regularization parameter. Setting zΩ = yd, αQ = 0, αΩ = 1 the cost functional
coincides with the one in (2.1). The spatial domain is discretized with triangular
finite elements with a maximal edge length of h = 0.064. The time interval is
discretized uniformly with stepsize ∆t = 0.01 in the time interval [0, T ]. This
yields 3.58 · 104 degrees of freedom (d.o.f.) for the state y as well as for the adjoint
state p, 5.2 ·103 d.o.f. for the control u and the dual λ, respectively. The geometry
together with the given data yield a symmetric solution. Up to the discretization
error, this solution symmetry should be preserved in the discretized setting. Notice
that the influence of the non-linear radiation term b(y) = y3|y| is 10 times larger
than that of the diffusion term α∆y. In Figure 1 the desired terminal state is
compared with the discrete optimal temperature y at t = T . The discrete optimal
control u together with the associated adjoint p at time t = T are shown in
Figure 2. One can clearly identify the nonempty upper and lower active sets from
the shaded region in the left plot. Also, the integral constraint is active at the
discrete solution. The multiplier ξ∗ associated to the integral constraint has the
value ξ∗ = 4.27 · 10−4 > 0.



136 M. Hintermüller, S. Volkwein and F. Diwoky

Figure 1. Example 4.1: desired state (left) and discrete optimal state
at t = T (right).

Figure 2. Example 4.1: perimeter-time diagram of the discrete optimal
control u (left) and discrete optimal adjoint p at t = T (right).

Next we compare the performance of our algorithms. First we choose rSQP,
where each QP subproblem is solved by the primal-dual active set strategy (PDA),
see [16, 18]. In Table 1 we present the results if we apply the γ-strategy for the
globalization of the Hessian and the augmented Lagrange merit function with naug

denoting the iteration of the augmented Lagrange method, nrSQP the iteration of
the reduced SQP algorithm and #nPDA total number of PDA steps for each rSQP
iteration. Only in the first rSQP step a modification of the Hessian is required.
The corresponding γ-value is γ = 0.09987. It turns out that this method needs two
outer augmented Lagrange iterations, and fast local convergence is observed for
the inner rSQP algorithm. Furthermore, the number of inner PDA steps decreases
as the outer rSQP steps increases. This behavior can also be seen in the following
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naug nrSQP #nPDA ‖∇yL�
ξ(y, u, p)‖ ‖e(y, u)‖

1 1 5 1.901e-03 1.111e-00
2 5 1.192e-03 1.730e-01
3 5 1.780e-04 5.403e-02
4 4 3.669e-06 2.074e-03
5 2 2.952e-09 3.081e-06
6 1 3.854e-11 7.004e-12

2 1 1 2.135e-11 7.362e-10
2 1 2.243e-11 6.075e-15

Table 1. Example 4.1: performance of rSQP with augmented La-
grangian line search combined with the γ-strategy for hmax = 0.064
and ∆t = 0.01.

naug nrSQP #nPDA ‖∇yL�
ξ(y, u, p)‖ ‖e(y, u)‖

1 1 4 3.234e-04 8.363e-01
2 4 1.859e-04 1.173e-01
3 4 8.884e-05 5.885e-03
4 3 5.394e-06 4.997e-03
5 3 8.946e-08 1.634e-04
6 1 6.532e-11 1.208e-07
7 1 3.539e-11 4.506e-14

2 1 1 2.097e-11 7.363e-10
2 1 2.197e-11 5.567e-15

Table 2. Example 4.1: performance of rSQP with augmented La-
grangian line search combined with the 0/1-strategy for hmax = 0.064
and ∆t = 0.01.

tests. If we utilize the 0/1-strategy to modify the Hessian then we obtain the
results presented in Table 2. Compared to the previous variant with γ-strategy two
modification of the Hessian are necessary (nrSQP = 1 and nrSQP = 2). The behavior
of the algorithm is similar in both cases. Next we combine rSQP with the line search
based on the L1 merit function Φ and the γ-strategy; see Table 3. The performance
of rSQP with the L1-merit function and 0/1-strategy is shown in Table 4. While
the total number of PDA iterations is comparable for the γ-strategies in case of
both line search functions and for the 0/1-strategy with the augmented Lagrangian
line search, the combination of the 0/1-strategy with the L1 line search requires
significantly more PDA steps. The difference in computational effort with respect
to cg iterations when solving the linear systems in each method is exhibited in
Table 5. It turns out that rSQP combined with the 0/1 strategy and the line search
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naug nrSQP #nPDA ‖∇yL�
ξ(y, u, p)‖ ‖e(y, u)‖

1 1 5 1.256e-03 9.679e-01
2 6 1.377e-04 1.973e-01
3 5 7.973e-06 1.255e-02
4 3 1.006e-07 9.385e-05
5 1 1.292e-11 7.249e-09
6 1 6.794e-13 5.499e-15

2 1 1 6.958e-13 7.363e-10
2 1 8.124e-13 6.090e-15

Table 3. Example 4.1: performance of rSQP with L1 line search com-
bined with the γ-strategy for hmax = 0.064 and ∆t = 0.01.

naug nrSQP #nPDA ‖∇yL�
ξ(y, u, p)‖ ‖e(y, u)‖

1 1 5 4.408e-02 3.624e-02
2 4 8.472e-03 1.402e-01
3 6 3.311e-04 3.738e-01
4 4 2.246e-05 4.191e-02
5 3 8.172e-07 6.982e-04
6 2 3.830e-10 3.325e-07
7 1 3.662e-11 9.693e-14
1 1 2.072e-11 7.363e-10
2 1 2.213e-11 6.168e-15

Table 4. Example 4.1: performance of rSQP with L1 line search glob-
alization and 0/1-strategy for hmax = 0.064 and ∆t = 0.01.

Modification of Hessian Merit function relative amount
γ-strategy augmented Lagrangian 0.73

0/1-strategy augmented Lagrangian 0.68
γ-strategy L1 function 0.77

0/1-strategy L1 function 1.00

Table 5. Example 4.1: relative amount of cg iterations for rSQP with
different modification strategies for the Hessian and different line search
methods.

based on the L1 function requires more cg iterations than all other three variants,
which, among themselves, do not differ significantly. Therefore, we continue our
numerical comparison by choosing the γ-strategy combined with a line search based
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naug npSSN #nrSQP ‖∇yL�
ξ(y, u, p)‖ ‖e(y, u)‖

1 1 9 8.565e-13 2.464e-11
2 5 9.977e-13 5.430e-15
3 4 9.580e-13 6.111e-15
4 3 8.811e-13 5.477e-15
5 2 6.856e-13 1.990e-13
6 1 7.284e-13 4.965e-13

2 1 2 7.566e-13 5.489e-15

Table 6. Example 4.1: performance of pSSN-SQP with line search
globalization for hmax = 0.064 and ∆t = 0.01.

naug npSSN #nNewton ‖(Ĵ�

ξ̂
)′(u)|I‖

1 1 8 2.933e-12
2 5 2.041e-11
3 4 9.332e-13
4 3 8.745e-13
5 2 7.842e-13
6 1 7.271e-13

2 1 1 6.089e-12

Table 7. Example 4.1: performance of pSSN-Newton with line search
globalization for hmax = 0.064 and ∆t = 0.01.

on the L1-merit function. Next we turn to the pSSN-SQP variant that also needs
2 outer augmented Lagrange iterations; see Table 6. Further, it turns out that
the number of inner SQP iterations per pSSN iteration decreases as the number
of pSSN iterations increases. In particular, in the sixth pSNN iteration only one
SQP iteration is necessary to achieve convergence of the first augmented Lagrange
iteration. To avoid negative curvature, the γ-strategy is applied twice at the first
two pSSN iterations to modify the Hessian. Now we test pSSN-Newton, where
in contrast to pSSN-SQP problem (3.11) is not solved by applying the reduced
SQP method, but the Newton algorithm. Analogously to pSSN-SQP the number
of inner Newton iterations per pSSN iteration decreases as the number of pSSN
iterations increases, see Table 7. Since the equality constraint e(y, u) = 0 is always
fulfilled within the reduced problem (P̂�), we do not present the norms ‖e(y, u)‖ in
Table 7. The γ-strategy is applied twice at the first two pSSN iterations to modify
the Hessian. Note that both variants, pSSN and pSSN-Newton, behave similarly.
Next we apply SSN-Newton to our example, i.e., the semismooth Newton method
for (P̂�). As for the previous variants we need two outer augmented Lagrange
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naug nSSN ‖(Ĵ�

ξ̂
)′(u)|I‖

1 1 1.103e-02
2 2.822e-03
3 2.706e-03
4 2.708e-04
5 1.016e-04
6 5.490e-05
7 1.395e-05
8 6.387e-07
9 1.660e-09
10 7.232e-12

2 1 7.986e-12

Table 8. Example 4.1: performance of SSN-Newton with line search
globalization for hmax = 0.064 and ∆t = 0.01.

naug nSSN ‖∇yL�
ξ(y, u, p)‖ ‖e(y, u)‖

1 1 1.286e-03 1.172e-00
2 1.230e-03 2.608e-00
3 6.002e-04 9.327e-01
4 1.552e-04 2.372e-01
5 6.744e-05 1.038e-01
6 1.191e-05 1.448e-02
7 6.238e-07 8.967e-04
8 2.194e-09 3.791e-06
9 8.391e-13 4.902e-11

2 1 8.537e-13 7.363e-10
2 8.025e-13 5.548e-15

Table 9. Example 4.1: performance of SNN with line search globaliza-
tion for hmax = 0.064 and ∆t = 0.01.

iterations; see Table 8. In the first augmented Lagrange iteration we observe fast
convergence for nSSN ≥ 7. Let us mention that in the first and sixth iteration,
the Hessian has to be modified due to negative curvature. As for pSSN-Newton
the equality constraint e(y, u) = 0 is satisfied for each iteration so that we do
not present the norms ‖e(y, u)‖. Finally, we test the semismooth Newton method
SSN. The results are presented in Table 9. In contrast to SSN-Newton the equality
constraint e(y, u) = 0 is only approximately satisfied in the course of the iteration.
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Algorithm Relative amount
rSQP 1.00
pSSN-SQP 0.99
pSSN-Newton 0.95
SSN-Newton 0.56
SSN 0.50

Table 10. Example 4.1: relative amount of cg iterations for all variants
with γ-strategy and L1 line search globalization for hmax = 0.064 and
∆t = 0.01.

hmax ∆t #Q #Σ #Aa(%) #Ab(%) nPDA(naug = 1) naug = 2
0.064 0.010 3.58e04 5.20e03 10.69 5.62 5 5 5 4 2 1 1 1
0.032 0.010 1.39e05 1.00e04 11.18 6.60 5 6 5 3 2 1 1 1
0.016 0.010 5.46e05 1.96e04 11.40 6.57 6 6 5 4 2 1 1 1
0.064 0.005 7.16e04 1.04e04 9.06 4.57 5 5 4 3 2 1 1 1
0.032 0.005 2.77e05 2.00e04 9.86 5.31 5 6 5 3 3 1 2 1

Table 11. Example 4.1: influence of mesh size on the number of PDA
iterations per rSQP step for each augmented Lagrange iteration.

Comparing the pSSN-variants to the SSN-variants, we observe that the latter ones
require a smaller number of iterations for successful termination.
We compare the efficiency of the algorithms in Table 10, where the relative amount
of cg iterations when solving the respective linear systems to compute the next
iterates is presented. It turns out that SSN is the most efficient method for our test
example. The variant SSN-Newton requires only slightly more cg iterations. We ob-
serve that pSSN-SQP as well as pSSN-Newton are as efficient as rSQP. In Table 11
the degrees of freedom in Q and on Σ are shown. Moreover, #Aa(%) and #Ab(%)
denote the relative amount of active points, e.g., #Aa(%) = 100% · (#Aa)

/
(#Σ).

Finally, we observe strong mesh-independence for rSQP; compare Table 11. Let
us mention that it is well known that the SQP method is mesh-independent
for twice continuously Fréchet differentiable cost functional and constraints; see,
e.g., [2, 12, 25]. Moreover, the primal-dual active set strategy satisfies a mesh-
independent principle; see [19]. From Table 11 we can see that the combination of
the augmented Lagrangian method with the rSQP (with augmented Lagrangian
line search) and the primal-dual active set strategy has mesh-independent behav-
ior. Notice that in our case, the cost functional possesses only a generalized second
derivative; compare Section 3.1. We point out that L1 line search globalization
yields also a mesh-independent algorithm. ♦
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Figure 3. Example 4.2: spatial domain Ω with edge ordering (left) and
desired state (right).

Example 4.2 (Integral state constraints). In our second example we consider the
problem

min J(y, u) =
1
2

∫ T

0.2

∫
Ω

|y − yd|2 dxdt+
κ

2

∫ T

0

∫
Γ

|u|2 dsdt

yt − α∆y = 0 in Q = (0, T )× Ω,
∂y

∂n
+ y3|y| = βu on Σ = (0, T )× Γ,

y(0) = 4 in Ω

and the inequality constraints

0 ≤ u(t, s) for (t, s) ∈ Σ,∫ T

0

∫
Ω

y dsdt ≤ 18
5
.

We choose the heat conduction parameter α = 0.1, β = 100 and terminal time
T = 1. The spatial domain Ω ⊂ R2 is the unit square with a circular hole of
radius 0.2 centered at the point (0.3, 0.4); see left plot in Figure 3. Moreover,
yd(x1, x2, t) = 6−5(x1−0.6)sign (x1−0.6) is the desired state (compare right plot
in Figure 3) and κ = 10−3 the regularization parameter. Setting zQ = yd, αΩ = 0,
αQ = 1 in (0.2, T )×Ω and αQ = 0 in (0, 0.2]×Ω the cost functional coincides with
the one in (2.1). The spatial domain is discretized with triangular finite elements
with an maximal edge length of h = 5.3 · 10−2. The time interval was discretized
non-uniformly with stepsize ∆t = 0.01 in the time interval [0, 0.3] and ∆t = 0.02
in the time interval (0.3, 1]. This reflects the dynamics of the control as well as
the temperature, i.e., the state y. In total, we have 2.68 · 104 d.o.f. for the state y
and the dual p and about 5.7 · 103 d.o.f. for the control u and the multiplier λ. In
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y

Figure 4. Example 4.2: optimal temperature at t = 0.2 (left) and at
t = T (right)

naug = 1 naug = 2 naug = 3 naug = 4 total
rSQP 6 11 15 11 43
pSSN-SQP 6 32 94 56 188
SSN-SQP 6 6 16 11 39

Table 12. Example 4.2: Number of KKT solves for SQP, pSSN-SQP
and SSN-SQP.

fact, the boundary of the domain, where the control action occurs, consists of two
disjoint components. In Figure 4 (left plot) the optimal temperature at t = 0.2 (the
beginning of the observation interval) and t = T (right plot) are shown. In this
example, the pointwise control constraint from below is only active at the circular
hole. In Figure 5 we present the active sets for the unilateral control constraint
u ≥ 0 on Σ, where the outer boundary is revolved onto the larger block with edge
ordering: 2, 4, 3, 1 (see Figure 3), the circular boundary is represented above with
edge ordering: 7, 8, 6, 5. Moreover, the integral constraint is active. In Table 12
we compare the variants rSQP, pSSN-SQP and SSN-SQP. We observe that SSN
is the fastest variant and that rSQP is nearly as efficient as SSN. On the other
hand, pSSN-SQP needs five times more systems solves than SSN. ♦

Example 4.3 (Rail profile example). We set T = 600, α = 2.27·10−5, yd = 800 and
κ = 10−6. Consider the problem

min J(y, u) =
1
2

∫
Ω

|y(T )− yd|2 dx+
κ

2

∫ T

0

∫
Γ

|u|2 dsdt
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Figure 5. Example 4.2: distribution of the active set (black color) for
the unilateral bound u ≥ 0 in a boundary-time diagram of the control,
where the boundary is projected onto the x2-axis (bottom). The outer
boundary is revolved onto the larger block with edge ordering: 2, 4, 3,
1, the circular boundary is represented above with edge ordering: 7, 8,
6, 5, compare Figure 3.

subject to the non-linear equation

yt − α∆y = 0 in Q = (0, T )× Ω,
∂y

∂n
+ 7.09 · 10−11y3|y| = 0.522 + u on Σ = (0, T )× Γ,

y(0) = 300 in Ω

and to the inequality constraint

8 · 103 ≤ u(t, s) ≤ 3.2·104 for (t, s) ∈ Σ,∫ T

0

∫
Γ

u dsdt ≤ 6 · 106

Here, the spatial domain corresponds to a rail profile; see Figure 6. The material
parameters reflect the thermal properties of steel; see [13]. All units are given in
SI, e.g., space is given in [xi] = m, time in [t] = s, the state in [y] = K, the
control in [u] = W/m2, the cost parameter in [κ] = K2m4/W 2, and the integral
constraint in [

∫ T

0

∫
Γ
u dsdt] = J/m. The parameters are assumed to be independent

of temperature, which is a simplification in the temperature range of interest.
The ambient temperature is assumed to be 300K. The boundary nonlinearity is
weak due to the small value of the radiation coefficient 7.09·10−11. We apply the
variant rSQP and point out that – due to the smallness of the nonlinear term
– all variants have similar performance. Already the initial guess lies within the
attraction basin of fast local convergence. Hence, in this example only 4 rSQP
steps are needed for the first augmentation step to converge, and a q-quadratic
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Figure 6. Example 4.3 finite element mesh of the rail’s profile (left)
and discrete optimal temperature a time t = T (right).

naug nrSQP #nPDA ‖∇yL�
ξ(y, u, p)‖ ‖e(y, u)‖ J(y, u)

1 1 5 5.386e-04 4.365e-03 53.58
2 4 8.893e-07 5.499e-06 54.15
3 2 7.338e-12 1.268e-10 54.15
4 1 1.499e-12 3.590e-14 54.15

2 1 2 1.102e-09 7.246e-09 54.19
2 1 4.947e-12 3.377e-14 54.19

3 1 1 6.383e-11 2.843e-14 54.19

Table 13. Example 4.3: Iteration results with hmax = 0.004 and ∆t = 0.02.

hmax ∆t #Q #Σ #Aa(%) #Ab(%) nPDA(naug = 1) 2 3
0.004 0.020 3.16e04 8.10e03 9.037 6.037 5 4 2 1 2 1 1
0.004 0.010 6.32e04 1.62e04 8.907 5.932 6 4 2 1 2 1 1
0.004 0.005 1.26e05 3.24e04 8.821 5.975 6 4 2 1 2 1 1
0.002 0.020 1.07e05 1.48e04 9.662 5.101 5 4 2 1 3 1 1
0.002 0.010 2.13e05 2.96e04 9.500 5.068 5 4 2 1 3 1 1
0.002 0.005 4.26e05 5.92e04 9.449 5.081 6 4 2 1 3 1 1
0.001 0.020 4.13e05 2.91e04 9.973 5.034 6 4 3 1 3 1 1
0.001 0.010 8.27e05 5.82e04 9.773 4.973 6 4 3 1 3 1 1
0.001 0.005 1.65e06 1.16e05 9.680 4.974 6 4 2 1 3 1 1

Table 14. Example 4.3: Influence of the mesh fineness on the power of
the active sets, the cost functional and the overall number of cg-
iterations.
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rate of convergence is achieved from iteration one on. Also, we observe that the
amount of cg-iterations is significantly lower than the one in the previous examples.
The corresponding convergence behavior is shown in Table 13. In Table 14 the
degrees of freedom as well as the relative amount of active points are presented
for different discretizations. From the results in Table 14 we observe (strong) mesh
independence of rSQP already on the coarsest mesh considered. ♦
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2000. Basel: Birkhäuser. ISNM, Int. Ser. Numer. Math. 138, 139–153, 2001.

[16] M. Hintermüller. A primal-dual active set algorithm for bilaterally control con-
strained optimal control problems. Q. Appl. Math., 61(1):131–160, 2003.

[17] M. Hintermüller and M. Hinze. Globalization of SQP-methods in control of the
instationary Navier-Stokes equations. M2AN, Math. Model. Numer. Anal. 36(4):725–
746, 2002.

[18] M. Hintermüller, K. Ito, and K. Kunisch. The primal-dual active set strategy as a
semi-smooth Newton method. SIAM J. Optimization, 13:865–888, 2003.

[19] M. Hintermüller, and M. Ulbrich. A mesh-independence result for semismooth New-
ton methods. Math. Program., Ser. B, 101: 151–184, 2004.

[20] K. Ito and K. Kunisch. The primal-dual active set method for nonlinear optimal con-
trol problems with bilateral constraints. SIAM J. Control Optimization, 43(1):357–
376, 2004.
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Optimal and Model Predictive Control
of the Boussinesq Approximation

Michael Hinze and Ulrich Matthes

Abstract. We discuss optimal and model predictive control techniques ap-
plied to the Boussinesq approximation of the Navier-Stokes system. We focus
on mathematical modeling, discuss possible control scenarios, and provide
a concise description of the numerical implementation. Furthermore, several
numerical examples are provided.

Mathematics Subject Classification (2000). 35Q30,49J20,49K20.

Keywords. Boussinesq approximation, model-predictive control, optimal con-
trol,numerics.

1. Introduction

The Boussinesq approximation of the Navier-Stokes system is frequently used as
mathematical model for fluid flow in semiconductor melts. In many crystal growth
technics, such as Czochralski growth, and zone-melting technics the behavior of
the flow has considerable impact on the crystal quality. It is therefore quite natural
to establish flow conditions which guarantee desired crystal properties.

As a first step towards controlling the crystal-melt complex in Czochralski
growth we study in the present paper optimal and model predictive control tech-
nics for the Boussinesq approximation. As control actions we consider distributed
forcing, distributed heating, and boundary heating, as well as its combinations.

To the best of the authors knowledge up to now there are no contribution to
model predictive control for the Boussinesq approximation. However, in the past
decade considerable progress has been made in the field of flow control, see [5] for
a comprehensive overview and further literature in the field. In the literature also

The authors acknowledge financial support of the Collaborative Research Grant SFB 609 Elektro-
magnetische Strömungsbeeinflussung in Metallurgie, Kristallzüchtung und Elektrochemie, spon-
sored by the Deutsche Forschungsgemeinschaft.
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contributions to optimal control of the Boussinesq approximation can be found.
Here we mention the works [1] and [12].

The paper is organized as follows. In Section 2 the variational form of the
Boussinesq approximation is introduced and the time discretization scheme is pre-
sented. In Section 3 model predictive control is introduced, and in Section 4 nu-
merical results are given. In Section 5 we summarize the numerical results and
give some conclusions.

2. Mathematical model

2.1. Boussinesq approximation

The Boussinesq approximation of the Navier-Stokes system in the primitive setting
is given by

∂y
∂t − ν∆y +∇p = −(y∇)y − γ g τ + uF in Q,

−div y = 0 in Q,
y = 0 on Σ,

y(0) = y0 in Ω,
∂τ
∂t − a∆τ = −(y∇)τ + uQ in Q,

a∂ητ = α(u− τ) on Σ,
τ(0) = τ0 in Ω,

(1)

were y, p, τ denote the velocity, pressure and temperature field, respectively. Fur-
ther a denotes the thermal diffusivity, ν the kinematic viscosity, g ∈ R2 the accel-
eration of gravity, γ the coefficient of volume expansion, and α a positive number.
Here Ω ⊂ R2 denotes an open, bounded domain, with boundary Γ = ∂Ω which
is assumed to be sufficiently smooth. We set Q := (0, T )× Ω and Σ := (0, T )× Γ
with T denoting the time horizon.

The variables u, uF , uQ denote the control actions; u the boundary temper-
ature, uF distributed force, and uQ distributed heating.

To prepare for the variational formulation of (1) we further introduce the
solenoidal spaces

H =
{
v ∈ C∞

0 (Ω)2 : div v = 0
}−‖·‖

L2(Ω)2

and

V =
{
v ∈ C∞

0 (Ω)2 : div v = 0
}−‖·‖

H1(Ω)2 .

Also if X is a Banach space, Lp(0, T ;X) denotes the space of Lp-integrable
functions from (0, T ) into X , which itself is a Banach space.

2.1.1. Variational formulation. Following [1] and [15], the variational formulation
of (1) reads: Given f = (uF , uQ)T ∈ L2(0, T ;V ∗ × H1(Ω)∗), u ∈ L2(0, T ;L2(Γ))
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and Y0 ∈ H × L2(Ω), find Y ∈ L2(0, T ;V ×H1(Ω)) satisfying

d

dt
(Y, U) + a(Y, U) + b(y, Y, U) + (γgτ, v)L2(Ω)2 + (ατ, η)L2(Γ)

= (f, U)(V ×H1(Ω))∗(V ×H1(Ω)) + (αu, η)L2(Γ)

∀U ∈ V ×H1(Ω), and almost all t ∈ (0, T ), (2)

and

Y (0) = Y0 :=
(
y(0)
τ(0)

)
. (3)

Here we use the notation

Y :=
(
y
τ

)
, U :=

(
v
η

)
, W :=

(
w
κ

)
,

and forms a(·, ·) and b(·, ·, ·) are defined by

a(Y, U) := ν

∫
Ω

∇y∇u dx + a
∫

Ω

∇τ∇η dx ∀Y, U ∈ V,

b(U, Y,W ) :=
∫

Ω

(v∇)yw dx +
∫

Ω

(v∇)τκ dx ∀U, Y,W ∈ V ×H1(Ω),

and

(ατ, ·) := (S(ατ), S·)L2(Γ) ∈ V ∗ with S denoting the trace operator.

2.1.2. Existence and uniqueness. Analogously to [15, Chap. III] we can prove ex-
istence and uniqueness of solutions to (2)–(3).

Theorem 2.1. Let uF ∈ L2(0, T ;V ∗), uQ ∈ L2(0, T,H1(Ω)∗), u ∈ L2(0, T ;L2(Γ))
and y0 ∈ H, τ0 ∈ L2(Ω). Then there exists an unique solution Y of (2)–(3) which
satisfies Y ∈ L2(0, T ;V × H1(Ω)), Y ′ ∈ L2(0, T ;V ∗ × H1(Ω)∗). Moreover, Y ∈
C([0, T ] ;H × L2(Ω)) and

Y (t) → Y0, in H × L2(Ω), as t→ 0. (4)

For the convenience of the reader a proof of this theorem is provided in the
Appendix 6.

2.2. Time discretization

As time discretization scheme for (1) we use a semi-implicit Euler with time step
size dt. Semi-implicit here means that the convective parts are discretized explic-
itly.



152 M. Hinze and U. Matthes

Giving yi, τ i at time instance ti the resulting system for yi+1 and τ i+1 at
time instance ti+1 in the primitive setting reads:

yi+1 − yi
dt

− ν∆yi+1 +∇pi+1 = −(yi∇)yi − τ i+1γ g + ui+1
F in Ω, (5)

−div yi+1 = 0 in Ω, (6)

yi+1 = 0 on Γ, (7)
τ i+1 − τ i

dt
− a∆τ i+1 = −(yi∇)τ i + ui+1

Q in Ω, (8)

a∂ητ
i+1 = α(ui+1 − τ i+1) on Γ, (9)

where y0 := y0 and τ0 = τ0 with y0, τ0 from (1).
The treatment of the convection term in (8) allows to compute the tempera-

ture τ i+1 by solving (8),(9), and subsequently the velocity yi+1 and pi+1 by (5)–(7).
To anticipate the discussion, this coupling is also advantageous for the evaluation
of descent directions in the formulation of the instantaneous control method.

It is worth noting that for given yi, τ i, ui+1
F , ui+1

Q , ui+1 in V ×H1(Ω)× V ∗ ×
(H1)∗ ×L2(Γ) the system (5)–(9) admits a unique weak solution yi+1 ∈ V, τ i+1 ∈
H1(Ω), compare [3].

3. Model predictive control

For an integerM ≥ 1 given, model predictive control, frequently also called reced-
ing horizon control, applies repeatedly optimal control on a finite discrete time
horizon containing M time steps, and uses the optimal control action associ-
ated to the first time step to steer the system towards a prescribed desired state
(z, S) = (z(t, x), S(t, z)). In the present work the optimization problem associated
to time step i is given by:

min J(y, τ, u, uF , uQ) =
i+M∑

j=i+1

(
c0
2

∫
Ω

(yj − zj)2dx+
c1
2

∫
Ω

(τ j − Sj)2dx

+
c2
2

∫
Γ

uj2
dx+

c3
2

∫
Ω

uj
F

2
dx+

c4
2

∫
Ω

uj
Q

2
dx) (10)

for (y, τ, u, uF , uQ) ∈ VM ×H1(Ω)M × L2(Γ)M ×HM × (L2)M , subject to:

τ j+1− dt a∆τ j+1 = dtcQ u
j+1
Q + τ j− dt (yj∇)τ j in Ω

a∂ητ
j+1 = α(uj+1− τ j+1) on Γ

yj+1− dtν∆yj+1+∇(dtpj+1)=−dtγgτ j+1 + dtcFu
j+1
F + yj

−dt(yj∇)yj in Ω
−div yj+1=0 in Ω

yj+1 =0 on Γ

(11)

with j = i, . . . , i+M − 1. In particular in this setting we assume that controls are
at least square integrable functions.
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Since the transition constraints (11) for given uQ, uF , u admit an unique
solution, we may introduce the reduced functional

Ĵ(u, uF , uQ) := J(y(u, uF , uQ), τ(u, uf , uQ), u, uF , uQ).

Problem (10),(11) then is equivalent to

min Ĵ(u, uF , uQ), for (u, uF , uQ) ∈ L2(Γ)M ×HM × (L2)M . (12)

Since Ĵ is a quadratic functional and the constraints (11) are linear, problem (12)
admits a unique solution.

It is well known, that the gradient Ĵ ′(u, uF , uQ) can be expressed with the
help of the adjoint variables associated to (10),(11). Let us discuss the details for
the case M = 1 which also forms the starting point of our investigations of the
instantaneous control strategy. In the following, superscripts are dropped. The
adjoint equations associated to problem (11) for M = 1 are given by

py − dt ν∆py +∇pp = c0(y − z) in Ω,
py = 0 on Γ,

−div py = 0 in Ω,
pτ − dt a∆pτ = c1(τ − S) − dt γgpy in Ω,

a∂ηp
τ = −αpτ on Γ,

where py, pp denote the adjoint velocity field and pressure, respectively, and pτ the
adjoint temperature field. With the adjoint variables available, there holds(

Ĵ ′(u, uF , uQ), (v, vf , vQ)
)

= (c2u− dt a∂ηpτ, v)L2(Γ)2

+ (c3uF + dtpy, vF )H + (c4uQ + dtpτ, vQ)L2 (13)

In the instantaneous control approach the reduced optimization problem (12) is
solved approximately, by applying only one steepest descent step to obtain an
approximate solution [2, 7, 8, 9, 10, 11, 13, 16]. Instantaneous control therefore
may be regarded as an inexact variant of MPC for M = 1.

To compute the gradient Ĵ ′(u, uF , uQ) for given u, uF , uQ the coupled system
of equations (11) and (13) has to be solved for py, pp, pτ . This is accomplished
by using a preconditioned conjugate gradient method for the associated Schur-
complement as proposed in [4] and [6], say.

In system (1) different control actions are possible. To optimize all of them
simultaneously a suitable scaling of the gradient Ĵ ′(u, uF , uQ) in the steepest de-
scent method has to be introduced. This may be regarded as preconditioning and is
achieved by replacing Ĵ ′ by DĴ ′ with D denoting as suitable 3×3 diagonal matrix.
For more details see Section 4.3.2. The step size in the steepest descent method for
Ĵ is computed exactly for the instantaneous control (IC) method. This is possible
since Ĵ is quadratic in its arguments u, uF and uQ, compare [6]. The optimal step
size in direction d is computed via a steepest descent step with trial step size ρp and
calculating the minimum of the parabola defined by Ĵ(u∗), Ĵ ′(u∗) and Ĵ(u∗+ρpd),
where u∗ = (u, uF , uQ)T . For more details we also refer to Section 4.3.4.
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4. Numerical results

4.1. Introduction

We test IC and MPC for two numerical examples. The control goal in both exam-
ples consists in tracking of a desired velocity and a desired temperature field. In
Example 1 the desired (normalized) temperature is zero and the desired velocity
field is obtained from a forward simulations with pre-specified boundary tempera-
ture, see Section 4.3 for details. We investigate the performance of IC for all three
control actions. It turns out that IC performs very well. These control results can
be improved by applying MPC to larger time horizons, i.e., for M > 1. This is
illustrated for boundary control in Section 4.4.1.

In Example 2 the desired velocity field is zero, and a non-trivial temperature
field is desired. The control action here is given by boundary control alone. The
control aim is to find a good trade-off between reaching the two aims in the case
of boundary control. Difficulties are introduced into this control problem through
the different time scales of steering the temperature vs. steering the velocity field.
The IC fails, see Section 4.4.2, but the MPC is able to compute an acceptable
control.

4.2. Implementation and numerical examples

All numerical examples are computed on a 20×20 equidistant grid on Ω := (0, 1)2.
For the velocity-pressure discretization the related staggered grid is used. The
temperature is taken on the pressure nodes. The discretization of the Laplacian is
based on the 5-point star. The parameters in our computations can be found in
Table 1. The resulting Reynolds-number for Example 1 is Re = L ‖z‖

ν = 33.2 (with
L = 1 unit square), and for Example 2 it depends on the control. The Grashof-
number for Example 2 is Gr = γ|g|L3(δS)

ν3 = 2060 (were δS denotes the maximal
temperature difference in the desired temperature field S) and for Example 1 it
depends on the control.

All elliptic subproblems are solved with the SSOR method, which for the
numerical examples presented below converges within a few steps.

For the parameter α in the boundary condition we also choose α = ∞, i.e.,
Dirichlet conditions, to test the robustness of the algorithm.

The boundary conditions are y = 0 on Γ, and τ = 0 on Γ if no boundary
temperature control is used. The initial conditions are chosen as y0 ≡ 0 and τ0 ≡ 0.

The time horizon for the integrations of J is given by [0, T ], with T = 360.

4.3. IC and Example 1

In this example we present a detailed discussion of the instantaneous control
strategy (IC), which proves very powerful in various applications to flow con-
trol, see [2, 6] and the literature cited there. IC is an inexact variant of MPC for
M = 1. For the approximate solution of the optimality system in this case only
one steepest descent step is applied. The parameters used in our computations for
this case can be found in Table 1, left.
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Parameter Example 1 Example 2
c0 2 · 106 2 · 106

c1 2 20
c2 2 · 10−4 2 · 10−3

c3 2 · 10−2dt 2 · 10−3dt
c4 2 · 10−2dt 2 · 10−3dt
a 1.44 · 10−4 1.44 · 10−3

ν 2.5 · 10−4 1 · 10−3

γ 2.1 · 10−4 2.1 · 10−4

g (0,−9.81) (0,−9.81)

Table 1. Parameters for the examples 1 and 2.

The desired state z for Example 1 is depicted in Figure 1, left. It is the
stationary velocity field obtained after a time of t = 10000 by choosing the constant
boundary temperature of 1 on the right half of the lower boundary, and 0 otherwise.

As desired temperature S ≡ 0 is chosen but with only a small weight in the
cost functional, see Table 1. For tracking of an optimal trajectory (see 4.3.8) the
desired state is the solution of an optimal control problem. For further details and
results see [14].

4.3.1. Control actions. Three different control actions are investigated: distributed
force, distributed heat, boundary temperature, and also their combinations. In all
cases the steepest descent step for IC is initialized with zero control. The optimal
steepest descent step size is used and the time step is set to dt = 0.8. The results are
shown in the Figure 1, right, and figures 2, 3, 4. This figures show the temperature
and velocity field at T = 360. In all cases the IC performs very well and is able
to reach the desired state approximately. The evolution of cost functional J is
shown in Figure 5. We take up again the case of boundary temperature control in
Section 4.4.1.

4.3.2. Gradient scaling. Gradient scaling is preconditioning of the steepest descent
method. It needs to be applied if combinations of control actions are used. In
Figure 6 the values of the time integrated cost functional are presented for the
parameter range cF , cQ ∈ [10−7, 10−1] × [10−5, 10]. As expected, for this example
small values of cQ give the best reduction of the cost functional. Here we apply
diagonal scaling with the diagonal matrix

D =

⎛⎝ 1 0 0
0 cF 0
0 0 cQ

⎞⎠ .
In all numerical computations presented (except those of Figure 6) we set cF =
10−3, cQ = 0.3. For this choice of parameters IC also performs very well on the
other three examples investigated in [14]. However, we note no general rule for
choosing the parameters cF , cQ is known yet.
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Figure 1. Left: Desired state. Right: Flow controlled by boundary temperature.
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Figure 2. Left: Flow controlled by distributed heat. Right: Flow con-
trolled by distributed force.

4.3.3. Initial controls in steepest descent. As initial values for the steepest descent
method either the zero control or the control from the optimization at the previous
time slice are chosen. It is observed that choosing zero control as initialization the
performance of MPC/IC is very sensitive with regard to gradient scaling.

It is remarkable, that IC initialized with the control of the previous time slice
in the long run performs similar to MPC with M = 1, provided the controls vary
not too much between the time slices.
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Figure 3. Left: Flow controlled by boundary temperature and dis-
tributed heat. Right: Flow controlled by boundary temperature and
distributed force.
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Figure 4. Left: Flow controlled by distributed heat and distributed
force. Right: Flow controlled by all three controls.

Start with zero control is worse in cases where combinations of controls are
used. On the other hand using the control from the previous time slice sometimes
turns out to be less robust. This strongly depends on the dynamical behavior of
the underlying physical process, see [14] for details.

4.3.4. Steepest descent step size. Since the IC control problem (10),(11) is linear-
quadratic the optimal step size ρ∗ in the steepest descent algorithm can be cal-
culated exactly. In the calculations presented the value ρ∗ is taken as minimum
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Figure 5. Evolution of cost functional J for some differed control actions.
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Figure 6. Different scaling of controls, all controls.

of the scalar parabola h(ρ) defined by the function values Ĵ(u), Ĵ(u + ρpd) and
the derivative Ĵ ′(u)d, where d := −J ′(u) and ρp is an estimation of the steepest
descent step size taken from the optimization problem at the previous time slice.
Compared to taking constant steepest descent step sizes the numerical overhead is
caused by an additional function evaluation Ĵ(u+ ρpd), which amounts to solving
(11) with control u+ ρpd.

Using a constant steepest descent step size ρ results in a slightly faster al-
gorithm but requires knowledge about the magnitude of this step size. If the step
size is too large the method diverges. Too short steepest descent steps lead to
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Figure 7. Left: Distributed heat, integrated functional for different
constant steepest descent step sizes. Right: distributed heat, dt = 0.1.

ineffective controls, in particular when using zero initial control. In Figure 7, left,
the dependence of

∫
Jdt on ρ is shown. Short steepest descent steps are worse with

regard to reducing the functional J . On the other hand, if the steepest descent
step is too large, the steepest descent method diverges. Because a useful steepest
descent step size is not known a priori, we suggest to use the optimized steepest
descent step size instead of a fixed steepest descent step.

4.3.5. Time step. The quality of controls obtained by the IC method depends on
the length of the time step. Small time steps cause only weak control actions, so
that time steps as large as possible, obeying the CFL conditions, should be taken.
At greater time steps the control is more effective and so the IC predicts a greater
win from producing stronger forces and heatings.

So the time step for reasons of control effectivity and computing time should
be made as large as possible.

Now the performance of control at different time steps is investigated. For
distributed heating compare the flows together with the temperature field in Fig-
ure 7, right dt = 0.1, Figure 2, left dt = 0.8, and Figure 8 dt = 6.4 respectively.
As one can see flows and temperature distributions in all three cases look very
similar. For larger time steps the controls and states are oscillating between two
states, which are depicted in Figure 8. We note, that this is a purely numerical
behavior caused by the large time step chosen.

The dependence of
∫
Jdt of dt is shown in Figure 9, left. As one can see cost

reduction is most effective for dt ≈ 1.1.

4.3.6. Simulation of practical control. In order to check the liability of numerically
computed control procedures, the controls calculated on a 20×20 grid are applied
to a discrete problem on a 39×39 grid. To extend the control, linear interpolation
is used.
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Figure 8. Distributed heat, dt = 6.4, the state and control are oscil-
lating between these two states.
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Figure 9. Left: Distributed heat and boundary temperature for differ-
ent time steps dt. Right: distributed heat. The control from the coarser
grid also works well on the finer grid.

As Figure 9, right shows, instantaneous controls obtained on the coarse grid
perform pretty well also on the finer grid.

4.3.7. Comparison of IC and optimal open loop control. We now compare IC to
optimal open loop control (OC). To obtain a discrete in time optimal open loop
control on the time horizon [0, T ] the latter is divided into M time slices, and the
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Figure 10. Instantaneous control vs. optimal control.

cost functional

JOC(y, τ, u, uF , uQ) =
M∑
i=1

(
c0
2

∫
Ω

(yi − z)2dx+
c1
2

∫
Ω

(τ i − S)2dx (14)

+
c2
2

∫
Γ

(ui)2dx+
c3
2

∫
Ω

(uF
i)2dx+

c4
2

∫
Ω

(uQ
i)2dx

)

is minimized s. t. the constraints (5)–(9), i.e., we solve (10),(11) on [0, T ]. Numer-
ically this is performed by applying a limited memory BFGS method on the fully
discrete system. We note that the discrete optimization problem contains 3 · 105

unknowns. The evolution of the cost functional (at each time slice) is compared to
that obtained by IC in Figure 10. The control mechanism in this case is distributed
heating. Parameters taken are M = 100 and dt = 0.1 for OC. For IC dt = 0.8 is
chosen because shorter time horizons are worse, see Section 4.3.5 for the discussion
of this fact. The coefficients and desired states are that of Example 1, compare
Section 4.2.

4.3.8. Tracking of optimal control with IC. Once an optimal open loop trajectory
is known it may serve as dynamical desired state to be tracked by the MPC
strategy. In this context MPC, and in particular IC, serve as (nonlinear) closed
loop control mechanisms. In Figure 11 the results for IC and varying time step
sizes dt are shown, where the control mechanism is distributed heating. As can be
seen, IC is able to track the optimal open loop trajectory.

We note that for IC tracking the optimal trajectory and IC applied to original
desired state the cost functionals are different. In the case of IC tracking the
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optimal trajectory, the functional is

Jo(t) =
c0
2

∫
Ω

(y(t) − y(t)∗)2dt+ c1
2

∫
Ω

(τ(t) − τ(t)∗)2dt+ · · ·

where (y(t)∗, τ(t)∗) denotes the optimal state. The original cost functional is given
by

J(t) =
c0
2

∫
Ω

(y(t) − z)2dt+ c1
2

∫
Ω

(τ(t) − S)2dt+ · · · .

In Figure 11, top, the evolution of Jo for tracking the optimal control for
different time steps, is shown. The method works very well, especially for dt = 0.1
and dt = 0.2. In Figure 11, bottom a comparison of J for optimal control, IC for
tracking of the optimal state, and IC applied to tracking of the desired state of the
optimal control problem with dt = 0.8 is presented. Note that J is also calculated
for IC tracking the optimal trajectory (whose cost functional is in fact Jo). The
dashed line represents the evolution of J for IC applied to track the desired state
of the optimal control problem. The dash-dotted line shows the evolution of J
for tracking of the optimal trajectory y∗, τ∗ obtained from the optimal control
problem. The solid line shows the evolution of J for the optimal control. For
IC is dt = 0.8 in both cases. Note that, as shown in the Figure 11, bottom, IC
tracking the optimal trajectory would even perform better with shorter time steps
(in contrast to IC applied to the original problem). As one can see IC in this
example is well suited to track optimal trajectories (in the sense of a nonlinear
closed loop controller) and also provides suboptimal controls with cost of the same
magnitude as those of the optimal control procedure.

To investigate whether IC is able to stabilize a disturbed system random
disturbances β are added at each time instance;

udis
F = uF + βF , udis

Q = uQ + βQ

The functions βF , βQ are random numbers defined in the corresponding nodes
equally distributed over [−1, 1]. To get an impression of the size of the disturbances
we mention that their size is approximately 17 times that of the control action in
the undisturbed case after the initial decrease.

Figure 12 shows the same quantities as Figure 11, but for the disturbed case.
In the top figure J represents the cost functional of IC with z(t) = y∗(t), S(t) =
τ∗(t), where y∗, τ∗ denote the optimal state. In the bottom figure J represents
also the cost functional of IC but z and S are the same as for the optimal control.

As one can see, IC is able to track the perturbed optimal trajectory in the
sense of a closed-loop controller, whereas the unperturbed optimal control strategy
seems to fail.

4.4. Model predictive control with M > 1
4.4.1. MPC and Example 1. Now we try to improve the boundary temperature
control by using MPC. As in the case of IC, we only use one steepest descent step
to solve the corresponding optimization problems approximately. The results are
presented in Figure 13. To compare the performance of MPC to that of IC only
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Figure 11. Tracking of optimal control with IC: evolution of Jo for
tracking of optimal state (top), and comparison of J for optimal control,
IC for tracking of the optimal state, and IC applied to tracking of the
desired state of the optimal control problem with dt = 0.8 (bottom).

the values of the first addend in 10 are shown. Their values compare to those of the
cost functional used for IC. As a result MPC with M = 16, . . . , 64 and boundary
heating reduces the (instantaneous) cost functional slower but in the long run
as good as distributed heating with IC, see Figure 5 and Section 4.3. This is a
substantial improvement compared to the control with IC.

4.4.2. MPC and Example 2. IC is not always successful in steering system states
to desired states. However, as will be presented in the following, MPC on larger
time horizons in general achieves this goal instead. In the present example we
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Figure 12. Tracking of optimal control with IC including perturba-
tions; evolution of J for tracking of optimal state (top), and comparison
of optimal control and IC tracking the optimal state (bottom).

choose z ≡ 0, and the desired temperature distribution is given by

S :=
{

1 in [0.5, 1)× (0, 1)
0 in (0, 0.5)× (0, 1).

As control action boundary control is chosen. This means that the control problem
consists in establishing different temperatures in the left and the right part of the
domain, respectively, with velocity as small as possible. The parameters of the
computation are shown in Table 1, right. We investigate (10),(11) for varying M ,
i.e., we vary the length of the prediction horizon in MPC.

As Figure 14 shows, MPC withM ≥ 8 has to be applied in order to reduce the
value of the cost functional. Smaller prediction horizons do not yield a reduction
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Figure 14. Performance of MPC in Example 2.

which is mainly caused by the fact that the velocity only has a negligible influence
on the gradient of the cost functional for small time horizons. We also note that
in this case the increase of |y − z| is superior over the decrease of |τ − S|.
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5. Discussion and conclusions

Several control approaches to the Boussinesq approximation of the Navier-Stokes
system are presented. Against the background of real-time control the instanta-
neous control method (IC) and model predictive control (MPC) mechanisms are
studied in detail. As control actions, volume forces, distributed and boundary
heating are considered.

IC performs very well in most of the investigated scenarios. Concerning the
use of the control actions we may propose the following recipes;

• If tracking of a velocity is the control goal, either volume forces, or distributed
heating, or a combination of both should be applied. Compared to their
performance boundary temperature is less effective.

• If tracking of temperature distributions is the control goal, distributed heating
combined with boundary heating should be applied. The influence of volume
forces in this case is negligible.

• If a combination of control actions is chosen, the gradient of the cost func-
tional has to be appropriately preconditioned in order to obtain a successful
control method.

As is pointed out in Section 4.4.2, especially for tracking of temperature distribu-
tions, MPC on sufficiently large time horizons has to be applied.

IC also presents a powerful tool in the context of nonlinear closed-loop con-
trol. If an open-loop optimal control strategy for a process is given (i.e., computed
a priori), IC may be used as a fast closed loop control mechanism which is ca-
pable of tracking the optimal open-loop control strategy, even in the presence of
perturbations.

It is astonishing how well IC, and MPC perform in the sense of suboptimal
control strategies for optimal control problems, as figures 10–12 indicate. These
technics therefore also offer promising control tools for more realistic and complex
configurations as they are dealt with in crystal growth, say.

6. Appendix

Proof of existence and uniqueness

Subsequently we use the notation U = (v, η), Y = (y, τ),W = (w, κ), and c denotes
a positive generic constant. Similar to [15, Lemma 3.4]. we have

Lemma 6.1. There holds

|b(U, Y,W )| ≤ c |v|L2 ‖Y ‖V ×H1(Ω) ‖W‖V ×H1(Ω) ∀ v ∈ V, Y,W ∈ V ×H1(Ω).

If U belongs to L2(0, T ;V ×H1(Ω)) ∩L∞(0, T ;H ×L2(Ω)) then b(U,U, ·) belongs
to L2(0, T ;V ∗ × (H1(Ω))∗) and

|b(U,U, ·)|L2(0,T ;V ∗×(H1(Ω))∗) ≤ c |U |L∞(0,T ;H×L2(Ω)) |U |L2(0,T ;V ×H1(Ω)) .
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Proof of Lemma 6.1. By definition

b(U, Y,W ) =
∫

Ω

(v∇)yw dx+
∫

Ω

(v∇)τκ dx.

With Hölders inequality and interpolation inequality, see [15, Lemma 3.3], we get

b(U, Y,W ) ≤ c |v|L4 |∇y|L2 |w|L4 + c |v|L4 |τ |H1 |κ|L4

≤ c |v|
1
2
L2 |∇v|

1
2
L2 |w|

1
2
L2 |∇w|

1
2
L2 |∇y|L2 + c |v|

1
2
L2 |∇v|

1
2
L2 |κ|

1
2
L2 |κ|

1
2
H1 |τ |H1 .

If U, Y,W ∈ V ×H1(Ω), the relation b(U, Y,W ) = −b(U,W, Y ) gives

b(U, Y,W ) ≤ c |v|
1
2
L2 |∇v|

1
2
L2 |y|

1
2
L2 |∇y|

1
2
L2 |∇w|L2 + c |v|

1
2
L2 |∇v|

1
2
L2 |τ |

1
2
L2 |τ |

1
2
H1 |κ|H1 .

This implies

|b(U,U, Y )| ≤ c |U |L2 |U |V ×H1 |Y |V ×H1 .

If now U ∈ L2(0, T ;V × H1(Ω)) ∩ L∞(0, T ;H × L2(Ω)), then b(U(t), U(t), ·) ∈
(V ∗ ×H1(Ω)∗) for almost every t and the estimate

|b(U(t), U(t), ·)|V ∗×(H1(Ω))∗ ≤ c |U(t)|L2 |U(t)|V ×H1

implies that b(U,U, ·) belongs to L2(0, T ;V ∗ ×H1(Ω)∗). �

Proof of Theorem 2.1. We begin with proving existence.

i) We apply the Galerkin procedure. Since V ×H1(Ω) is separable and V ×C∞(Ω)
is dense in V × H1(Ω), there exists a sequence w1, . . . , wm, . . . of elements of
V × C∞(Ω), which is free and total in V ×H1(Ω). For each m ∈ N we make the
ansatz

Ym =
m∑

i=1

gim(t)wi.

for an approximate solution Ym of (2). Inserting Ym into (2) and using wj as test
functions we obtain

(Y ′
m(t), wj) + a(Ym(t), wj) + b(ym(t), Ym(t), wj)

+ (γgτm(t), wj12)L2(Ω)2 + (ατm(t), wj3)L2(Γ)

= 〈f(t), wj〉 + (αu(t), wj3)L2(Γ), t ∈ [0, T ], j = 1, . . . ,m,
(15)

Ym(0) = Y0m, (16)
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where Y0m is the orthogonal projection in H×L2(Ω) of Y0 onto the space spanned
by w1, . . . , wm. Equations (15), (16) form a nonlinear system of differential equa-
tions for the functions g1m, . . . , gmm:

m∑
i=1

(wi, wj)g′im(t) +
m∑

i=1

a(wi, wj)gim(t) +
m∑

i,l=1

b(wi12, wl, wj)gim(t)glm(t)

+
m∑

i=1

(γgwi3, wj12)L2(Ω)2gim(t) +
m∑

i=1

(αwi3, wj3)L2(Γ)gim(t)

= 〈f(t), wj〉 + (αu(t), wj3)L2(Γ).

Since the mass matrix (wi, wj)m
i,j=1 is nonsingular this system can be rewritten in

the form

g′im(t) +
m∑

i=1

αijgjm(t) +
m∑

i,k=1

αijkgjm(t)gkm(t)

=
m∑

i=1

βij 〈f(t), wj〉 +
m∑

i=1

β̃ij(au(t), wj3)L2(Γ),

(17)

gim(0) = (Y0m)i, (18)

with appropriate coefficients αij , αijk, βij , β̃ij .
System (17), (18) admits a maximal solution defined on some interval [0, tm].

If tm < T , then |Ym(T )| must tend to +∞ as t → tm; the a priori estimates we
shall prove in ii) show that this can not happen and therefore tm = T .

ii) A priori estimates.
We multiply (15) by gjm(t) and add the equations for j = 1, . . . ,m. This

gives

(Y ′
m(t), Ym(t)) + a(Ym(t), Ym(t)) + b(ym(t), Ym(t), Ym(t))

+ (γgτm(t), ym(t))L2(Ω)2 + (ατm(t), τm(t))L2(Γ)

= 〈f(t), Ym(t)〉 + (αu(t), τm(t))L2(Γ),

With [12, Lemma 2.1] and the fact that div ym(t) = 0 we get

b(ym(t), Ym(t), Ym(t)) = 0,

and

(γgτm(t), ym(t))L2(Ω)2 ≥ −c1 |Ym(t)|2H×L2(Ω) .

We conclude now

d

dt
|Ym|2 + 2a(Ym(t), Ym(t)) + 2(ατm(t), τm(t))L2(Γ)

≤ 2c1 |Ym(t)|2L2(Ω) + 2 〈f(t), Ym(t)〉 + 2 〈αu, τm(t)〉L2(Γ) ,
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which implies
d

dt
|Ym|2 + 2ν ‖ym(t)‖2 + 2a ‖τm(t)‖2 + 2(ατm(t), τm(t))L2(Γ)

≤ 2c1 |Ym(t)|2L2(Ω) + 2 〈uF , ym(t)〉 + 2 〈uQ, τm(t)〉 + 2 〈αu, τm(t)〉L2(Γ) .

Using
0 ≤ (ca− c−1b)2 = c2a2 + c−2b2 − 2ab ∀a, b, c ∈ R, c �= 0

we get the estimates

2 〈uF , ym(t)〉 ≤ 2 ‖uF (t)‖V ∗ ‖ym(t)‖V

≤ ν ‖ym(t)‖2
V +

1
ν
‖uF (t)‖2

V ∗ , (19)

2 〈uQ, τm(t)〉 ≤ 2 ‖uQ(t)‖(H1)∗ ‖τm(t)‖H1

≤ a ‖τm(t)‖2
H1 +

1
a
‖uQ(t)‖2

(H1)∗ , (20)

2 〈αu(t), τm(t)〉L2(Γ) ≤ 2 ‖αu(t)‖ ‖τm(t)‖

≤ α ‖τm(t)‖2
L2(Γ) +

1
α
‖αu(t)‖2

L2(Γ) , (21)

and thus,
d

dt
|Ym(t)|2 + ν ‖ym(t)‖2 + a ‖τm(t)‖2 + α |τm(t)|2L2(Γ)

≤ 2c1 |Ym(t)|2L2(Ω) +
1
ν
‖uF (t)‖2

V ∗ +
1
a
‖uQ(t)‖2

(H1)∗ + ‖u(t)‖2
L2(Γ) ,

as well as
d

dt
|Ym(t)|2 ≤ 2c1 |Ym(t)|2L2(Ω)+

1
ν
‖uF (t)‖2

V ∗ +
1
a
‖uQ(t)‖2

(H1)∗ +‖u(t)‖2
L2(Γ) . (22)

Integrating (22) from 0 to s we obtain

|Ym(s)|2 ≤ |Ym(0)|2 + 2c1
∫ s

0

|Ym(t)|2L2(Ω) dt

+
1
ν

∫ s

0

‖uF (t)‖2
V ∗ dt+

1
a

∫ s

0

‖uQ(t)‖2
(H1)∗ dt+

∫ s

0

‖u(t)‖2
dt.

Gronwall’s Lemma then yields:

|Ym(s)|2 ≤ (|Ym(0)|2 +
1
ν

∫ s

0

‖uF (t)‖2
V ∗ dt

+
1
a

∫ s

0

‖uQ(t)‖2
(H1)∗ dt+

∫ s

0

‖u(t)‖2
dt)e2c1s,

|Ym(s)|2 ≤ (|Ym(0)|2 +
1
ν

∫ T

0

‖uF (t)‖2
V ∗ dt+

1
a

∫ T

0

‖uQ(t)‖2
(H1)∗ dt

+
∫ T

0

‖u(t)‖2
dt)e2c1T ∀s ∈ [0, T ].
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Hence,

sup
s∈[0,T ]

|Ym(s)|2 ≤ (|Ym(0)|2 +
1
ν

∫ T

0

‖uF (t)‖2
V ∗ dt

+
1
a

∫ T

0

‖uQ(t)‖2
(H1)∗ dt+

∫ T

0

‖u(t)‖2
dt)e2c1T ,

which implies that the sequence {Ym}m remains in a bounded set of L∞(0, T ;H×
L2(Ω)). Since c2 ‖τ‖H1(Ω) ≤ ‖τ‖H1

0 (Ω) + ‖τ‖L2(Γ) for some c2 > 0 we get

c3 ‖Ym(t)‖H1(Ω) ≤ ν ‖ym(t)‖2
V + a ‖τm(t)‖2

H1
0 (Ω) + α ‖τm(t)‖2

L2(Γ) .

From (22) we now deduce

d

dt
|Ym(t)|2 + c3 ‖Ym(t)‖H1(Ω)

≤ 2c1 |Ym(t)|2L2(Ω) +
1
ν
‖uF (t)‖2

V ∗ +
1
a
‖uQ(t)‖2

(H1)∗ + ‖u(t)‖2
. (23)

Now we integrate (23) from 0 to T and apply Gronwall’s Lemma once more to
obtain the estimate

|Ym(T )|2 + c3
∫ T

0

‖Ym(t)‖H1(Ω) dt ≤ (|Ym(0)|2 +
1
ν

∫ T

0

‖uF (t)‖2
V ∗ dt

+
1
a

∫ T

0

‖uQ(t)‖2
(H1)∗ dt+

∫ T

0

‖u(t)‖2 dt) exp(2c1T ).

This implies that the sequence {Ym}m remains in a bounded set of L2(0, T ;V ×
H1(Ω)).

It is now straightforward to conclude that a subsequence Ym′ exists such that
Ym′ → Y in L2(0, T, V ×H1(Ω)) weakly, and in L∞(0, T,H × L2(Ω)) weak-star.

iii) Now we will show that Ym′ → Y in L2(0, T,H × L2(Ω)) strongly.
For this purpose we firstly show that

{
d
dtYm

}
⊂ L4/3(V ∗ × (H1(Ω))∗),

see Constantin and [3]. First let us consider (15). Since {Ym}m is bounded in
L2(0, T ;V ×H1(Ω)) it follows that a(Ym, ·) is bounded in L2(0, T ;V ∗×(H1(Ω))∗).
This also holds for the forms (γgτm, ·)L2(Ω)2 + (aτm, ·)L2(Γ). Note that Ym =
(ym, τm)T ). By assumption f is bounded in L2(0, T ;V ∗ × (H1(Ω))∗).

It remains to investigate the term b(ym, Ym, ·).
Using

‖v‖L4(Ω) ≤ ‖∇v‖L2(Ω) ≤ ‖v‖V ×H1(Ω) ,

‖ym‖L4(Ω) ≤ c ‖ym‖
1
2
L2(Ω) ‖∇ym‖

1
2
L2(Ω) ,

‖τm‖L4(Ω) ≤ c ‖τm‖
1
2
L2(Ω) ‖τm‖

1
2
H1(Ω) ,
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and the Hölder-inequality we get∫
Ω

(ym∇)Ymvdx =
∫

Ω

(ym∇)ymvydx+
∫

Ω

(ym∇)τmvτdx

≤ c1 ‖ym‖L4(Ω) ‖∇ym‖L2(Ω) ‖vy‖L4(Ω) + c2 ‖ym‖L4(Ω) ‖τm‖H1(Ω) ‖vτ‖L4(Ω)

≤ c3 ‖ym‖
1
2
L2(Ω) ‖∇ym‖

1
2
L2(Ω) (‖∇ym‖L2(Ω) ‖vy‖V + ‖τm‖H1(Ω) ‖vτ‖H1(Ω))

≤ c3 ‖ym‖
1
2
L2(Ω) ‖∇ym‖

1
2
L2(Ω) (‖∇ym‖L2(Ω) + ‖τm‖H1(Ω)) ‖v‖V ×H1(Ω) ,

so that ∫ T

0

‖b(ym, Ym, ·)‖
4
3
V ∗×(H1(Ω)∗) dt

≤ c4
∫ T

0

‖ym‖
2
3
L2(Ω) (‖∇ym‖

3
2
L2(Ω) + ‖∇ym‖

1
2
L2(Ω) ‖τm‖H1(Ω))

4
3 dt

≤ 2c4
∫ T

0

‖ym‖
2
3
L2(Ω) max(‖∇ym‖2

L2(Ω) , ‖∇ym‖
2
3
L2(Ω) ‖τm‖

4
3
H1(Ω))dt.

Since ‖Ym(t)‖L2(Ω) is bounded uniformly, the right argument of the max-function
can be estimated as∫ T

0

‖∇ym‖
2
3
L2(Ω) ‖τm‖

4
3
H1(Ω) dt ≤

(∫ T

0

‖∇ym‖2
L2(Ω) dt

) 1
3
(∫ T

0

‖τm‖2
H1(Ω) dt

) 2
3

,

and since ‖∇ym(t)‖2
L2(Ω) and ‖Tm(t)‖2

H1(Ω)are uniformly integrable with respect to
m, we have

{
d
dtYm

}
⊂ L4/3(V ∗ × (H1(Ω))∗). Together with {Ym} ⊂ L2(0, T ;V ×

H1(Ω)) from ii) it follows that {Ym} ⊂W 2
4/3(0, T ;V ×H1(Ω)) is bounded.

By the Aubin-Dubinskii-Lemma, see [3], W 2
4/3(0, T ;V × H1(Ω)) compactly

embeds into L2(0, T ;H × L2(Ω)). Therefore Ym′ → Y in L2(0, T,H × L2(Ω))
strongly for a subsequence.

iv) This convergence results enable us to pass to the limit in (15)–(16). Let ψ be
a continuously differentiable function on [0, T ] with ψ(T ) = 0. We multiply (15)
by ψ(t), and integrate by parts. This leads to

−
∫ T

0

(Ym(t), ψ′(t)wj)dt+
∫ T

0

a(Ym(t), wjψ(t))dt+
∫ T

0

b(ym(t), Ym(t), wjψ(t))dt

+
∫ T

0

(γgτm(t), wj12ψ(t))L2(Ω)2dt+
∫ T

0

(ατm(t), wj3ψ(t))L2(Γ)dt (24)

=
∫ T

0

〈f(t), wjψ(t)〉 dt+
∫ T

0

(αu(t), wj3ψ(t))L2(Γ)dt+ (Y0m, wj)ψ(0).

Passing to the limit with the sequence m′ is easy for the linear terms; for the
nonlinear term we apply [15, Lemma 3.2 ] and obtain for every vector function w
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with components in C1((0, T )× Ω)∫ T

0

b(yµ(t), Yµ(t), w(t))dt →
∫ T

0

b(y(t), Y (t), w(t))dt (µ→∞).

In the limit we find that the equation

−
∫ T

0

(Y (t), ψ′(t)U)dt+
∫ T

0

a(Y (t), Uψ(t))dt +
∫ T

0

b(y(t), Y (t), Uψ(t))dt

+
∫ T

0

(γgτ(t), vψ(t))L2(Ω)2dt+
∫ T

0

(ατ(t), wψ(t))L2(Γ)dt (25)

=
∫ T

0

〈f(t), Uψ(t)〉 dt+
∫ T

0

(αu(t), wψ(t))L2(Γ)dt+ (Y0, U)ψ(0),

holds for U = (v, w)T in the set {w1, w2, . . .}; by linearity this equation holds for U
equal to any finite linear combination of the wj , and by a continuity argument (25)
is still valid for any U ∈ V ×H1(Ω). Thus, Y satisfies (2) in the distributional sense.

Finally, it remains to prove that Y satisfies the initial condition (3). To show
this we multiply (2) by ψ, and integrate. Integrating the first term by parts, gives

−
∫ T

0

(Y (t), ψ′(t)U)dt+
∫ T

0

a(Y (t), Uψ(t))dt +
∫ T

0

b(y(t), Y (t), Uψ(t))dt

+
∫ T

0

(γgτ(t), vψ(t))L2(Ω)2dt+
∫ T

0

(ατ(t), wψ(t))L2(Γ)dt (26)

=
∫ T

0

〈f(t), Uψ(t)〉 dt+
∫ T

0

(αu(t), wψ(t))L2(Γ)dt+ (Y (0), U)ψ(0).

By comparison with (25),

(Y (0)− Y0, U)ψ(0) = 0.

Now we choose ψ with ψ(0) = 1; thus

(Y (0) − Y0, U) = 0. ∀U ∈ V ×H1(Ω),

and (3) follows.

Uniqueness:
i) We first note that b(U,U, ·) belongs to L2(0, T ;V ∗ ×H1(Ω)∗), see Lemma 6.1,
which implies that Y ′ also belongs to L2(0, T ;V ∗ ×H1(Ω)∗).

This enables us to apply [15, Lemma 1.2 in Ch. III], which claims that Y is
almost everywhere equal to a continuous function. Thus

Y ∈ C([0, T ];H × L2(Ω)),

and (4) follows immediately. The same lemma asserts that for any function Y in
L2(0, T ;V ×H1(Ω)) which satisfies Y ′ ∈ L2(0, T ;V ∗ × (H1(Ω))∗), the equation

d

dt
|Y (t)|2 = 2 〈Y ′(t), Y (t)〉 (27)

is valid, which will be used below.
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ii) Proof of uniqueness. Let us assume that Y1 and Y2 are two solutions of (2)–(3),
and let Y = Y1 − Y2. As shown before Y1, Y2, and thus Y are in L2(0, T ;V ∗ ×
(H1(Ω))∗). The difference Y = Y1 − Y2 satisfies

d

dt
(Y, U) + a(Y, U) + (γgτ, v)L2(Ω)2 + (ατ, η)L2(Γ) = b(y2, Y2, U) − b(y1, Y1, U)

∀U ∈ V ×H1(Ω), and almost all t ∈ (0, T ), (28)

Y (0) = 0. (29)

Taking U = Y (t) and using (27), we get

d

dt
|Y (t)|2 + 2ν ‖y(t)‖2 + 2a ‖τ(t)‖2 + 2α |τ(t)|2L2(Γ) + 2 〈γgτ(t), y(t)〉

= 2b(y2(t), Y2(t), Y (t)) − 2b(y1(t), Y1(t), Y (t)).

Since b(v,W,W ) = 0 ∀v ∈ V,W ∈ H1
0 (Ω)2 ×H1(Ω), the right-hand side is equal

to
−2b(y(t), Y2(t), Y (t)).

From Lemma 6.1 we deduce

|−2b(y(t), Y2(t), Y (t))|

≤ c |y|
1
2
L2 |∇y|

1
2
L2 |y|

1
2
L2 |∇y|

1
2
L2 |∇y2|L2 + c |y|

1
2
L2 |∇y|

1
2
L2 |τ |

1
2
L2 |τ |

1
2
H1 |τ2|H1

≤ c |y|L2 |∇y2|L2 |Y |V ×H1(Ω) + c |y|L2 |τ2|H1 |Y |V ×H1(Ω)

≤ c |Y |L2 |Y2|V ×H1(Ω) |Y |V ×H1(Ω) .

Using Young’s inequality we estimate further

c|Y |L2 |Y2|V ×H1(Ω) |Y |V ×H1(Ω)≤2min(ν,a)|Y |2V ×H1(Ω) +
1
ε
(c|Y |L2 |Y2|V ×H1(Ω))

2.

The term
|2 〈γgτ(t), y(t)〉| ≤ 2γ |g| |Y |2L2(Ω)

is also majorized. We can conclude

d

dt
|Y (t)|2 ≤ (

c2

ε
|Y2|2V ×H1(Ω) + 2γ |g|) |Y (t)|2L2(Ω) ∀t ∈ [0, T ],

so that
d

dt
|Y (t)|2 ≤ c(ν, a, γg, Y2(t), t) |Y (t)|2L2(Ω) ∀t ∈ [0, T ].

Integrating from 0 to s and using (29) gives

|Y (s)|2 ≤
∫ s

0

c(ν, a, γg, Y2(t), t) |Y (t)|2 dt

Finally Gronwall’s-Lemma implies |Y (s)|2 ≤ 0 ∀s ∈ [0, T ], which gives

Y1 = Y2,

so that the solution of (1) is unique. �
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Applications of Semi-smooth Newton Methods
to Variational Inequalities

Kazufumi Ito and Karl Kunisch

Abstract. This paper discusses semi-smooth Newton methods for solving non-
linear non-smooth equations in Banach spaces. Such investigations are mo-
tivated by complementarity problems, variational inequalities and optimal
control problems with control or state constraints, for example. The func-
tion F (x) for which we desire to find a root is typically Lipschitz continuous
but not C1 regular. The primal-dual active set strategy for the optimiza-
tion with the inequality constraints is formulated as a semi-smooth Newton
method. Sufficient conditions for global convergence assuming diagonal dom-
inance are established. Globalization strategies are also discussed assuming
that the merit function |F (x)|2 has appropriate descent directions.

1. Introduction

Examples which motivate our study include nonlinear variational inequalities of
the form: find x ∈ C such that

(f(x), y − x) ≥ 0 for all y ∈ C, (1.1)

where C is a closed convex set in a Hilbert space X and f : X → X is C1. It can
equivalently be written as

F (x) = x− ProjC(x− f(x)) = 0, (1.2)

where ProjC is the projection of X onto C. In particular, let Ω be a bounded
domain in RN and if C is a hypercube {x|φ ≤ x ≤ ψ} in X = L2(Ω), with φ ≤ ψ
and the inequalities are defined pointwise, then (1.1) can be expressed as

F (x) = µ−max(0, µ+ x− ψ) −min(0, µ+ x− φ), µ = −f(x) (1.3)

The first author is partially supported by the Army Research Office under DAAD19-02-1-039.
and the second author is supported in part by the Fonds zur Förderung der wissenschaftlichen
Forschung under SFB 03 “Optimierung und Kontrolle”.
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where µ ∈ X is the Lagrange multiplier. For example, consider a boundary control
problem for the heat equation on a bounded open domain D in R3;

min
u∈X

1
2

∫ T

0

∫
Ω

|y − ȳ|2 dx dt+ α
2
|u|2X (1.4)

subject to
∂

∂t
y = ∆y, y(0, ·) = y0 in D

∂

∂ν
y + y3 = u on (0, T )× ∂D

(1.5)

with X = L2((0, T )× ∂D), ȳ and y0 ∈ L2(Ω). Then f : X → X is defined by

f(u) = αu+ p|∂D

where p satisfies the adjoint equation
∂

∂t
p+ ∆p+ y − ȳ = 0, p(T, ·) = 0 in D

∂p

∂ν
+ 3y2 p = 0 on ∂D.

Note that F is a locally Lipschitz continuous functions but is not C1, even if f
is C1.

If F is locally Lipschitz continuous on Rm, then according to Rademacher’s
theorem, F is differentiable almost everywhere. Let DF denote the set of points
at which F is differentiable and let ∂BF (x) be defined by

∂BF (x) =
{
J = lim

xi→x, xi∈DF

F ′(xi)
}
. (1.6)

We denote by ∂F (x) the generalized derivative in the sense of Clarke, i.e.,

∂F (x) = the convex hull of ∂BF (x). (1.7)

A generalized Newton iteration for solving the nonlinear equation F (x) = 0 is
defined by

xk+1 = xk − V −1
k F (xk), where Vk ∈ ∂BF (xk). (1.8)

In the finite-dimensional case a generalized Jacobian Vk ∈ ∂BF (xk). Local conver-
gence of {xk} to x∗, a solution of F (x) = 0, is based on the following concepts;

|F (x∗ + h)− F (x∗) − V h| = o(|h|), (1.9)

where V = V (x∗ + h) ∈ ∂BF (x∗ + h), for x∗ + h in a neighborhood of x∗. Thus,
letting h = xk − x∗ and V k = V (xk) we have

|xk+1 − x∗| = |V −1
k (F (xk) − F (x∗) − Vk(xk − x∗))| = o(|xk − x∗|).

In the finite-dimensional case under appropriate assumptions (1.9) is equivalent to
semi-smoothness of F at x∗ [18, 17]. The notion of the semi-smooth was introduced
originally by Miffin for functionals [15]. Convex functions, smooth functions and
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subsmooth functions are examples of semi-smooth functions in Rm. Rademacher’s
theorem does not hold in Banach spaces. The discussion on the generalized New-
ton’s method suggests the following definition [6] in Banach spaces X, Z (we refer
to [2, 14, 19] for similar concepts and discussions):

Definition 1.1.
(a) Let D ⊂ X be an open set. F : D ⊂ X → Z is called Newton differentiable at
x, if there exists an open neighborhood N(x) ⊂ D and mappings G : N(x) →
L(X,Z) such that

lim
|h|→0

|F (x+ h) − F (x) −G(x + h)h|Z
|h|X

= 0. (1.10)

The family {G(x) : x ∈ N(x)} is called a N -derivative of F at x.
(b) F is called semi-smooth at x, if it is Newton differentiable at x and

lim
t→0+

G(x + t h)h exists uniformly in |h| = 1. (1.11)

Now, we have a generalized Newton method in the Banach space X

xk+1 = xk − V −1
k F (xk), where Vk = G(xk) (1.12)

assuming G is a Newton derivative of F .
The outline of the paper is as follows. In Section 2 we discuss semi-smooth

functions in infinite-dimensional spaces and convergence of the generalized Newton
method (1.12). In Section 3 we formulate the primal-dual active set method for
(1.3) as a semi-smooth Newton method and verify global convergence under diag-
onal dominant conditions. In Section 4 we discuss variational inequality problems
in Hilbert spaces and the application of the semi-smooth Newton method for as-
sociated regularized problems. Globalization of the semi-smooth Newton method
is addressed in Section 5.

2. Semi-smooth functions and local superlinear convergence

Let D ⊂ X be an open set.
F is directionally differentiable at x ∈ D, if

lim
t→0+

F (x+ t h)− F (x)
t

=: F ′(x;h)

exists for all h ∈ X .
F is B (Bouligand)-differentiable at x ∈ D, if F is directionally differentiable at x
and

lim
|h|→0

F (x + h)− F (x) − F ′(x;h)
|h|X

= 0.

Lemma 2.1. Suppose that F : D ⊂ X → Z is Newton differentiable at x ∈ D with
N-derivative G.
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(1) F is directionally differentiable at x if and only if

lim
t→0+

G(x+ t h)h exists for all h ∈ X. (2.1)

In this case F ′(x;h) = limt→0+ G(x+ th)h for all h ∈ X.
(2) F is B-differentiable at x if and only if

lim
t→0+

G(x + t h)h exists uniformly in |h| = 1. (2.2)

Proof. (1) If (2.1) holds for h ∈ X with |h| = 1, then

lim
t→0+

F (x+ th)− F (x)
t

= lim
t→0+

G(x+ th)h.

Since h ∈ X with |h| = 1 was arbitrary this implies that F is directionally differ-
entiable at x and

F ′(x;h) = lim
t→0+

G(x+ th)h.

Similarly, the converse holds.
(2) If F is directionally differentiable at x, then

lim
|h|→0

F (x+ h)− F (x) − F ′(x;h)
|h|X

= 0 if and only if

lim
t→0+

F (x+ tv) − F (x)
t

− F ′(x; v) = 0 and the limit is uniform in |v|X = 1.

If F is B-differentiable at x then it is differentiable and from (1) we have

lim
t→0

F (x+ tv) − F (x)
t

= lim
t→0
G(x+ tv)v.

The Bouligand property and the equivalence stated above imply that the
limt→0G(x + tv)v exists uniformly in |v| = 1. The converse easily follows as
well. �

Corollary 2.1. If F is semi-smooth at x, then F is B-differentiable at x and

G(x + t h)h→ F ′(x;h) uniformly in |h| = 1

for arbitrary family G of N -derivative.

Example 2.1. Let ψ is a Lipschitz, semi-smooth function at every x ∈ R and define
the substitution function F : Lq(Ω) → Lp(Ω) by

F (s) = ψ(x(s)) a.e. s ∈ Ω

where Ω is a bounded open domain in Rd. Let

G(x(s) + h(s)) = V (x(s) + h(s))

where t ∈ R → V (t) is a measurable selection such that V (t) ∈ ∂ψ. In fact, since
ψ is semi-smooth,

|ψ(x + v) − ψ(x) − V (x+ v)| = ε(x, |v|)|v|, x, v ∈ R
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with ε(x, t) → 0 as t→ 0+. For δ > 0 let

Ωδ(h) = {s ∈ ω : |h(s)| ≥ δ}
Then

|h|q ≥ δ |Ωδ|
1
q , thus lim

|h|q→0
|Ωδ| = 0 for every δ > 0.

Since ψ is Lipschitz there exists L such that ε(|h|) ≤ 2L. Now,

|F (x+ h)− F (x) −G(x+ h)h|p ≤ |ε(|h|)|r |h|q
with r = qp

q−p , where

|ε(|h|)|r ≤ 2L |Ωδ|
1
r +
∫

Ω

|ε(x(s), δ)| ds

By the Lebesgue bounded convergence theorem, the second term of the right-hand
side converges to 0 and therefore

lim
|h|q→0

|F (x+ h)− F (x) −G(x+ h)h|p
|h|q

→ 0.

Similarly, since

lim
|v|→0

|V (x+ v)v − ψ′(x; v)|
|v| = 0,

F is semi-smooth and
F ′(x;h) = ψ′(x(s);h(s)).

Example 2.2. Let F : Lq(Ω) → Lp(Ω) denote the pointwise max-operation F (x) =
max(0, x) and define G by

G(x)(s) =

⎧⎨⎩
0 if x(s) < 0
δ if x(s) = 0
1 if x(s) > 0,

where δ ∈ R. It follows from Example 2.1 that F is semi-smooth from Lq(Ω) into
Lp(Ω) provided that 1 ≤ p < q ≤ ∞. If p = q, then it is easy to see that F is
directionally differentiable at every x ∈ Lp(Ω). But F is not Newton-differentiable
with G as N-derivative in general. For this purpose consider x = −|s| on Ω =
(−1, 1) and choose hn(s) as 1

n multiplied by the characteristic function of the

interval (− 1
n ,

1
n ). Then |hn|pLp =

2
np+1

and∫ 1

−1

|F (x+ hn) − F (x) −G(x + hn)hn|p ds =
∫ 1

n

− 1
n

|x(s)|p =
2
p+ 1

(
1
n

)p+1.

Thus,

lim
n→∞

|F (x+ hn) − F (x) −G(x+ hn)hn|Lp

|hn|Lp

= (
1
p+ 1

)
1
p �= 0,

and hence condition (1.10) is not satisfied at x for any p ∈ [1,∞). Similarly, for
p = ∞ [6].
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The following chain rule is proved in [6].

Lemma 2.2. Suppose H : D ⊂ X → Y is continuously Fréchet differentiable at
x ∈ D and φ : Y → Z is Newton differentiable at H(x) with N -derivative G. Then
F = φ(H) is Newton differentiable at x with N-derivative G(H(x+h))H ′(x+h) ∈
L(X,Z) for h sufficiently small.

We have the local superlinear convergence results for (1.12) [18, 2, 6]

Theorem 2.1. Suppose that x∗ is a solution to F (x) = 0 and that F is Newton
differentiable at x∗ with N-derivative G. If G is nonsingular for all x ∈ N(x∗) and
{‖G(x)−1‖ : x ∈ N(x∗)} is bounded, then the Newton-iteration

xk+1 = xk −G(xk)−1F (xk)

converges superlinearly to x∗ provided that |x0 −x∗| is sufficiently small. If, more-
over, F is Newton differentiable of order α at x∗, i.e., there exists a α > 0 such
that

lim
h→0

1
|h|1+α

|F (x∗ + h) − F (x∗)−G(x∗ + h)h| = 0, (2.3)

then xk converges to x∗ with q-order 1 + α, i.e., we have |xk+1 − x∗| = O(|xk −
x∗|1+α) as k →∞.

3. Primal-dual active set method and global convergence

The primal-dual active set method for (1.3) is defined by

Primal dual active set method

(1) Initialize x0. Set k = 0.
(2) Set the index sets;

A+
k = {−f(xk)+xk−ψ > 0}, A−

k = {−f(xk)+xk−φ < 0}, Ik = (A+
k ∪A−

k )c.

(3) Solve for xk+1

f ′(xk)(xk+1 − xk) + f(xk) = 0 in Ik

xk+1 = ψ on A+
k , x

k+1 = φ on A−
k ,

(4) Stop, or set k = k + 1 and return to (2).
The primal-dual active set method for (1.3) is a specific semi-smooth Newton

method [6] observing the fact that

G(x) =
{

1 for x > 0
0 for x ≤ 0 ∈ ∂B max(0, x).

The primal-dual active set method is known to be extremely efficient for solving
discretized variational inequalities and constrained optimal control problems [6].
Suppose X = L2(Ω) and f : X → Lq(Ω), q > 2 is continuously differentiable. It
follows from Lemma 2.2 and Theorem 2.1 that the primal-dual active set method
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converges locally superlinearly. For the boundary control example in the introduc-
tion such a condition holds with 2 < q < 4.

For the affine case f(x) = Ax−b the primal-dual active set method (unilateral
case) is equivalent to
(1) Initialize x0, µ0. Set k = 0.
(2) Set Ik = {µk + c(xk − ψ) ≤ 0}, Ak = {µk + c(xk − ψ) > 0}.
(3) Solve for (xk+1, µk+1)

Axk+1 + µk+1 = b
xk+1 = ψ in Ak and µk+1 = 0 in Ik.

(4) Stop, or set k = k + 1 and return to (2).
Sufficient conditions for global convergence were established in [6] for the finite-
dimensional caseX = Rm. The sufficient condition we discuss here is more general.
It is related to diagonal dominance of A and will imply that

M(xk+1, µk+1) = max(β
∫

Ω

|(xk+1 − ψ)+| dx,
∫

Ω

|(µk+1)−| dx)

with β > 0 acts as a merit functional for the primal-dual algorithm. Here we set
φ+ = max(φ, 0) and φ− = −min(φ, 0). Note that by step (3) of the algorithm we
have

M(xk+1, µk+1) = max(β
∫
Ik

|(xk+1 − ψ)+| dx,
∫
Ak

|(µk+1)−| dx). (3.1)

The natural norm associated to this merit functional is the L1(Ω)-norm and
consequently we assume that

A ∈ L(L1(Ω)), a ∈ L1(Ω) and ψ ∈ L1(Ω). (3.2)

The analysis of this section can also be used to obtain convergence in the Lp(Ω)-
norm for any p ∈ (1,∞), if the norms in the integrands of M are replaced by | · |p
norms and the L1(Ω)-norms below are replaced by Lp(Ω)-norms as well.

We assume that there exist constants ρi, i = 1, . . . , 5, such that for all parti-
tions A and I of Ω and for all φA ≥ 0 in L2(A) and φI ≥ 0 in L2(I)

|[A−1
I φI ]−| ≤ ρ1 |φI |

|[A−1
I AIAφA]+| ≤ ρ2 |φA|

(3.3)

and
|[AAφA]−| ≤ ρ3 |φA|

|[AAIA
−1
I φI ]−| ≤ ρ4 |φI |

|[AAIA
−1
I AIAφA]+| ≤ ρ5 |φA|.

(3.4)

Here | · | denotes the L1(Ω)-norm. Assumption (3.3) requires in particular the
existence of A−1

I . By a Schur-complement argument with respect to the sets Ik

and Ak this implies existence of a solution to the linear systems in step (iii) of the
algorithm for every k.
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Theorem 3.1. If (3.2), (3.3), (3.4) hold and ρ = max(β ρ1 + ρ2, ρ3
β + ρ4 + ρ5

β ) < 1,
then M is a merit function for the primal-dual algorithm of the reduced system
and limk→∞(xk, µk) = (x∗, µ∗) in L1(Ω)×L1(Ω), with (x∗, µ∗) a solution to (1.3).

Proof. Let δx = xk+1 − xk and δµ = µk+1 − µk. Then,
AAk
δxAk

+AAk,Ik
δxIk

+ δµAk
= 0

AIk
δxIk

+AIk,Ak
δxAk

− µk
Ik

= 0.
(3.5)

For every k ≥ 1 we have (xk+1 −ψ)+ ≤ (xk+1 − xk)+ on Ik and (µk+1)− = (δµ)−

on Ak. Therefore

M(xk+1, µk+1) ≤ max(β
∫
Ik

(δxIk
)+,
∫
Ak

(δµAk
)−). (3.6)

From (3.5) we deduce that

δxIk
= −A−1

Ik
(−µk

Ik
) + A−1

Ik
AIkAk

(−δxAk
),

with µk
Ik

≤ 0 and δxAk
≤ 0. By (3.3) therefore

|(δxIk
)+| ≤ ρ1|µk

Ik
|+ ρ2|δxAk

| (3.7)

= ρ1
∫
Ik∩Ak−1

|(µk
Ik

)−|+ ρ2
∫
Ak∩Ik−1

(xk − ψ)+ ≤ (ρ1 +
ρ2
β

)M(xk, µk).

Similarly by (3.5),

δµAk
= AAk

(−δxAk
) +AAkIk

A−1
Ik

(−µk
Ik

) −AAkIk
A−1

Ik
AIkAk

(−δxAk
).

Since δxAk
≤ 0 and µk

Ik
≤ 0, we find by (3.4)

|(δµAk
)−| ≤ ρ3|δxAk

|+ ρ4|µk
Ik
|+ ρ5|δxAk

| ≤ (
ρ3 + ρ5
β

+ ρ4)M(xk, µk), (3.8)

and therefore

M(xk+1, µk+1) ≤ max(βρ1 + ρ2,
ρ3 + ρ5
β

+ ρ4)M(xk, µk) = ρM(xk, µk).

Thus, if ρ < 1, then M is a merit functional. Furthermore M(xk+1, µk+1) ≤
ρkM(x1, µ1). Together with (3.7), (3.8) and (3.5) it follows that (xk, µk) is a
Cauchy sequence. Hence there exists (x∗, µ∗) such that limk→∞(xk, µk) = (x∗, µ∗)
and Ax∗+µ∗ = a, µ∗(x∗−ψ) = 0 a.e. in Ω. Since (xk−ψ)+ → (x∗−ψ)+ as k →∞
and limk→∞

∫
Ω
(xk+1 − ψ)+ = 0 it follows that x∗ ≤ ψ. Similarly one argues that

µ∗ ≥ 0. Thus (x∗, µ∗) is a solution to (1.3). �

Similar results are established for the nonlinear case and bilateral case [13].

Remark 3.1. In the finite-dimensional case the integrals in the definition of M
must be replaced by sums over the active/inactive index sets. If A is anM -matrix,
then ρ1 = ρ2 = 0 and ρ < 1 if ρ3

β + ρ4 + ρ5
β < 1. This is the case if A is diagonally

dominant in the sense that ρ4 < 1 and β is chosen sufficiently large. For such a
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matrix A the property ρ < 1 is stable under additive perturbation which are not
necessarily M -matrices.

Remark 3.2. Consider the infinite-dimensional case with A = αI+K, where α > 0,
K ∈ L(L1(Ω)) and Kφ ≥ 0 for all φ ≥ 0. This is the case for the operators in the
boundary control of the heat equation in Introduction, as can be argued by using
the maximum principle. Let ‖K‖ denote the norm of K ∈ L(L1(Ω)). For ‖K‖ < α
and any I ⊂ Ω we haveA−1

I = 1
αII−

1
αKIA

−1
I and hence ρ1 ≤ ‖K‖

α(α−‖K‖) . Moreover

ρ3 = 0. The conditions involving ρ2, ρ4 and ρ5 are satisfied with ρ2 = ‖K‖
α−‖K‖ ,

ρ4 = ‖K‖2

α(α−‖K‖) and ρ5 = ‖K‖2

α−‖K‖ , and ρ < 1 if α is sufficiently large.

4. Elliptic and parabolic variational inequalities and regularization

We consider the case that f(x) = Ax − g where the linear operator A of is not a
continuous but only a closed operator in X = L2(Ω). Such problem arise in the
obstacle problems, the state constraint optimal control problem and in parabolic
variational inequalities. We discuss the unilateral case C = {x ≤ ψ}:

Ax+ µ = b, µ = max(0, µ+ (x− ψ)). (4.1)

Example 4.1. For the obstacle problem A = −A0 where A0 is a second order
elliptic operator with dom (A) = H2(Ω) ∩ H1

0 (Ω). If ∂Ω and ψ are sufficiently
regular, then the solution to (4.1) satisfies (x, µ) ∈ (H1

0 (Ω) ∩H2(Ω)) × L2(Ω).

Example 4.2. Consider the state constrained optimal control problem

min
u∈L2(Ω)

1
2
|y − ȳ|2L2(Ω) +

β

2
|u|2L2(Ω) subject to Ey = u and y ∈ C, (4.2)

where E is a closed linear operator in X = L2(Ω). We assume that E−1 exists and
set V = dom(E) where V is endowed with the graph norm of E. The necessary
and sufficient optimality condition for (4.2) is given by

β (Ey,E(v − y)) + (y, v − y)− (ȳ, v − y) ≥ 0 for all v ∈ V ∩C. (4.3)

That is, A = E∗E and µ ∈ V ∗ (not in L2(Ω)) in general.

Example 4.3. A class of parabolic variational inequalities is given by A = d
dt −

A0 and X = L2((0, T ) × Ω). If ∂Ω and ψ are sufficiently regular, then (x, µ) ∈
(H1(0, T ;X) ∩ L2(0, T ;H2(Ω) ∩ C(0, T ;H1

0 (Ω)) ×X [11].

The primal-dual method can formally be applied to all these cases but due
to the unboundedness of A the iterates µk are not necessarily in X . In order to
remedy this difficulty we consider a one-parameter family of regularized problems
based on smoothing of the complementarity condition by

µ = α max(0, µ+ (x − ψ)), with 0 < α < 1. (4.4)
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This is a relaxation of the complementarity condition µ = max(0, µ+(y−ψ)) with
α as a continuation parameter. Note that an update for µ based on (4.4) results
in µ ∈ X . Equation (4.4) is equivalent to

µ = max(0,
α

1 − α (x − ψ)), (4.5)

with α/(1 − α) ranging in (0,∞) for α ∈ (0, 1). We shall use a generalization of
(4.4) and introduce an additional shift parameter µ̄ ∈ L2(Ω) in (4.5). Moreover we
replace α/(1 − α) by c and arrive at

µ = max(0, µ̄+ c (x− ψ)), with c ∈ (0,∞). (4.6)

This coincides with the generalized Yoshida-Morrey approximation for inequality
constraints [8]. It results in a regularization of (4.1) given by

Ax+ µ = b

µ = max(0, µ̄+ c (x− ψ)).
(4.7)

Semi-smooth Newton algorithm with regularization

(i) Choose µ̄, c, x0, set k = 0.
(ii) Set Ak = {s : (µ̄+ c (xk − ψ))(s) > 0},
(iii) Solve for xk+1 ∈ X :

Axk+1 + χAk
(µ̄+ c (xk+1 − ψ)) = b (4.8)

(iv) Stop or k = k + 1, go to (ii).
Assume that (4.8) has a unique solution and moreover that

|A−1φ|Lq(Ω) ≤M |φ|L2(Ω|, for some q > 2.

It thus follows from Lemma 2.2 and Theorem 2.1 that If |x0 − xc|X is sufficiently
small then xk converges to xc, the solution to (4.7) superlinearly in X and thus in
dom (A).

Let xc denotes the solution to (4.7). Suppose µ̄ ≥ b− Aψ in distribution. In
the obstacle problem and parabolic variational inequality it is shown in [9, 11] that
for appropriately chosen µ̄, the regularizes solutions xc are feasible, i.e., xc ≤ ψ,
as well as monotone with respect to c, i.e., we have

xc ≤ xĉ ≤ x∗

and the bound
0 ≤ µc = max(0, µ̄+ c (xc − ψ)) ≤ µ̄

holds for all 0 < c < ĉ where x∗ is the solution to (4.1). Moreover,

|xc − x∗|L∞(Ω) ≤
|µ̄|∞
c
. (4.9)

It was also shown in [10, 11] that xc ≤ xk ≤ xk+1 for the iterates of the semi-
smooth Newton algorithms. Special properties also hold for the case µ̄ = 0, see
[10, 11].
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Estimate (4.9) is particularly important since

(1) the free surface S = {x∗ = ψ} can be approximated by Sc = {µc = 0} with

the rate
1
c
, and

(2) we can select c for the discretized problem to obtain the desired accuracy,

say c = O
( 1
h2

)
with meshsize h for second order discretizations.

In [10] we use a homotopy method with respect c → ∞ to accelerate the conver-
gence of the algorithm to x∗ = limc→∞ xc. A path-following strategy for the choice
of c is analyzed in [7].

5. Globalization

The globalization of the iteration (1.8) in Rm on the basis of the merit functional
θ(x) = |F (x)|2 is achieved by the following

Algorithm Let β, γ ∈ (0, 1) and σ ∈ (0, σ̄). Choose x0 ∈ Rm and set k = 0. Given
xk with F (xk) �= 0. Then,

(i) if there exists a solution hk to

Vk h
k = −F (xk)

with |hk| ≤ b|F (xk)|, and if further

|F (xk + hk)| < γ |F (xk)| ,

set dk = hk, xk+1 = xk + dk, αk = 1, and mk = 0.

(ii) Otherwise choose dk = d(xk) according to (A.2) and let αk = βmk , where
mk is the first positive integer m for which

θ(xk + βm dk)− θ(xk) ≤ −σβm θ(xk).

Set xk+1 = xk + αk d
k.

The following assumptions will be utilized:

• (A.1) S = {x ∈ Rm : |F (x)| ≤ |F (x0)|} is bounded.
• (A.2) There exist σ̄ and b > 0 such that for each x ∈ S there exists d =
d(x) ∈ Rm satisfying

θ′(x; d) ≤ −σ̄θ(x) and |d| ≤ b |F (x)|. (5.1)

• (A.3) The following closure property holds: if xk → x̄ and d(xk) → d̄ with
xk ∈ S, then θ′(x̄; d̄) ≤ −σ̄θ(x̄).

• (A.4) θ is subdifferentiability regular for all x ∈ S, i.e., θo(x; d) = θ′(x; d) for
all d ∈ Rm.
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Here the Clarke generalized directional derivative θo(x; d) [1] of θ at x in the
direction d is defined by

θo(x; d) = lim sup
y→x, t→0+

θ(y + t d)− θ(y)
t

.

Convex, locally Lipschitz continuous functions, for example, are subdifferentiabil-
ity regular [1]. Let us also point out that local Lipschitz continuity of F implies
Fréchet-differentiability of θ at x∗ if F (x∗) = 0. With reference to the closure
property (A.3), note that it is not required that d̄ = d(x̄).

Condition (A.2) is motivated by the work in [4] where it is shown to guarantee
a nontrivial stepsize τ such that

θ(x + τ d) − θ(x) ≤ −στ θ(x),

if σ ∈ (0, σ̄) and x ∈ S. We show that combined with (A.1), (A.3) and (A.4)
it also guarantees (subsequential) convergence of {xk} to a solution of F (x) = 0.
Concerning conditions (A.2) and (A.3) we introduce the notion of quasi-directional
derivative in Section 5.1. This notion will allow us to construct descent directions
which satisfy these two conditions.

In [3], Chapter 8, in order to prove convergence, the following condition is
assumed:

lim sup
τk→0+

θ(xk + τk dk) − θ(xk) + τk θ(xk)
τk

≤ 0. (5.2)

Alternatively, in [4] a generalized form of the condition

lim
k→∞

F (xk)TF ′(xk; dk) ≥ lim sup
k→∞

θ(xk + τkdk) − θ(xk)
τk

(5.3)

for any convergent sequence {(xk, dk, τk)}, is used. In either of the two cases the
directions dk satisfy a condition like (A.2). Conditions (5.2), (5.3) resemble (A.3)
and (A.4) but the latter are simpler to check and more transparent also for the case
that F is C1. Conditions (A.1)–(A.4) and the notion of quasi-directional derivative
provide us with a rather axiomatic approach to globalization of the semi-smooth
Newton method.

Theorem 5.1. Suppose that F : Rm → Rm is locally Lipschitz and B-differentiable.
(a) Assume that (A.1)–(A.4) hold. Then the sequence {xk} generated by algo-

rithm is bounded, it satisfies |F (xk+1)| < |F (xk)| for all k ≥ 0, and each
accumulation point x∗ of {xk} satisfies F (x∗) = 0.

(b) If moreover for one such accumulation point

|h| ≤ c |F ′(x∗;h)| for all h ∈ R
m, (5.4)

then the sequence xk converges x∗.
(c) If in addition to the above assumptions F is semi-smooth at x∗ and all V ∈
∂BF (x∗) are nonsingular, then xk converges to x∗ superlinearly.
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Proof. (a) First we prove that for each x ∈ S such that θ(x) �= 0 and d satisfying
θ′(x; d) ≤ −σ̄θ(x), there exists a τ̄ > 0 such that

θ(x+ τ d) − θ(x) ≤ −στ θ(x) for all τ ∈ [0, τ̄ ].

If this is not the case, then there exists a sequence τn → 0+ such that

θ(x+ τn d) − θ(x) > −στn θ(x).
Dividing both sides by τn and letting n→∞, we have by (5.1)

−σ̄θ(x) ≥ θ′(x; d) ≥ −σ θ(x).
Since σ < σ̄, this shows θ(x) = 0, which contradicts the assumption θ(x) �= 0.
Hence for each level k at which dk = d(xk) is chosen according to the second
alternative in algorithm there exists mk < ∞ and αk > 0 such that |F (xk+1)| <
|F (xk)|. By construction the iterates therefore satisfy |F (xk+1)| < |F (xk)| for each
k ≥ 0.

If lim supαk > 0, then it is obvious that θ(xk) monotonically converges to 0
and that each accumulation point x∗ of {xk} satisfies F (x∗) = 0. If on the other
hand lim supαk = 0, then limmk →∞. By the definition of mk, for τk := βmk−1,
we have τk → 0 and

θ(xk + τk dk)− θ(xk) > −στk θ(xk). (5.5)

By (A.1), (A.2) the sequence {(xk, dk)} is bounded. Let {(xk, dk)}k∈K be any
convergent subsequence with limit (x∗, d). Note that

θ(xk + τk dk) − θ(xk)
τk

=
θ(xk + τk d) − θ(xk)

τk
+
θ(xk + τk dk) − θ(xk + τk d)

τk
,

where

lim
k∈K,k→∞

θ(xk + τk dk) − θ(xk + τk d)
τk

→ 0,

since θ is locally Lipschitz continuous. Since dk = d(xk) for all k ∈ K it follows
from (A.3) that θ′(x∗; d) ≤ −σ̄ θ(x∗). Then, from (5.5) and (A.4) we find

−σθ(x∗) ≤ lim sup
k∈K, k→∞

θ(xk + τk dk) − θ(xk)
τk

≤ θo(x∗; d) = θ′(x∗; d) ≤ −σ̄ θ(x∗).

(5.6)
It follows that (σ̄ − σ) θ(x∗) ≤ 0 and thus θ(x∗) = 0.
For the proof of (b)–(c) we refer to [18, 12]. �

Remark 5.1.
(1) We point out that the closure property (A.3) as well as the subdifferentiability

regular property (A.4) are used in the proof of Theorem 5.1 only for the case
that lim supk→∞ αk = 0.

(2) Since h→ F ′(x∗;h) is positively homogeneous one can easily argue that (5.4)
is equivalent to the condition that F ′(x∗;h) = 0 implies that h = 0.

(3) If X is a Hilbert space, Theorem 5.1 holds assuming that the iterates (xk, dk)
are sequentially compact.
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5.1. Descent directions

We turn to a discussion of conditions (A.2) and (A.3) required for the descent
directions d. For this purpose we introduce the following definition.

Definition 5.1. Let F : Rm → Rm be directionally differentiable. Then G : S ×
Rm → Rm is called a quasi-directional derivative of F on S ⊂ Rm if

(i) (F (x), F ′(x; d)) ≤ (F (x), G(x; d))
(ii) G(x; td) = tG(x; d), for all d ∈ Rm, x ∈ S and t ≥ 0,
(iii) (F (x̄), G(x̄; d̄)) ≤ lim supx→x̄, d→d̄(F (x), G(x, d)) for all x → x̄, d → d̄, with

x, x̄ ∈ S.

Throughout the remainder of this section we assume that F : Rm → Rm is a
Lipschitz continuous and directionally differentiable function and S refers to the
set defined in (A.1).

(a) Bouligand direction. If there exists b̄ such that

|h| ≤ b̄ |F ′(x;h)| for all x ∈ S, h ∈ R
m (5.7)

and if
F (x) + F ′(x; d) = 0, (5.8)

admits a solution d for each x ∈ S, then a first choice for the direction is given by
the solution d to (5.8), see, e.g., [16]. By (5.7) we have |d| ≤ b̄|F (x)|. Moreover

θ′(x, d) = 2 (F ′(x; d), F (x)) = −2 θ(x),

and therefore the inequalities in (A.2) hold with b = b̄ and σ̄ = 2. For this choice,
however, (A.3) is not satisfied in general, see Section 5.2.

(b) Generalized Bouligand direction. As a second choice, see [16, 4], we assume
that G is a quasi-directional derivative of F on S, that

|h| ≤ b̄ |G(x;h)| for all x ∈ S, h ∈ R
m (5.9)

and
F (x) +G(x; d) = 0, (5.10)

admits a solution d which is defined as the descent direction for each x ∈ S. One
argues as for the first choice that the inequalities in (A.2) hold with b = b̄ and
σ̄ = 2. Moreover (A.3) is satisfied, since for any (x, d) → (x̄, d̄) in S × R with
d = d(x) we have

θ′(x̄, d̄) ≤ 2(F (x̄), G(x̄; d̄)) ≤ 2 lim sup
x→x̄, d→d̄

(F (x), G(x; d))

= −2 lim
x→x̄

|F (x)|2 = −2θ(x̄).

We refer to Section 5.2 for the construction of G for specific applications.
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c) Generalized gradient direction. The following choice was discussed in [4]. Here
d is chosen as the solution to

min
d

J(x, d) = 2(F (x), G(x; d)) + η |d|2, (5.11)

where η > 0 and x ∈ S. Assume that for some L > 0{
h→ G(x;h) is continuous and

|G(x;h)| ≤ L |h| for all x ∈ S, h ∈ Rm.
(5.12)

Then, d→ J(d) is coercive, bounded below, and continuous. Thus there exists an
optimal solution d to (5.11) and we have the following lemma [4, 12].

Lemma 5.1. Assume that F : Rm → Rm is Lipschitz continuous, directionally
differentiable and that G is a quasi-directional derivative of S satisfying (5.12).
(a) If d is an optimal solution to (5.11), then

(F (x), G(x; d)) = −η |d|2.

(b) If d = 0 is an optimal solution to (5.11), then (F (x), G(x;h)) ≥ 0 for all
h ∈ Rm.

By Lemma 5.1 the optimal value of the cost J in (5.11) is given by −η|d|2.
If this value is negative, then any solution to (5.11) provides a decay for θ since
θ′(x; d) ≤ −η|d|2. The optimal value of the cost is 0 if and only if d = 0 is the
optimal solution. In this case Lemma 5.1 implies that x is a stationary point in
the sense that (F (x), G(x;h)) ≥ 0 for all h ∈ Rm.

Let us now turn to the discussion of condition (A.2) for the direction given
by the solution d to (5.11). We assume (5.9) and that (5.10) admits a solution for
every x ∈ S. Since J(0) = 0, we have 2(F (x), G(x; d)) ≤ −η |d|2 and therefore

η |d|2 ≤ −2(F (x), G(x; d)) ≤ 2|F (x)| |G(x; d)| ≤ 2L |d| |F (x)|.
Thus,

|d| ≤ 2L
η

|F (x)|,

and the second condition in (A.2) holds. Turning to the first condition let d̂ satisfy
F (x) + G(x; d̂) = 0. Then, using Lemma 5.1(a) and (5.9) we find at a solution d
to (5.11)

J(x, d) = (F (x), G(x; d)) = −η |d|2 ≤ 2 (G(x; d̂), F (x)) + η |d̂|2

≤ −2 |F (x)|2 + ηb̄2 |F (x)|2 = −(2 − ηb̄2) θ(x).
(5.13)

Since G is a quasi-directional derivative of F on S we have

θ′(x; d) ≤ 2(F (x), G(x; d)) ≤ −2(2− ηb̄2) θ(x)
and thus the direction d defined by (5.11) satisfies the first condition in (A.2) with
σ̄ = 2(2 − ηb̄2), provided that η < 2

b̄2
.
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To argue (A.3) let xk → x̄, dk → d̄, with dk = d(xk), xk ∈ S and choose d̂k
such that F (xk) +G(xk; d̂k) = 0. Then

1
2
θ′(x̄; d̄) = (F (x̄), F ′(x̄, d̄))

≤ (F (x̄), G(x̄; d̄))

≤ lim sup
k→∞

(F (xk), G(xk; dk))

≤ lim sup
k→∞

(2(F (xk), G(xk; dk)) + η|dk|2)

≤ lim sup
k→∞

(2(F (xk), G(xk; d̂k)) + η|d̂k|2)

≤ −2|F (x̄)|2 + η b̄2 lim
k→∞

|F (xk)|2

= −(2 − ηb̄2)θ(x̄),

and thus (A.3) holds if η < 2
b̄2

.

5.2. Box constraints

We return to the example with box constraints referred to below (1.1). In (1.3) we
can eliminate µ by µ = −f(x) and work with the single variable x. This results in
the equation

F (x) = f(x) + max(0,−f(x) + x− ψ) + min(0,−f(x) + x− φ) = 0.

Define

A+ = {−f(x) + x− ψ > 0} A− = {−f(x) + x− φ < 0}
I1 = {−f(x) + x− ψ = 0}, I2 = {x− ψ < f(x) < x− φ} and

I3 = {−f(x) + x− φ = 0},

where A+ = {−f(x) + x − ψ > 0} stands for {i : (−f(x) + x − ψ)i > 0}, and
analogously for the other sets. We obtain

F ′(x; d) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
d on A+ ∪ A−

f ′(x)d on I2,

max(f ′(x)d, d) on I1

min(f ′(x)d, d) on I3

and

θ′(x; d) = (x− ψ, d)A+ + (x− φ, d)A− + (f(x), f ′(x)d)I2

+ (f(x),max(f ′(x)d, d))I1 + (f(x),min(f ′(x)d, d))I3 .
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Here ‘on a set’ means ‘for all indices in the set’, for example, (F ′(x; d))i =
(min(f ′(x)d, d))i for i ∈ I3. The Bouligand direction (5.8) is given by

d+ x− ψ = 0 on A+,

d+ x− φ = 0 on A−,

f ′(x)d + f(x) = 0 on I2,

max(f ′(x)d, d) + f(x) = 0 on I1,

min(f ′(x)d, d) + f(x) = 0 on I3.

(5.14)

It is shown in [12] that G defined by

G(x; d) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
d on (A+ ∩ {f(x) ≤ 0}) ∪ (A− ∩ {f(x) ≥ 0})
f ′(x)d on I2 ∩ {φ ≤ x ≤ ψ}
max(f ′(x)d, d) on (A+ ∩ {f(x) > 0}) ∪ (I2 ∩ {x > ψ}) ∪ I1

min(f ′(x)d, d) on (A− ∩ {f(x) < 0}) ∪ (I2 ∩ {x < φ}) ∪ I3

is a quasi-directional derivative for F . The unilateral case was treated in [4].
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Identification of Nonlinear Coefficients
in Hyperbolic PDEs,
with Application to Piezoelectricity

Barbara Kaltenbacher

Abstract. In this paper we consider the problem of determining parameters
in nonlinear partial differential equations of hyperbolic type from boundary
measurements. In order to investigate the qualitative behavior of this class
of identification problems, we analyze the model problem of identifying c
in the nonlinear wave equation dtt − (c(dx)dx)x = 0 and discuss stability
and identifiability for this problem. Moreover, we derive applicability of these
results to material parameter identification in piezoelectricity and provide
numerical reconstruction results.
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1. Introduction

Consider the model problem of identifying the function c in the nonlinear hyper-
bolic PDE

ρdtt − (c(dx)dx)x = 0 x ∈ (0, L), t ∈ (0, T ) , (1.1)
with boundary conditions

d(0, t) = 0
c(dx(L, t))dx(L, t) = g(t) t ∈ (0, T ) , (1.2)

and initial conditions

d(x, 0) = d0(x), dt(x, 0) = d1(x) x ∈ (0, L) , (1.3)

for given g : [0, T ] → R, d0 : [0, L] → R, d1 : [0, L] → R, from additional boundary
measurements

y(t) = d(L, t) .

Supported by the German Science Foundation DFG under grant Ka 1778/1.
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This can, e.g., be seen as a model of a vibrating string of length L, with the elastic-
ity coefficient c depending on the strain dx. At the left boundary x = 0, the string
is clamped, at the right boundary x = L, it is excited in longitudinal direction by
a surface load (mechanical stress) g, and measurements of the displacement d are
made.

Our motivation for studying (1.1) comes from the problem of determining
material parameter curves for piezoelectric materials (see Section 4), in the piezo-
electric PDEs

ρ∂2 �d
∂t2 −BT

(
cEB�d+ eT gradφ

)
= 0 in Ω

−div
(
eB�d− εεεSgradφ

)
= 0 in Ω .

(1.4)

Here, �d denotes the vector of mechanical displacements, φ the electric potential,
ρ the mass density, and B a first order differential operator with respect to the
space variables, that reflects the relation between displacements and strain (see,
e.g., [17] and Section 4 below). The system (1.4) models the piezoelectric effect,
i.e., a coupling between the electrical and the mechanical behavior of certain ma-
terials. The material tensors cE , εεεS , and e, appearing in (1.4) are the elasticity
coefficients, the dielectric constants, and the piezoelectric coupling coefficients, re-
spectively. When large excitations are applied, the material parameters will not
be constants any more but depend on the field quantities, i.e., in (1.4), the entries
of the material tensors cE , εεεS , and e are functions of the amplitude of the electric
field | �E| = |gradφ| and/or the mechanical strain |�S| = |Bd̂|. An interesting task
is to reconstruct these parameter functions from overdetermined measurements at
the boundary, e.g., voltage-current measurements at an electrode or displacement
measurements at a surface point.

Parameter identification problems for nonlinear PDEs have been studied,
e.g., in [6, 7, 8, 9, 21, 20, 30, 33]). However, in the situation considered here,
identifiability is still an open problem, even in the one-dimensional model problem
(1.1). Therefore it was our aim to do some investigations on the question of whether
the parameter c in (1.1) can be uniquely determined from the given boundary data.

We just wish to mention two additional related applications, namely from
electromagnetics and acoustics, respectively, where models containing such a kind
of nonlinear wave equation play a role:

• the spatially one-dimensional case in Maxwell’s equations

∇×
(

1
µ
∇× �A

)
+ ε
∂2 �A

∂t2
= �̂J (1.5)

for a magnetic vector potential �A with �B = ∇× �A the magnetic induction,
�E = −∂ �A

∂t the electric field, ε the dielectric constant, �J the impressed current
density, and µ = µ(| �B|) the magnetic permeability depending on the magnetic
induction, see, e.g., [31].
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• the acoustic wave equation

∆ψ =
1
c2
∂2ψ

∂t2

for the acoustic velocity potential ψ with �v = −∇ψ the acoustic particle
velocity and c the speed of sound, see, e.g., [32]. Since the speed of sound
can depend on the pressure p and we have the relation p = ρ∂ψ

∂t , with ρ the
density, we arrive at an equation similar to (1.1) in the 1-d case, where the
roles of time and space are interchanged.

The paper is organized as follows: In Section 2 we show well-posedness of
the forward problem corresponding to our model problem. Section 3 contains con-
siderations on stability and identifiability for this model problem. Application to
the piezoelectric problem mentioned above is discussed in Section 4, where we also
provide numerical reconstruction results. The proofs of the statements made in
Sections 2 and 3 are given in Section 5, and we end with a short Section 6 on
conclusions.

2. The forward model problem: Well-posedness

From a theoretical point of view, instead of determining the curve c, it is more
convenient to consider the curve c̃ : λ �→ c(λ) · λ as the searched for unknown.

In order to investigate the properties of our model problem in more detail,
we consider the forward operator F mapping a parameter function c̃ into the
measurement d(L, . ) =: y of a solution d to the PDE

ρdtt − (c̃(dx))x = 0 x ∈ (0, L), t ∈ (0, T ) , (2.1)

with boundary conditions

d(0, t) = 0
c̃(dx(L, t)) = g(t) t ∈ (0, T ) , (2.2)

and initial conditions

d(x, 0) = d0(x), dt(x, 0) = d1(x) x ∈ (0, L) . (2.3)

The function d is supposed to be a classical solution, i.e., d ∈ C2,2([0, L]× [0, T ]),
as we will require it in our identifiability considerations in the next section.

Identifying c̃ now corresponds to solving the operator equation

F (c̃) = y (2.4)

in appropriate function spaces to be specified below.
The derivative of F into some direction s̃ is formally given as

F ′(c̃)[s̃] = v(L, . ) (2.5)

where v is the solution of

ρvtt − (c̃′(dx)vx)x − (s̃(dx))x = 0 x ∈ (0, L), t ∈ (0, T ) , (2.6)
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with boundary conditions

v(0, t) = 0
c̃′(dx(L, t))vx(L, t) + s̃(dx(L, t)) = 0 , t ∈ (0, T ) , (2.7)

v(x, 0) = 0 vt(x, 0) = 0 x ∈ (0, L) , (2.8)

and d solves (2.1), (2.2), (2.3).
In order to guarantee well-definedness and Fréchet differentiability of F , we

assume that
g ∈ C2(0, T ) , d0 ∈ C3(0, L), d1 ∈ C2(0, L) (2.9)

and that the compatibility conditions

(c̃−1 ◦ g)(0) = d′0(L) , (c̃−1 ◦ g)′(0) = d′1(L) ,
ρ(c̃−1 ◦ g)′′(0) = (c̃(d′0))

′′(L) (2.10)

on the right-hand boundary, as well as

d0(0) = d1(0) = d′′0 (0) = d′′1 (0) = 0 (2.11)

on the left-hand boundary hold. Thus, we choose its domain of definition as

D(F ) = {c̃ ∈ X | c̃′(λ) ≥ γ, c̃′′(λ) ≤ C̄ ∀λ ∈ [0,Λ] , and (2.10) holds}, (2.12)

for some constants γ, C̄ > 0. Here X denotes the linear function space

X = {s̃ ∈ C3(0,Λ) | s̃(0) = 0} (2.13)

with Λ > 0. Note that in the applications we are interested in, the parameter curves
are typically strictly monotonically increasing and smooth, so choosing the domain
of definition D(F ) and the space X according to (2.12), (2.13) makes sense. The
assumed smoothness of c̃ is also of importance for the efficient solution of initial-
boundary value problems for (2.1) (or (1.1)), after c̃ has been determined. If c̃
is sufficiently smooth, then for this purpose Newton’s method is applicable and
quadratically convergent.

Nonlinear hyperbolic PDEs bear the possibility of blow up of solutions (cf.,
e.g., [1, 14, 29, 34] and Section 11.3.2. in [13] as well as the references therein).
Thus also here, existence of a smooth solution d to (2.1) cannot be expected on an
arbitrarily large time interval, so that we have to restrict T in our well-posedness
result. Although existence theory for nonlinear systems of hyperbolic conservation
laws (cf., e.g., [4], [27], [18], [35], to name just a few recent publications, as well as
the references therein and in [13]) would provide us with results on weak solutions
to our model PDE (2.1) on all of R, we here prove a simple result customized to
our special case with the given boundary conditions and in the smoothness class
that we will require for our identifiability and stability considerations in Section 3.

Proposition 2.1. (Well-posedness of the forward problem)
Assume that T is sufficiently small, Λ is sufficiently large, (2.9) holds and D(F )
is defined according to (2.12).
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Then, for any c̃ ∈ D(F ) there exists a unique solution d ∈ C3,2([0, L]× [0, T ])
of (2.1), (2.2), (2.3). Hence, the forward operator

F : D(F ) ⊆ X → C2(0, T )
c̃ �→ d(L, ·) where d solves (2.1), (2.2), (2.3)

is well defined. Moreover with X ′ := X ∩ C4(0, λ), D′(F ) := D′(F ) ∩C4(0, λ),

F : D′(F ) ⊆ X ′ → C2(0, T )

is continuously Fréchet differentiable with its derivative given by (2.5), (2.6), (2.7),
(2.8).

Proof. See Section 5. �

Remark 2.2. An analogous result can be derived with homogeneous Neumann
instead of Dirichlet boundary conditions on the left-hand boundary x = 0, which
corresponds to a stress free left-hand string tip. In the proof of well-posedness,
(see Section 5) the boundary conditions on u = dx change to

u(0, t) = 0
c̃(u(L, t)) = g(t) t ∈ (0, T ) ,

and d is obtained from u via

d(x, t) :=
∫ x

0

u(ξ, t)dξ +
1
ρ

∫ t

0

∫ τ

0

(c̃(u))x(0, σ) dσ dτ .

Remark 2.3. Usually measurements only of zero order derivative values of d(·, L)
(i.e., displacement measurements) can be expected to be available, hence a natural
choice of the image space of F is Y := L∞(0, T ). Observe that by Proposition
2.1, the actual range of F is contained in C2(0, T ) and therewith non-closed in
the data space Y = L∞(0, T ). This smoothing property of the forward operator
corresponds to ill-posedness of the inverse problem. More precisely, a lower bound
for the degree of ill-posedness can be quantified by the difference in smoothness
order of the function spaces C2 and L∞. Therewith, the problem of identifying
c̃ ∈ X from y ∈ Y has to be expected to be at least as ill-posed as twice numerical
differentiation.

In some applications, it can be realistic to assume that we have measurements
also of first order derivative values of d(·, L) (i.e., velocity measurements). Then the
degree of ill-posedness is still at least as high as for one numerical differentiation.

3. The inverse model problem: Identifiability

Using different norms both in preimage and in image space, we aim at deriving
a stability result with the implication that on a certain interval [0, λ] ⊆ [0,Λ] the
parameter curve λ �→ c̃(λ) can be uniquely determined from the given measure-
ments.
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The difference F (c̆)−F (c̃) can be written as the right-hand boundary values
of v solving

ρvtt − (a vx + φ)x = 0 x ∈ (0, L), t ∈ (0, T ) , (3.1)
with boundary conditions

v(0, t) = 0
a(L, t) vx(L, t) + φ(L, t) = 0 t ∈ (0, T ) , (3.2)

and homogeneous initial conditions, where we denote

a(x, t) =
∫ 1

0

c̃′(d̆x(x, t) + θ(dx(x, t) − d̆x(x, t)))dθ ,

φ(x, t) = s̃(dx(x, t)) , (3.3)
s̃ = c̆− c̃ ,

and d̆ solves (2.1), (2.2), (2.3), with c̃ replaced by c̆, i.e.,

F (c̆) − F (c̃) = v(L, ·) . (3.4)

Hence, our aim is to deduce an estimate of the form

‖s̃‖X̃ ≤ C ‖v(L, ·)‖ Ỹ

with appropriate function spaces X̃ and Ỹ , that by Remark 2.3 have to be different
from X and Y as defined in the previous section.

For the sake of simplicity, we first of all restrict ourselves to the special case
of constant a(x, t) = ā ∈ R so that we deal with the wave equation

ρvtt − āvxx = φx , (3.5)

with boundary conditions

v(0, t) = 0
āvx(L, t) + φ(L, t) = 0 t ∈ (0, T ) , (3.6)

and homogeneous initial conditions

v(x, 0) = vt(x, 0) = 0 x ∈ (0, L) . (3.7)

The following result can be obtained by integrating along the characteristic
lines of (3.5) and therewith deriving a Volterra integral equation of the first kind
for the difference s̃ between parameter curves.

Proposition 3.1. Let v be a solution to (3.5) with boundary conditions (3.6) and
initial conditions (3.7). Here, we assume that φ is determined by (3.3) with d ∈
C3,2([0, L] × [0, T ]) satisfying the boundary conditions (2.2) and the initial condi-
tions (2.3) with (2.9), g(0) = 0 and g strictly monotonically increasing, d′0 ≡ 0,
c̃ ∈ D(F ), and s̃ ∈ C2([0,Λ1]), for some Λ1 > 0 such that {dx(x, t) | (x, t) ∈
[0, L]× [0, T ]} ⊆ [0,Λ1].
Additionally, assume that∣∣±√ā/ρ dxx(x, t) + dxt(x, t)

∣∣ ≥ κ ∀(x, t) ∈ (0, L)× (0, t) (3.8)

holds for some κ > 0, 0 < t ≤ T .
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Then, with
λ = c̃−1(g(t)) > 0 (3.9)

the estimate
‖s̃‖L2(0,λ) ≤ C ‖v(L, ·)‖H1(0,t) (3.10)

holds with some C > 0.

Proof. See Section 5. �

Since the technique of reformulation as a Volterra integral equation via in-
tegration along the characteristic curves should in principle be applicable also in
the general case (3.1), Proposition 3.1 gives a hint on how the difference between
two curves s̃ = c̆ − c̃ can be estimated in terms of the difference between the
measurements v(L, ·) = F (c̆)− F (c̃):

Conjecture 3.2. (Stability and identifiability)
Let the assumptions of Proposition 2.1 on well-posedness of the forward problem
be satisfied, with

g(0) = 0 , g(t) ≥ 0 , g′(t) ≥ µ > 0 ∀t ∈ [0, t] , (3.11)

d′0(x) = 0 ∀x ∈ [0, L] , (3.12)
for some µ > 0. Let c̃ ∈ D(F ), and d be the solution of (2.1), (2.2), (2.3).
Additionally, assume that∣∣∣(±√c̃′(dx)/ρ dxx + dxt

)
(x(t), t)

∣∣∣ ≥ κ ∀t ∈ [0, t] , (3.13)

holds on an interval [0, t] ⊆ [0, T ], with some constant κ > 0, for all characteristic
curves t �→ x(t) of (2.1), and that t and L are sufficiently small.

Then, the measurements d(L, t), t ∈ [0, t] uniquely determine c̃ on the interval
[0, λ] with

λ = c̃−1(g(t)) > 0 (3.14)
and the estimate

‖c̆− c̃‖L2(0,λ) ≤ C ‖F (c̆) − F (c̃)‖H1(0,t) (3.15)

holds with some C > 0 for all c̆ ∈ D(F )∩Br(c̃) where Br(c̃) is a ball of sufficiently
small radius r (with respect to the C3 norm) around c̃.

Idea of proof. See Section 5.

Remark 3.3. The assumptions on dx and g that result from (3.11), (3.12), and the
compatibility conditions (2.10), (2.11) can be naturally fulfilled by starting with
vanishing displacement, and (up to some time t) strictly increasing nonnegative
excitation.

Moreover, if
∣∣∣(±√c̃′(d′0)/ρ d′′0 + d′1

)
(x)
∣∣∣ is uniformly bounded away from

zero for all x ∈ [0, L], then by continuity (3.13) will hold for some κ > 0 as long
as t is sufficiently small.
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Smallness of L is natural, e.g., in the context of the piezoelectric application
in Section 4, where L is the (typically small) thickness of the probe, see Figure
2. However, smallness of t (as we also require it for existence in Proposition 2.1)
imposes a restriction on the interval on which c̃ can be identified. Although one
might think of choosing a fast increasing g for enlarging λ in (3.14), this does
not really help since the smallness condition on t coming from the perturbation
argument in the last part of the idea of proof of Conjecture 3.2 depends on how
fast g and therewith a as defined in (3.3) changes with time.

Note that the basic idea of integrating along characteristics and formulating
the identification problem as an integral equation comes from the book by Isakov
[19], where uniqueness results for identification of spatially varying parameters in
linear hyperbolic PDEs are proven.

4. Application to material nonlinearities in piezoelectricity

Recall the piezoelectric PDEs

ρ∂2 �d
∂t2 −BT

(
cEB�d+ eT gradφ

)
= 0 in Ω

−div
(
eB�d− εεεSgradφ

)
= 0 in Ω ,

(4.1)

where B is the transposed of the divergence DIV of a dyadic,

B =

⎛⎜⎜⎜⎜⎜⎜⎜⎝

∂
∂x 0 0
0 ∂

∂y 0
0 0 ∂

∂z

0 ∂
∂z

∂
∂y

∂
∂z 0 ∂

∂x
∂
∂y

∂
∂x 0

⎞⎟⎟⎟⎟⎟⎟⎟⎠
,

and the material tensors cE ∈ R6
6, e ∈ R6

3, εεε
S ∈ R3

3 have a structure depending
on the material class under consideration and the direction of polarization. For
instance, for materials in the 6mm crystal class polarized in 3-direction, they are
of the form

cE =

⎛⎜⎜⎜⎜⎜⎜⎝
cE11 cE12 cE13 0 0 0
cE12 cE11 cE13 0 0 0
cE13 cE13 cE33 0 0 0
0 0 0 1

2 (cE11 − cE12) 0 0
0 0 0 0 cE44 0
0 0 0 0 0 cE44

⎞⎟⎟⎟⎟⎟⎟⎠ , (4.2)

e =

⎛⎝ 0 0 0 0 0 e15
0 0 0 0 e15 0
e31 e31 e33 0 0 0

⎞⎠ , (4.3)
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transversal
vibration

radial
vibration

thickness
vibration

longitudinal
vibration

shear
vibration

Figure 1. Test sample scheme according to the European Norm [12]

εεεS =

⎛⎝ εS11 0 0
0 εS11 0
0 0 εS33

⎞⎠ , (4.4)

(cf. [12], [17]).
By an appropriate experimental setup (cf. [12], [17]), the problem of determin-

ing the ten different scalar entries cE11, c
E
33, c

E
12, c

E
13, c

E
44, e15, e31, e33, ε

S
11, ε

S
33 of the

material tensors in (4.1) can be reduced to five basically spatially one-dimensional
problems, corresponding to the five test samples in Figure 1. Moreover, by ex-
posing the piezo-ceramic probe either to large mechanical pre-stressing or to high
voltages, one can achieve predominance of dependence on either stress |B�d| or
electric field |gradφ|.

Since we can collect two different sets of data for each test sample (e.g., for
varying time, the curves of electrical charge and of mechanical displacement at an
electrode1), we expect that we can identify two parameter curves per test sample,
which by independence of the five sample experiments gives the full set of ten
parameter curves in the tensors (4.2), (4.3), (4.4).

1that can be obtained from current and velocity measurements
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Figure 2. Schematic of the experimental setup: Piezoelectric disc po-
larized in thickness direction, electrodes placed on top and bottom of
the sample.

To complete this uniqueness argument for the full parameter curve set by
means of our identifiability Conjecture 3.2, it remains to get from the one-dimen-
sional piezoelectric PDEs

ρdtt − (cEdx + eφx)x = 0 x ∈ (0, L), t ∈ [0, T ]
−(edx − εSφx)x = 0 x ∈ (0, L), t ∈ [0, T ] , (4.5)

(where in place of material tensors cE , e, εεεS we only have scalars cE , e, εS) to our
model problem. In many cases of interest, this can be done by eliminating φ by
means of the second line in (4.5):

As an example, consider a thin disc according to the third picture in Figure
1, so that the piezoelectric effect in thickness direction is predominant, see Figure
2. One of the electrodes is grounded, the other either loaded with a prescribed
surface charge qL(t) or with an impressed voltage φL(t).

φ(0, t) = 0⎧⎨⎩ (i) (edx − εSφx)(L, t) = − qL(t)
A (charge excitation)

or
(ii) φ(L, t) = φL(t) (voltage excitation),

(4.6)

where A is the surface area covered by the loaded electrode.

When exposing the probe to large mechanical pre-stressing σ0(t), σL(t) on
top and bottom, which corresponds to the boundary conditions

(cEdx + eφx)(0, t) = σ0(t)
(cEdx + eφx)(L, t) = σL(t) , (4.7)

the elasticity coefficient cE will exhibit a dependency on the strain dx. Eliminating
φ by resolving the second line of (4.5) together with the boundary conditions (4.6)
for φ,

φ(x, t) =
e

εS
(d(x, t) − d(0, t)) + r(t) · x
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with ⎧⎨⎩ (i) r(t) = qL(t)
εSA

or
(ii) r(t) = 1

L

(
φL(t) − e

εS (d(L, t) − d(0, t))
)
,

and inserting this expression into the first line of (4.5) and the boundary conditions
(4.7), we arrive at

dtt − ((c(dx))dx)x = 0

with boundary conditions

(c(dx)dx)(0, t) = σ0(t) + e r(t)
(c(dx)dx)(L, t) = σL(t) + e r(t)

with

c(λ) := cE(λ) +
e2

εS
.

Assuming that e, εS are known (e.g., from experiments at low impressed cur-
rents/voltages and low boundary stresses, see, e.g., [12], [17]), and that we can
measure the displacement difference d(L, t)− d(0, t), we arrive at an identification
problem for determining the curve λ �→ cE(λ), that is almost identical to the model
problem (1.1), (1.2), (1.3).

4.1. Numerical reconstruction results

For a first implementation in a Matlab program, we concentrated on the spatially
one-dimensional case (4.5). We assume that in (4.5), e and εS depend on the
electric field |φx| and cE is constant, (thus, we consider a situation that is in some
sense complementary to the case of stress dependent cE with constant e, εS as it
was just shown to be dirctly reducible to our model problem). Therewith, in

ρdtt −
(
cEdx + e(|φx|)φx

)
x

= 0

−
(
e(|φx|)dx − εS(|φx|)φx

)
x

= 0
(4.8)

with the boundary conditions(
cEdx + e(|φx|)φx

)
(0, t) =

(
cEdx + e(|φx|)φx

)
(L, t) = 0

φ(0, t) = 0
(
e(|φx|)dx − εS(|φx|)φx

)
= − qL(t)

A

(stress free surface, one grounded and one charge loaded electrode), the curves
e and εS are to be identified. The given data are the mechanical displacement
d(L, ·) as well as the electric voltage φ(L, ·) and the electric charge qL at the
loaded electrode, the latter entering the boundary conditions.

With the forward operator F : (e, εS) → (d(L, ·), φ(L, ·)) mapping the pa-
rameter curves (e, εS) to the trace of the solution (d, φ) at x = L, we write this as
a nonlinear operator equation

F (e, εS) = (dmeas
L , φmeas

L )
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Figure 3. Exact curves for e and εS

that we approximately solve by applying Newton’s method – note that the Jaco-
bian can be expressed in terms of solutions to linearized versions of (4.8) – and
discretization. The latter is here done by using a spline ansatz for the searched
for curves and doing a space and time discretization by piecewise linear finite
elements (i.e., due to the 1-d situation, equivalently, finite differences). Here the
number of spline breakpoints is chosen relatively small, in order to regularize the
inverse problem by coarse discretization (cf Remark 2.3, as well as Section 3.3.
in [11], Chapter 3 in [26], and the references therein, as well as [23]). In contrast
to that, a sufficiently large number of degrees of freedom in space and time is
used for numerically solving (4.8), in order to keep the numerical approximation
error in simulating measurements small, namely of the order of magnitude of the
measurement noise level. Additionally, to avoid an inverse crime, we choose the dis-
cretization for generating synthetic data different from the one used in the inverse
computations.

Figure 3 shows the exact curves taken from a paper by Anderssen et al. [2]. In
Figures 4 and 5, we plot the results with exact data for our reconstruction of e, εS

separately and simultaneously, respectively. The separate reconstructions are also
shown for randomly perturbed data with a noise level of one per cent as typical
in this context, see Figure 6. In all these graphics, the starting curves (constants)
are marked by circles, the final ones by crosses, and the exact ones by a solid line.

The experiments show that the results are worse (and noise in the data is
more critical) for e than for εεεS , which indicates that the measurements might be
less sensitive with respect to the piezoelectric coupling coefficient.

However, we wish to remark that using a numerical reconstruction approach
that is based on a formulation in frequency domain, much better results can be
obtained, see [24].
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Figure 4. Separate reconstruction for e (left) and εS (right) from exact data

Figure 5. Simultaneous reconstruction for e and εS from exact data

5. Proofs of Propositions 2.1, 3.1, and idea of proof
of Conjecture 3.2

Proof. (Proposition 2.1)
Consider u := dx as the searched for function in the PDE that is obtained by
differentiating (2.1) with respect to x:

ρutt − (c̃′(u)ux)x = 0 x ∈ (0, L), t ∈ (0, T ) . (5.1)

We assume homogeneous Neumann boundary conditions on the left-hand bound-
ary, and use the second line in (2.2) to get a condition on the right-hand boundary,

(c̃′(u)ux)(0, t) = 0
c̃(u(L, t)) = g(t) t ∈ (0, T ) ,
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Figure 6. Separate reconstruction for e (left) and εS (right) from data
contaminated with 1 per cent noise)

i.e.,
ux(0, t) = 0
u(L, t) = c̃−1(g(t)) t ∈ (0, T ) . (5.2)

The initial conditions are

u(x, 0) = d0x(x) , ut(x, 0) = d1x(x) x ∈ (0, L) . (5.3)

To show existence of a solution to this nonlinear boundary value problem, we
transfer the hyperbolic PDE (5.1) into standard form by a smooth transform of
variables aligned to the characteristic curves given by ẋ(t) = ±

√
(c̃′(u)(x(t), t)/ρ

(cf., e.g., Section 7.2.5 in [13] and Section 2-6. in [15]). Namely, we consider

U(ϕ(x, t) + ψ(x, t), ϕ(x, t) − ψ(x, t)) = u(x, t) (5.4)

with ϕ, ψ solving
√
ρϕt +

√
c̃′(u)ϕx = 0 ,

√
ρψt −

√
c̃′(u)ψx = 0 , (5.5)

which leads to a PDE for U

Uββ − Uαα =
1
8
(
ax
a

+
at
a3/2

)
1
ψx

(Uα + Uβ) +
1
8
(
ax
a

− at
a3/2

)
1
ϕx

(Uα − Uβ) , (5.6)

where a := c̃′(u)/ρ. To see that this transform of variables is in fact regular and C2

smooth on some sufficiently small time interval (0, t), provided u ∈ C2, consider
the Jacobi determinant

det
(
ϕx + ψx ϕt + ψt

ϕx − ψx ϕt − ψt

)
= det

(
ϕx + ψx −

√
c̃′(u)/ρ(ϕx − ψx)

ϕx − ψx −
√
c̃′(u)/ρ(ϕx + ψx)

)
= −4

√
c̃′(u)/ρϕx ψx . (5.7)
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From the characteristic ODEs for ϕ

tτ (τ, s) = 1 t(0, s) = s ⇒ t(τ, s) = τ + s
xτ (τ, s) =

√
c̃′(u(x(τ, s), t(τ, s))/ρ x(0, s) = 0

ϕτ (τ, s) = 0 ϕ(0, s) = s ⇒ ϕ(τ, s) = s
(5.8)

for τ ≥ 0, s = t(0, s) ≥ 0, it follows that

1 = ϕs = ϕx · xs + ϕt · ts = ϕx(xs −
√
c̃′(u)/ρ) , (5.9)

and therewith ϕx �= 0. The same holds true for ψ, therefore the Jacobi determinant
(5.7) does not vanish. On the other hand, (5.9) implies boundedness of |ϕx| as
long as

xs(τ, s) �=
√
c̃′(u(x(τ, s), τ + s)/ρ .

The latter can be established for all t and therewith τ = t− s smaller than some
t > 0 that depends only on γ, C̄, ρ, and the C1-norm of u, by deriving an ODE
for x̃ := xs from (5.8):

x̃τ (τ, s) =
c̃′′(u(x(τ, s), t(τ, s)))(ux(x(τ, s), t(τ, s))x̃(τ, s) + ut(x(τ, s), t(τ, s)))

2
√

c̃′(u(x(τ, s), t(τ, s)) · ρ ,

x̃(0, s) = 0 ,

which implies that

|x̃τ (τ, s)| ≤ C̄ ‖u‖C1

2
√
γρ

(|x̃(τ, s)| + 1) ,

so

|x̃(τ, s)| ≤ exp(
C̄ ‖u‖C1

2
√
γρ
τ) − 1 <

√
γ/ρ ≤

√
c̃′(u(x(τ, s), τ + s)/ρ

for all

τ ≤ t :=
2
√
γρ ln(1 +

√
γ/ρ)

C̄ ‖u‖C1
.

Another differentiation of (5.9) with respect to s yields

0 = ϕss =
d

ds
(ϕx(xs −

√
c̃′(u)/ρ))

= (ϕxxxs + ϕxtts)(xs −
√
c̃′(u)/ρ) + ϕx(xss − (

√
c̃′(u)/ρ)s)

= ϕxx(xs −
√
c̃′(u)/ρ)2 − (

√
c̃′(u)/ρ)xϕx(xs −

√
c̃′(u)/ρ)

+ϕx(xss − (
√
c̃′(u)/ρ)s) ,

so by reasoning similar to above and using our assumption u ∈ C2, we arrive at
boundedness also of ϕxx for t ≤ t. Analogously boundedness of all other first and
second derivatives of ϕ and also of ψ can be verified. By the Inverse Function
Theorem we therefore know that existence of a C2 solution u to (5.1), (5.2), (5.3)
follows from existence of a C2 solution to (5.6) with transformed initial and bound-
ary conditions. It therefore remains to show that the latter holds true, which we do
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by the Banach Fixed Point Theorem. Namely, we define the fixed point operator
T mapping a C2 function U to a solution T(U) := Z of

Zββ − Zαα =
1
8
(
ax
a

+
at
a3/2

)
1
ψx

(Uα + Uβ) +
1
8
(
ax
a

− at
a3/2

)
1
ϕx

(Uα − Uβ) , (5.10)

with the transformed initial and boundary conditions. Note that the right-hand
side depends on U not only linearly via the first order derivative terms Uα + Uβ ,
Uα − Uβ but also nonlinearly via a = c̃′(U)/ρ and ϕ, ψ. Also note, that although
the boundary and initial conditions (5.2), (5.3) are linear, they still depend on
U since the transform of variables affects the curves in the α, β plane on which
the initial and boundary conditions hold. The operator T is contractive, since Z
is obtained by integrating the right-hand side in (5.10) over a – due to t small –
short path along the characteristics α±β = const and the right-hand side consists
of the first order derivatives Uα +Uβ, Uα−Uβ, along with factors whose L∞ norm
can be bounded in terms of ‖U‖C2, see the arguments following (5.9).

This implies existence of a solution u ∈ C2 to the nonlinear initial-boundary
value problem (5.1), (5.2), (5.3), and therewith, according to

d(x, t) :=
∫ x

0

u(ξ, t)dξ (5.11)

of a solution d ∈ C3,2 to (1.1), (1.2), (1.3). Uniqueness of d follows from stan-
dard energy estimates, cf., e.g., Theorem 4 in Section 7.2 of [13], applied to the
differential equation

ρvtt − (
∫ 1

0

c̃′(d2x + θ(d1x − d2x))dθ vx)x = 0

with homogeneous initial and boundary conditions, that the difference v between
two different solutions d1, d2 has to satisfy.

Similar arguments can be used to show continuous dependence of the solution
d in C3,2((0, L)× (0, T )) on the parameter c̃ in C3.

To prove Fréchet differentiability, note that with F (c̃ + s̃) = d̄(L, ·) where d̄
solves (1.1), (1.2) with c̃ replaced by c̃+ s̃, the function w := d̄− d− v solves

ρwtt − (c̃′(dx)wx)x = fx

with boundary conditions

w(0, t) = 0
c̃′(dx(L, t))wx(L, t) = f(L, t) ,

where
f = c̃(d̄x) − c̃(dx) − c̃′(dx)(d̄x − dx) + s̃(d̄x) − s̃(dx) .

Therefore, again, the characteristic C2 variable transform and a standard result
for the wave equation imply

‖w‖C2 ≤ C ‖fx‖C1

≤ C(1 + ‖dx‖2
C2)
(
‖c̃‖C4 ‖d̄x − dx‖2

C2 + ‖s̃‖C3 ‖d̄x − dx‖C2

)
.
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By continuity of F , the right-hand side goes to zero like o(‖s̃‖C3), which proves
Fréchet differentiability. Analogously, continuity of the Fréchet derivative can be
shown by deriving a PDE describing the difference between two Fréchet derivative
values. �

Proof. (Proposition 3.1)
Without loss of generality, we set ρ = L = ā = 1. By integrating along the
characteristic curves x± t = const, inserting the boundary conditions at the right-
hand boundary

vx(1, t) + φ = 0 , (5.12)

as well as the measurement difference (cf. (3.4))

m(t) := v(1, t) , (5.13)

we arrive at the solution

v(x, t) =
1
2
(m(1 + t− x) +m(1 + t− x−min{1 + t− x, 2(1 − x)}))

+
1
2

∫ 1+t−x

1+t−x−min{1+t−x,2(1−x)}
φ(1, σ)dσ (5.14)

−
∫ min{ 1

2 (1+t−x),1−x}

0

∫ ν

0

φx(1 − τ, τ + 1 + t− x− 2ν) dτdν

−
∫ 1−x

min{ 1
2 (1+t−x),1−x}

∫ ν

2ν−(1+t−x)

φx(1 − τ, τ + 1 + t− x− 2ν) dτdν ,

which additionally to (5.12) and (5.13) satisfies

(vt + vx)(x, 0) = 0 . (5.15)

From the initial conditions as well as the boundary conditions on the left-hand
boundary

v(x, 0) = 0, v(0, t) = 0 (5.16)

we obtain equations relating φ to the measurements, namely

0 = v(x, 0)

=
1
2
(m(1 − x) +m(0)) +

1
2

∫ 1−x

0

φ(1, σ)dσ

−
∫ 1

2 (1−x)

0

∫ ν

0

φx(1 − τ, τ + 1 − x− 2ν) dτdν

−
∫ 1−x

1
2 (1−x)

∫ ν

2ν−(1−x)

φx(1 − τ, τ + 1 − x− 2ν) dτdν

=
1
2

(
m(1 − x) +m(0)) +

∫ 1−x

0

φ(x + σ, σ) dσ
)
,

(5.17)
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0 = v(0, t)

=
1
2
(m(1 + t) +m(max{t− 1, 0})) +

1
2

∫ 1+t

1+t−min{1+t,2}
φ(1, σ)dσ

−
∫ min{ 1

2 (1+t),1}

0

∫ ν

0

φx(1 − τ, τ + 1 + t− 2ν) dτdν

−
∫ 1

min{ 1
2 (1+t),1}

∫ ν

2ν−(1+t)

φx(1 − τ, τ + 1 + t− 2ν) dτdν

=
1
2

(
m(1 + t) +m(max{t− 1, 0})) +

∫ t+1

max{t−1,0}
φ(|t − σ|, σ) dσ

)
,

(5.18)

where we have used the identities∫ b

0

∫ ν

0

φx(1 − τ, τ + 1 + ζ − 2ν) dτdν

=
1
2

∫ 1+ζ

1+ζ−2b

∫ min{1,ζ−σ+2}=1

max{σ−ζ,ζ−σ+2(1−b)}
φx(ξ, σ) dξ dσ

=
1
2

∫ 1+ζ

1+ζ−2b

(φ(1, σ) − φ(max{σ − ζ, ζ − σ + 2(1 − b)}, σ)) dσ .∫ b

1
2 (1+ζ)

∫ ν

2ν−(1+ζ)

φx(1 − τ, τ + 1 + ζ − 2ν) dτdν

=
1
2

∫ 1+ζ

0

∫ ζ−σ+2

max{σ−ζ,ζ−σ+2(1−b)}
φx(ξ, σ) dξ dσ

=
1
2

∫ 1+ζ

0

(φ(ζ − σ + 2, σ) − φ(max{σ − ζ, ζ − σ + 2(1 − b)}, σ)) dσ ,

with ζ = −x and ζ = t.
Note that on the other hand (5.12), (5.13), (5.15), (5.16) imply that v as given

in (5.14) solves the PDE (3.5) and satisfies the boundary and initial conditions
(3.6) (3.7) (with ρ = L = ā = 1), and on the right-hand boundary coincides with
m.

Thus, we obtain from (5.17) with ζ = −x ∈ [−1, 0]

−m(1 + ζ) =
∫ 1+ζ

0

φ(|σ − ζ|, σ) dσ , (5.19)

where we have used the fact that m(0) = v(1, 0) = 0. while (5.18) with ζ = t > 1
implies

−m(1 + ζ) −m(−1 + ζ) =
∫ 1+ζ

−1+ζ

φ(|σ − ζ|, σ) dσ . (5.20)

Summing up (5.20) with ζ replaced by ζ−2l, l = 0, . . . , [1+ζ
2 ]−1 and adding (5.19)

with ζ replaced by ζ − 2[1+ζ
2 ], implies that (5.19) holds for all ζ ≥ −1. Inserting

(3.3), and setting t := ζ + 1 ≥ 0, we can, due to (3.13), further transform the
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integrals with

λ := dx(|σ − ζ|, σ) , (5.21)
τ := g−1(c̃(λ))

to arrive at a Volterra type integral equation of the first kind for s̃ ◦ c̃−1 ◦ g:

−m(t) =
∫ dx(1,t)

dx(|t−1|,0)
k(λ, t)s̃(λ) dλ

=
∫ c̃−1(g(t))

0

k(λ, t)s̃(λ) dλ

=
∫ t

0

k(c̃−1(g(τ)), t)
g′(τ)

c̃′(c̃−1(g(τ)))
s̃(c̃−1(g(τ))) dτ ∀t ∈ [0, t] , (5.22)

where

k(λ, t) =
1

sign(σ − t+ 1)dxx(|σ − t+ 1|, σ) + dxt(|σ − t+ 1|, σ)
with σ = σ(λ, t − 1) according to the identity (5.21) (that due to (3.8) and the
Implicit Function Theorem can be uniquely resolved with respect to σ). Now we
apply the theory of Volterra integral equations (cf., e.g., Theorem 4.3 in [10])
using the fact that by our assumptions, the kernel k(c̃−1(g(τ)), t) g′(τ)

c̃′(c̃−1(g(τ))) is
boundedly differentiable with respect to t and bounded away from zero on the
diagonal set τ = t, to conclude that

‖s̃‖L2(0,λ) ≤
‖g‖C1

γ
‖s̃ ◦ c̃−1 ◦ g‖L2(0,t) ≤ C ‖m′‖L2(0,t),

i.e., (3.10), with λ according to (3.9). �

Idea of proof. (Conjecture 3.2)
In the general situation of curved characteristics in (3.1), we expect that the same
result as in Proposition 3.1 can be derived by using a characteristic transform
of variables α = ϕ(x, t) + ψ(x, t), β = ϕ(x, t) − ψ(x, t) where ϕt +

√
a
ρϕx = 0,

ψt −
√

a
ρψx = 0, and defining V (α, β) by V (ϕ(x, t) + ψ(x, t), ϕ(x, t) − ψ(x, t)) =

v(x, t) as we did in the proof of Proposition 2.1.
Condition (3.13) implies that | d

dtdx(x(t), t)| is uniformly bounded away from
zero for all characteristic curves t �→ x(t) determined by ẋ(t) =

√
c̃′(dx(x(t), t))/ρ

of (2.1), and therewith, by continuity arguments,

κ

2
< | d
dt
dx(x(t), t)| =

∣∣∣(±√a/ρ dxx + dxt

)
(x(t), t)

∣∣∣ , (5.23)

also for the characteristic curves t �→ x(t) of (3.1), as long as c̆ is sufficiently close
to c̃. Due to (5.23), the integral transformation replacing (5.21) in the general case

λ := U(|σ − β + 1|, σ) , (5.24)
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with U(α, β) defined (analogously to (5.4)) by

U(ϕ(x, t) + ψ(x, t), ϕ(x, t) − ψ(x, t) = dx(x, t)

is regular.

More precisely, we can derive the following:
With Φ(ϕ(x, t) + ψ(x, t), ϕ(x, t) − ψ(x, t)) = φ(x, t), the PDE (3.1) becomes

Vββ − Vαα =
1

4aψx︸ ︷︷ ︸
=:δ+

(Φα + Φβ) +
1

4aϕx︸ ︷︷ ︸
=:δ−

(Φα − Φβ)

+
1
8
(
ax
a

+
at
a3/2

)
1
ψx︸ ︷︷ ︸

=:γ+

(Vα + Vβ) +
1
8
(
ax
a

− at
a3/2

)
1
ϕx︸ ︷︷ ︸

=:γ−

(Vα − Vβ)

=: r . (5.25)

Since we can choose the characteristic variables α, β such that they are aligned to
the original ones at t = 0 and x = L, i.e.,

α(x, 0) = x
L α(L, t) = 1

β(x, 0) = 0 β(L, t) = t (5.26)

the solution formula (5.14) remains valid and we can make use of the initial values

V (α, 0) = 0 α ∈ [0, 1]

(note that we do not use an analogon to the second equation in (5.16), since on
the left-hand side x = 0, the characteristic transform of variables in general yields
a curved boundary). In (5.14), we have to replace φx by the right-hand side r in
(5.25), and φ by L

a Φ, so that we arrive at

−m�(−1 + ζ) =
∫ 1+ζ

0

L
ā Φ(|σ − ζ|, σ) dσ (5.27)

in place of (5.19), where

m�(1 + ζ) = m(1 + ζ)

−
∫ 1+ζ

0

(
L
ā − L

a

)
Φ(|σ − ζ|, σ) dσ

−2
∫ 1

2 (1+ζ)

0

∫ ν

0

(r − L
ā Φα)(1 − τ, τ + 1 + ζ − 2ν) dτdν

−2
∫ 1+ζ

1
2 (1+ζ)

∫ ν

2ν−(1+ζ)

(r − L
ā Φα)(1 − τ, τ + 1 + ζ − 2ν) dτdν

and ā is a constant approximating a. Hence if it can be shown that

‖m� −m‖H1 ≤ C ‖m‖H1 + c‖Φ‖L2 (5.28)
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with c sufficiently small, and

‖Φ‖L2 = ‖φ‖L2 =

√∫ L

0

∫ t

0

s̃(dx(x, t) dt dx ≤ C ‖s̃‖L2(0,λ̄) , (5.29)

then analogously to Proposition 3.1 with a perturbation argument one can con-
clude the assertion (3.15).

Indeed, from the fact that a is close (in C2,2) to a constant in [0, L] × [0, t]
as long as L and t are sufficiently small, we can argue that the factors γ+, γ−, as
well as δ+ + δ−− L

ā , δ+ − δ− are small, since αx ≈ 1
L and βx ≈ 0 by (5.26) Hence,

it is clear that (5.28) with small c is likely to hold; however, it seems that this
cannot be proven rigorously, at least not by standard results on hyperbolic PDEs.
Moreover since for hyperbolic PDEs no maximum principles are available, it is not
clear how (5.29) can be established. �

6. Conclusions and remarks

In this paper we considered the problem of identifying a nonlinear coefficient c
in a hyperbolic PDE from additional boundary measurements. We provided a
well-based conjecture on stability and identifiability for the model case of a one-
dimensional elastic string and demonstrated applicability to parameter identifica-
tion in the piezoelectric PDEs.

For an alternative numerical solution approach to this identification problem,
we refer to [24], where a method working in frequency domain is developed and
numerical results are provided.

Future research work will be devoted to the study of the effect of damping,
which plays a role in the applications we have in mind. As a matter of fact, damping
makes the forward problem more stable and therewith can be expected to allow
for more advanced assertions on the inverse problem. Here, we wish to refer to
recent work by Lasiecka and coauthors, cf., e.g., [3].

Currently, we investigate nonlinearity in the sense of hysteresis, (cf., e.g., [5]
and especially [28] for hysteresis in the context of the wave equation, as well as
[16] for hysteresis identification), see [25].

Finally, we remark that the considerations of this paper might give hints
on identifiability also for different identification problems for nonlinear PDEs of
hyperbolic type.
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An SQP Active Set Method for a
Semilinear Optimal Control Problem with
Nonlocal Radiation Interface Conditions

C. Meyer

Abstract. We consider a sequential quadratic programming (SQP) method
for the solution of an optimal control problem governed by a semilinear ellip-
tic equation with nonlocal interface conditions. These conditions arise from
conductive-radiative heat transfer in non-convex domains. After stating first-
and second-order optimality conditions, we introduce the SQP algorithm that
uses an active set method to solve the linear quadratic subproblems arising
in each step. The corresponding optimality systems are discretized by linear
finite elements, using a partly exact summarized midpoint rule for the dis-
cretization of the nonlocal radiation interface conditions. The paper ends with
some numerical results demonstrating the efficiency of the proposed method.

Mathematics Subject Classification (2000). 49M37, 65R20, 49K20.

Keywords. Optimal control, semilinear elliptic equations, nonlocal interface
conditions, sequential quadratic programming, active set strategy.

1. Introduction

In this paper, we continue the work presented in [16] and [15] on an optimal control
problem with nonlocal radiation interface conditions. While the contributions in
[16] and [15] focus on theoretical aspects such as first- and second-order optimal-
ity conditions, the goal of this paper is the development of an efficient numerical
algorithm including an accurate discretization of the nonlocal radiation interface
conditions. The optimal control problem, discussed here, arises from the subli-
mation growth of semiconductor single crystals by the physical vapor transport
(PVT) method. The semiconductor materials, produced with this method, such as
silicon carbide (SiC) or aluminum nitrite (AlN), are used in numerous industrial
applications, e.g., the production blue lasers. For the PVT method, polycrystalline
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powder is placed under a low-pressure inert gas atmosphere at the bottom of a
cavity inside a crucible. The crucible is heated up to 2000 till 3000 K by induction.
Due to the high temperatures and the low pressure, the powder sublimates and
crystallizes at a single-crystalline seed located at the cooled top of the cavity, such
that the desired single crystal grows into the reaction chamber. See [13] for more
details.

Here, we focus on the conductive-radiative heat transfer in the growth appa-
ratus. Therefore, we consider a simplified setup of the growth apparatus, shown
in Figure 1. Here, Ωs denotes the domain of the solid graphite crucible, whereas

Ω

ΓΩ

Γ

g

s

n
nr

0

r

0

Figure 1: Exemplary domain for nonlocal radiative heat transfer.

Ωg is the domain of gas phase inside. A very important determining factor for the
crystal’s quality and growth rate is the temperature gradient inside the gas phase
[18]. Since we do not consider the electromagnetic induction, we will optimize the
temperature gradient in the gas phase Ωg by directly controlling the heat source
u in Ωs.

The temperature y inside the growth apparatus arises as the solution of the
conductive-radiative heat transfer problem in the growth apparatus. This process
is modelled by the following semilinear PDE (see [13] for details)

−div(κs ∇y) = u in Ωs

−div(κg ∇y) = 0 in Ωg

κg

(
∂y

∂nr

)
g

− κs
(
∂y

∂nr

)
s

= qr on Γr

κs
∂y

∂n0
+ εσ |y|3y = εσ y40 on Γ0.

(1.1)

Here, n0 is the outward unit normal on Γ0, and nr is the unit normal on Γr facing
outward with respect to Ωs (cf. Fig. 1). Furthermore, ε is the emissivity, σ the
Boltzmann radiation constant, and κs, κg denote the thermal conductivities in Ωs,
Ωg, respectively. By qr we denote the additional radiative heat flux on Γr that is
given by

qr = (I −K)(I − (1 − ε)K)−1ε σ|y|3y := Gσ|y|3y. (1.2)

The nonlocal operators K and G will be specified in Section 3. For an explicit
description of the corresponding mathematical model, we refer to [20]. In addition
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to this semilinear state equation, we consider box constraints on the control. Thus,
the optimal control problem, considered here, reads as follows:

(P)

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
minimize J(y, u) :=

1
2

∫
Ωg

|∇y − z|2 dx+
ν

2

∫
Ωs

u2 dx

subject to (1.1)

and ua(x) ≤ u(x) ≤ ub(x) a.e. in Ωs,

where z denotes the desired temperature gradient and ν > 0 is a Tikhonov regu-
larization parameter.

The nonlocal radiation on Γr represents the main characteristic of our prob-
lem, since the nonlinearity in the state equation (1.1) is in general not monotone
due to the nonpositivity of G (see [20]). Therefore standard techniques for mono-
tone nonlinearities cannot be applied. This complicates the analysis of the state
equation (1.1), see Tiihonen [20], [21], and Laitinen and Tiihonen [14]. Further-
more, a consistent discretization of the nonlocal radiation operators K and G in
a finite element framework is challenging, since the kernel of integral operator K
exhibits a weak singularity (cf. [21]). Therefore, for the approximation of K and
G, respectively, the critical part of K is integrated exactly which is possible due
to the special shape of our computational domain (see Section 7 and Appendix
A). Concerning the numerical treatment of K, our discretization slightly differs
from an approach introduced by Tiihonen in [22], where the boundary integral
over Γr is completely discretized using some quadrature rule. For a smoother class
of domains than the one considered here, Tiihonen proved linear convergence of
his finite element scheme in the H1-norm (see [22]).

The numerical analysis of semilinear elliptic optimal control problems is well
investigated in various articles. We only refer to Casas [6], Bonnans and Casas [5],
Casas, Tröltzsch and Unger [7], or Bonnans [4], and the references therein. How-
ever, in case of problem (P), the standard arguments have to be modified, again
due to the non monotony of the nonlinearity. This especially concerns first-order
necessary conditions (see [16] and [15]). In Section 4, we will shortly sketch the
arising difficulties and how to overcome them. To solve problem (P) numerically,
we use an sequential quadratic programming (SQP) method. Moreover, the lin-
ear quadratic optimal control problems arising in each SQP step are solved by an
active set method, see for instance [2] or [3]. Throughout the paper, we will refer
to the overall method as the SQP active set algorithm. A similar method for the
control of the Navier-Stokes equation is considered by Hintermüller and Hinze in
a recent paper [11]. In the field of constrained optimal control of nonlinear PDEs,
the SQP method is also investigated by Tröltzsch and Volkwein for the Burgers
equation [25] and for a general class of semilinear PDEs in Goldberg and Tröltzsch
[10], Tröltzsch [23], and Unger [26].

The paper is organized as follows: After stating the mathematical setting in
Section 2, a summary of the main results concerning the semilinear state equation
follows in Section 3. Sections 4 and 5 present first- and second-order optimality
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conditions for (P), whereas Sections 6 and 7 are devoted to the numerical treatment
of (P). More precisely, the SQP active set algorithm is introduced in Section 6,
and Section 7 is dedicated to the discretization of (P). The paper ends with some
numerical examples in Section 8.

2. The mathematical setting

Throughout this paper, we assume the following conditions on the domain Ω and
on the quantities and functions occurring in (P):

Assumption 1. We assume that Ω ⊂ R3 is a bounded simply connected domain
with Lipschitz boundary Γ0. The boundary of the simply connected subdomain
Ωg ⊂ Ω, denoted by Γr, is assumed to be a closed Lipschitz surface that is piecewise
C1,δ. Notice that the distance of Γr to Γ0 is positive. Then, Ωs is defined by
Ωs = Ω\Ωg.
The Boltzmann radiation constant is assumed to be positive, i.e., σ ∈ R+. For the
thermal conductivity, we assume κ ∈ L∞(Ω) with

κ(x) =
{
κs(x) in Ωs

κg(x) in Ωg

and κ(x) ≥ κmin > 0 a.e. on Ω. Furthermore, the emissivity ε ∈ L∞(Γ0 ∪ Γr) is
bounded by 1 ≥ ε ≥ εmin > 0 a.e. on Γ0 ∪ Γr.

Assumption 2. The desired temperature gradient z is given in L2(Ωg)2 and ν
is a positive constant. For the box constraints, we assume ua, ub ∈ L∞(Ωs) and
0 ≤ ua(x) < ub(x) a.e. in Ωs. The external temperature y0 is a function in L16(Γ0)
and fulfills y0 ≥ ϑ a.e. on Γ0 with a positive constant ϑ.

Moreover, we use the following notation:

Notation. We introduce the set of admissible controls by

Uad := {u ∈ L∞(Ωs) |ua(x) ≤ u(x) ≤ ub(x) a.e. in Ωs}.

The identity operator in the respective function spaces is denoted by I. Moreover,
τr is the trace operator on Γr, whereas τ0 denotes the trace on Γ0. Throughout
this paper, c is a generic constant and ϕ denotes a generic function. Let W be
a Banach space with its dual space W ∗. Then, for f ∈ W and g ∈ W ∗, 〈f , g〉
denotes the associated pairing.

3. The semilinear state equations

In this section, some results of Laitinen and Tiihonen [14], Tiihonen [20], [21],
and Meyer, Philip, and Tröltzsch [16] are recalled. First, we define the integral
operator K.
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Definition 3.1. The integral operator K is given by

(K y)(x) =
∫
Γr

ω(x, z) y(z) dsz, (3.1)

where the kernel ω is defined by

ω(x, z) =

⎧⎪⎪⎨⎪⎪⎩
Ξ(x, z)

[nr(z) · (x− z)][nr(x) · (z − x)]
2‖z − x‖3

, for n = 2

Ξ(x, z)
[nr(z) · (x− z)][nr(x) · (z − x)]

π‖z − x‖4
, for n = 3.

(3.2)

In this definition, x, z denote two points on Γr, and nr(x) is the unit normal at x
facing outward with respect to Ωs (cf. Fig. 1). Moreover, Ξ is given by

Ξ(x, z) =
{

0 if xz ∩Ωs �= ∅,
1 if xz ∩Ωs = ∅, (3.3)

with xz denotes the line between x and z.

In [21], it is proven that ω(x, z) has a singularity at x of type |x − z|−(1−δ)

in the two-dimensional and |x − z|−2(1−δ) in the three-dimensional case, which
is, in both cases, integrable. Based on this result, Tiihonen and Laitinen proved
in [14] some fundamental properties of K and G, in particular that G and G∗

are a bounded linear operators from Lp(Γr) to itself for all 1 ≤ p ≤ ∞. Fur-
thermore, using Brezis’ existence theorem for pseudomonotone operators, Laiti-
nen and Tiihonen derived in [14] that for every right-hand side u ∈ H1(Ωs)∗

and y0 ∈ L5(Γ0), the state equation (1.1) admits unique solutions in the state
space V := {v ∈ H1(Ω) | τr v ∈ L5(Γr) , τ0 v ∈ L5(Γ0)}. By standard truncation
techniques, it is shown in [16] that, if the right-hand side is sufficiently regular,
i.e., u ∈ L2(Ωs) and y0 ∈ L16(Γ0), solutions to (1.1) are bounded. Thus, we in-
troduce the state space V∞ := H1(Ω) ∩ L∞(Ω). Notice that y ∈ V∞ implies
τry ∈ L∞(Γr) and τ0y ∈ L∞(Γ0) (see [16, Remark 3.5]).

4. First-order necessary optimality conditions

Before we state first-order necessary conditions, let us first refer to the following
theorem that covers the existence of an optimal solution for (P). It is proven in
[16] by rather standard arguments.

Theorem 4.1. [16, Theorem 5.2] Under the Assumptions 1 and 2, there exists an
optimal control ū ∈ L∞(Ωs) with associated state ȳ ∈ V∞.

The key point in the proof of first-order necessary optimality conditions is to
show the differentiability of the control-to-state operator S : u �→ y. In preparation
of a corresponding theorem, we consider the following linear equation∫

Ω

κ∇y · ∇v dx+ 4
∫
Γ0

εσ |ȳ|3y v ds = 〈ϕ , v〉H1(Ω)∗,H1(Ω) ∀ v ∈ H1(Ω) (4.1)
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with a given ϕ ∈ H1(Ω)∗ and ȳ ∈ V∞ with ȳ > 0 a.e. in Ω. It is easy to verify that
the bilinear form in (4.1) is bounded and coercive in H1(Ω). Therefore, the Lax-
Milgram lemma implies that (4.1) admits solutions in H1(Ω) for every right-hand
side in ϕ ∈ H1(Ω)∗. Thus, there exists a linear continuous operator Bd : H1(Ω)∗ →
H1(Ω), mapping ϕ to y, such that the solution of (4.1) can be expressed as

y = Bd ϕ. (4.2)

Notice that the operator Bd depends on ȳ. However, to improve the readability, we
simply write Bd instead of Bd(ȳ) and proceed analogously with similar operators
in all what follows. Next, we consider a slightly different equation:

ā[y, v] :=
∫
Ω

κ∇y · ∇v dx+ 4
∫
Γr

(Gσ|ȳ|3y)v ds+ 4
∫
Γ0

εσ |ȳ|3y v ds

= 〈ϕ , v〉H1(Ω)∗,H1(Ω) ∀ v ∈ H1(Ω).

(4.3)

Since G is not positive, the bilinear form ā is in general not coercive. This is also
confirmed by the following numerical example, where we evaluate

∫
Γr
G(|ȳ|3v) v ds

by numerical integration. The discrete scheme for the numerical integration is de-
scribed later on in Section 7. This investigation is realized on the domain presented
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Figure 2: Example for non-coercivity.

in Figure 1, with side lengths 2 for the outer and 1 for the inner square, respec-
tively. Furthermore, ȳ and v are given by continuous piecewise linear functions
that are shown in Figure 2. Here, s denotes the curve parameter associated to Γr.
Table 1 shows the results of the numerical integration for different numbers of grid
points nr (cf. (7.1)).

As one can see, the results converge towards a negative number. This indicates
that the exact value is negative, too, and hence, one cannot expect the bilinear
form in (4.3) to be coercive. Thus, the Lax-Milgram lemma cannot be applied.
However, (4.3) is equivalent to

y = Bd ϕ−Br 4Gσ|ȳ|3τry, (4.4)
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Table 1: Results of the numerical integration depending
on the mesh size for ε = 0.8.

nr 2560 5120 7860 10240∫
Γr
G(|ȳ|3v) v ds -6.91145 -6.91152 -6.91153 -6.91153

where Br : L2(Γr) → H1(Ω) denotes the solution operator to (4.3) if ϕ can be
expressed by

〈ϕ , v〉H1(Ω)∗,H1(Ω) =
∫
Γr

fr v ds

with a function fr ∈ L2(Γr). Notice that it would be more appropriate to write
(Gσ|τrȳ|3 τry) instead of (Gσ|ȳ|3τry) in this context. However, for the purpose of
readability, in all what follows, we suppress the trace in connection with ȳ since it
represents a fixed reference state. Applying the trace operator to (4.4) yields

τry + 4 τrBrGσ|ȳ|3τry = τrBd ϕ. (4.5)

To show the existence of solutions of this equation, we rely on the following as-
sumption.

Assumption 3. λ = −1 is not an eigenvalue of

B(ȳ)( · ) := 4 τrBrGσ|ȳ|3( · ), (4.6)

with B(ȳ) : L2(Γr) → L2(Γr).

Since Br : L2(Γr) → H1(Ω), we have that τrBr : L2(Γr) → H1/2(Γr). There-
fore, due to the compact embedding of L2(Γr) inH1/2(Γr), B(ȳ) : L2(Γr) → L2(Γr)
is a compact operator. Thus, thanks to Assumption 3, the theory of Fredholm op-
erators ensures that (I+B(ȳ)) has a continuous inverse operator. Therefore, (4.5)
admits a solution in L2(Γr), giving in turn the unique existence of solutions to
(4.3). Moreover, by standard truncation techniques, it is proven in [16] that, if the
inhomogeneity ϕ is sufficiently regular such that it can be expressed by

〈ϕ , v〉H1(Ω)∗,H1(Ω) =
∫
Ω

fΩ v dx+
∫
Γr

fr v ds+
∫
Γ0

f0 v ds

with some functions fΩ ∈ L2(Ω), fr ∈ L4(Γr), and f0 ∈ L4(Γr), then the solution
of (4.3) is bounded a.e. in Ω, i.e., y ∈ V∞. Based on these results, one shows the
Fréchet differentiability of the control-to-state operator S by applying the implicit
function theorem.

Theorem 4.2. [16, Theorem 7.1] Under Assumptions 1–3, S : L2(Ωs) → V∞ is
twice continuously Fréchet-differentiable at (ȳ, ū). Its first derivative, denoted by
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y = S′(ū)h, h ∈ L2(Ωs), is given by

−div(κs ∇y) = h in Ωs

−div(κg ∇y) = 0 in Ωg

κs

(
∂y

∂nr

)
s

− κg
(
∂y

∂nr

)
g

+ 4Gσ|ȳ|3y = 0 on Γr

κs
∂y

∂n0
+ 4 εσ|ȳ|3y = 0 on Γ0.

(4.7)

Moreover, the second derivative w = S′′(ū)[h1, h2] solves the equation

−div(κs ∇w) = 0 in Ωs

−div(κg ∇w) = 0 in Ωg

κs

(
∂w

∂nr

)
s

− κg
(
∂w

∂nr

)
g

+ 4Gσ|ȳ|3w = −12Gσ|ȳ|ȳ y1y2 on Γr

κs
∂w

∂n0
+ 4 εσ|ȳ|3w = −12 εσ|ȳ|ȳ y1y2 on Γ0

(4.8)

with yi = S′(ū)hi, i = 1, 2.

Remark 4.3. Clearly, the implicit function theorem also gives that S : L2(Ωs) →
V∞ is twice continuously Fréchet differentiable in a neighborhood of ū.

Next we introduce the adjoint equation by∫
Ω

κ∇p · ∇v dx+ 4
∫
Γr

σ|ȳ|3(G∗p) v ds+ 4
∫
Γ0

εσ |ȳ|3p v ds

=
∫
Ωg

(∇ȳ − z) · ∇v dx ∀ v ∈ H1(Ω).
(4.9)

Due to z ∈ L2(Ωg)2 by Assumption 2 and ȳ ∈ V∞, the right-hand side clearly
represents an element of H1(Ω)∗. Moreover, in [15] it is shown that the solution
operator associated to (4.9) is equivalent to the adjoint of the solution operator
corresponding to (4.3). Therefore, (4.9) admits a unique solution in H1(Ω) pro-
vided that Assumption 3 holds true. For the derivation of first-order necessary
optimality conditions to (P), we introduce the reduced objective functional by

j(u) := J(S(u), u) =
1
2
‖∇S(u)− z‖2

L2(Ωg) +
ν

2
‖u‖2

L2(Ωs). (4.10)

Furthermore, we define the set of admissible controls by

Uad := {u ∈ L2(Ω) |ua(x) ≤ u(x) ≤ ub(x) a.e. in Ωs}.
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With Theorem 4.2 at hand, standard arguments give the following result.

Lemma 4.4. Under Assumptions 1–3 , j is twice continuously Fréchet-differentiable
from L2(Ωs) to R at ū. Its first derivative is given by

j′(ū)h = (ν ū+ p , h)L2(Ωs), (4.11)

where p solves the adjoint equation (4.9). For the second derivative, we obtain

j′′(ū)[h1 , h2] = (∇y1 , ∇y2)L2(Ωg) + ν(h1 , h2)L2(Ωs)

− 12
(∫

Γr

G(σ |ȳ|ȳ y1y2)p ds+
∫
Γ0

εσ |ȳ|ȳ y1 y2 p ds
)
. (4.12)

with ȳ = S(ū) and yi = S′(u)hi, i = 1, 2.

According to the standard optimal control theory, an optimal solution ū of
(P) must satisfy the following variational inequality

j′(ū)(u − ū) = (p+ ν ū , u− ū)L2(Ωg) ≥ 0 ∀u ∈ Uad. (4.13)

A standard pointwise discussion of this inequality yields

ū(x) = Pad

{
−1
ν
p(x)

}
, (4.14)

where Pad(x) denotes the pointwise projection operator on [ua(x), ub(x)]. In this
way, we have derived the following theorem:

Theorem 4.5. Suppose that Assumptions 1–3 are fulfilled and ū is a locally optimal
solution of (P) with associated state ȳ. Then there exists an adjoint state p ∈ H1(Ω)
such that the adjoint equation (4.9) and the condition (4.14) are satisfied.

5. Second-order sufficient conditions

In this section, we follow the lines of [15], where the sufficiency of the second-order
optimality conditions stated below is shown in detail. To obtain some flexibility,
these conditions give local optimality in a Ls-neighborhood, where s is not neces-
sarily equal to ∞, but can be chosen smaller. We introduce the strongly active set
as follows:

Definition 5.1. Let τ > 0 be given. Then the strongly active set Aτ is defined by

Aτ := {x ∈ Ω | |p(x) + ν ū(x)| ≥ τ}.

Moreover, the corresponding τ-critical cone is defined in a standard way (cf.
Dontchev et al. [9]).

Definition 5.2. The critical cone belonging to (P) is given by

Cτ (ū) :=

⎧⎨⎩u ∈ L2(Ω)

∣∣∣∣∣∣
u(x) = 0 , a.e. in Aτ

u(x) ≥ 0 , where ū(x) = ua(x) and x /∈ Aτ

u(x) ≤ 0 , where ū(x) = ub(x) and x /∈ Aτ

⎫⎬⎭ . (5.1)
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In the following, let q be a real number with 4/3 ≤ q ≤ 2. Then the second-
order sufficient conditions for (P) are given by

(SSC)

{
Let δ > 0 and τ > 0 exist such that

j′′(ū)u2 ≥ δ ‖u‖2
Lq(Ωs)

for all u ∈ Cτ (ū).

In [15], it is shown that condition (SSC) is indeed sufficient for local optimality.
The corresponding rather technical proof is based on techniques introduced by
Casas, Tröltzsch, and Unger in [7] and by Tröltzsch and Wachsmuth in [24]. It
yields the following result.

Theorem 5.3. [15, Theorem 5.4] Suppose that Assumptions 1–3 are fulfilled. Let
4/3 ≤ q ≤ 2 be given. Define s by

s :=
{
q/(2 − q) , for q < 2
∞ , for q = 2. (5.2)

Moreover, let (ȳ, ū) satisfy the first-order necessary optimality conditions for prob-
lem (P) and assume that condition (SSC) is fulfilled with some δ > 0, τ > 0. Then
there exist ε̄ > 0 and σ̄ > 0 such that

j(u) ≥ j(ū) + σ̄ ‖u− ū‖2
Lq(Ωs) (5.3)

for all u ∈ Uad with ‖u− ū‖Ls(Ωs) ≤ ε̄.

Remark 5.4. Setting q = 4/3, we obtain s = 2, and hence Theorem 5.3 gives a
L4/3-quadratic growth condition in a L2-neighborhood of ū. Choosing q = 2 and
thus s = ∞, we obtain L2-quadratic growth of j in a L∞-neighborhood of ū.

6. SQP active set algorithm

Next, we present an infinite-dimensional algorithm to solve the semilinear elliptic
problem (P). To keep the discussion concise, we rely on much more restrictive
second-order conditions than (SSC). The stronger conditions are given by

(S)

{
Let δ > 0 exist such that

j′′(ū)u2 ≥ δ ‖u‖2
L2(Ωs)

for all u ∈ L2(Ωs).

The SQP method is motivated by the following consideration: Let un ∈ Uad, n > 0,
be a given iterate, then an optimal descend direction v is given by a solution of

min
(un+v)∈Uad

j(un + v).

With v = u− un, this is equivalent to the following optimization problem

(Pn) min
u∈Uad

j
(
un + (u − un)

)
.

Now, let us assume that un is located in a neighborhood of a stationary point
ū that satisfies Assumption 3, i.e., ‖un − ū‖L2(Ωs) ≤ ρ. As stated in Lemma 4.4,
j : L2(Ωs) → R is twice continuously Fréchet differentiable at ū. By means of the
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implicit function theorem, the same holds for un if ρ is sufficiently small (cf. Re-
mark 4.3). Hence, we are allowed to use a Taylor expansion for j and approximate
(Pn) by the following optimal control problem

(Qn) min
u∈Uad

{
jn(u) := j′(un)(u − un) +

1
2
j′′(un)(u − un)2

}
,

where we omit j(un), since, as a constant, it does not influence the optimization.
In view of (4.10), we continue with

j′(un)(u− un) =
(
∇S(un) − z , ∇S′(un)(u− un)

)
L2(Ωg)

+ ν (un , u− un)L2(Ωs).

Next, we set yn = S(un), hence yn ∈ V∞, and define y := S′(un)(u − un) + yn.
Thanks to the structure of S′ (cf. (4.7)), it is clear that y solves the following
linearized PDE

−div(κs ∇y) = u in Ωs

−div(κg ∇y) = 0 in Ωg

κs

(
∂v

∂nr

)
s

− κg
(
∂v

∂nr

)
g

+ 4Gσ|yn|3y = 3Gσ|yn|3yn on Γr

κs
∂y

∂n0
+ 4 εσ |yn|3y = 3 εσ |yn|3yn + εσ y40 on Γ0.

(6.1)

Notice that, as mentioned above, the assumption ‖un − ū‖L2(Ωs) ≤ ρ ensures that
S is Fréchet differentiable at un such that S′(un) : L2(Ωs) → V∞ is well defined
giving in turn the unique existence of solutions to (6.1). Formal integration by
parts over Γ0 and Γr then yields the associated variational formulation that is
given by

an[y, v] :=
∫
Ω

κ∇y · ∇v dx+ 4
∫
Γr

(Gσ|yn|3y)v ds+ 4
∫
Γ0

εσ |yn|3y v ds

= 3
∫
Γr

(Gσ|yn|3yn)v ds+ 3
∫
Γ0

εσ |yn|3yn v ds+
∫
Ωs

u v dx+
∫
Γ0

εσ y40 ds

(6.2)

for all v ∈ H1(Ω). Using (4.12), jn is transformed into

jn(u) = (∇yn − z , ∇y −∇yn)L2(Ωg) + ν (un , u− un)L2(Ωs)

+
1
2
‖∇y −∇yn‖2

L2(Ωg) +
ν

2
‖u− un‖2

L2(Ωs)

− 6
∫
Γr

(
Gσ |yn|yn (y − yn)2

)
pn ds− 6

∫
Γ0

εσ |yn|yn (y − yn)2 pn ds

=: Jn(y, u),
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where y and yn are defined as above and pn solves the following adjoint equation

a∗n[pn, v] :=
∫
Ω

κ∇pn · ∇v dx+ 4
∫
Γr

σ|yn|3(G∗pn) v ds+ 4
∫
Γ0

εσ |yn|3pn v ds

=
∫
Ωg

(∇yn − z) · ∇v dx ∀v ∈ H1(Ω). (6.3)

In [15, Lemma 6.1], it is shown that not only S′(u) is well defined in a neighborhood
of ū, but also the solution operator associated to (4.3) as a mapping from H1(Ω)∗

toH1(Ω). Since the adjoint of this operator is equivalent to the solution operator of
(6.3) and the inhomogeneity can clearly be identified with an element of H1(Ω)∗,
there exists a unique pn ∈ H1(Ω) provided that Assumption 3 holds true and
‖un − ū‖L2(Ωs) is sufficiently small. Therefore, Jn : V∞ × L2(Ωs) → R is well
defined and (Qn) is equivalent to

(Qn)

⎧⎪⎨⎪⎩
minimize Jn(y, u)

subject to (6.1)

and ua(x) ≤ u(x) ≤ ub(x) a.e. in Ωs.

Theorem 6.1. Suppose that Assumptions 1–3, and condition (S) are fulfilled. Then,
for every un ∈ L2(Ωs) satisfying ‖un − ū‖L2(Ωs) ≤ ρ with some sufficiently small
ρ > 0, there exists a unique solution ũ to (Qn) with associated state ỹ = S′(un)(ũ−
un) + yn.

Proof. In the following, let h ∈ L2(Ωs) be an arbitrary direction. Condition (S)
implies

j′′(un)h2 = j′′(ū)h2 +
(
j′′(un) − j′′(ū)

)
h2

≥ j′′(ū)h2 − c ‖un − ū‖L2(Ωs) ‖h‖2
L2(Ωs)

≥ (δ − c ρ) ‖h‖2
L2(Ωs)

,

since j is twice continuously Fréchet-differentiable from L2(Ωs) to R. Thus, by
choosing ρ ≤ δ/2c, we obtain

j′′(un)h2 ≥ δ
2
‖h‖2

L2(Ωs). (6.4)

In view of (4.11), we obtain for the first part of jn
j′(un)(u− un) = (∇yn − z , ∇y −∇yn)L2(Ωg) + ν (un , u− un)L2(Ωs)

= (pn + ν un , u− un)L2(Ωs) ≥ c,
with a constant c > −∞, since pn is the solution of the adjoint equation (6.3)
and un, u ∈ Uad. Together with (6.4), this implies that jn is bounded from below.
The remaining part of the proof is along the lines of the standard theory for linear
quadratic problems. First, we consider a sequence {um}∞m=1 converging to the
infimum of jn. Due to ν/2 ‖u − un‖2

L2(Ωs)
within the objective functional jn, we
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are allowed to select a weakly converging subsequence, w.l.o.g. {um} itself. The
corresponding weak limit is denoted by ũ. Since S′(un) is linear and continuous,
thus weakly continuous, we obtain weak convergence of the states in H1(Ω) to
a limit ỹ that satisfies the state equation (6.2) together with ũ. Moreover, the
coercivity of j′′(un) by (6.4) and the linearity of the remaining part of jn imply
that jn is convex on L2(Ω). Therefore, jn is weakly lower semicontinuous giving
the optimality of (ỹ, ũ). Furthermore, the convexity of jn implies that (ỹ, ũ) is the
unique optimal solution. �

Notice that, with second-order conditions of the form (SSC), one cannot
derive an equation analogous to (6.4) that is essentially needed for the convexity
and the boundedness of jn. Therefore, to keep the discussion concise, the restrictive
second-order conditions (S) are used here, that do not account for strongly active
sets. However, it is possible to deal with strongly active sets in an SQP framework
by considering second-order conditions of the form{

Let δ > 0 and τ > 0 exist such that

j′′(ū)u2 ≥ δ ‖u‖2
L2(Ωs)

for all u ∈ L2(Ωs) with u(x) = 0 on Aτ .

In this case, the unique existence of solutions of the associated linearized problems
analogous to (Qn) is an immediate consequence of the convergence theory of the
SQP method that follows from the theory of Newton’s method for generalized
equations. This is in detail discussed in Unger [26] for the elliptic case and in
Goldberg and Tröltzsch [10] and Tröltzsch [23] for the parabolic case.

In a standard way, first-order necessary optimality conditions to (Qn) are
derived. The Lagrange formalism gives the following adjoint equation to (Qn),
here denoted in the variational formulation:

a∗n[p, v] :=
∫
Ω

κ∇p · ∇v dx+ 4
∫
Γr

σ|yn|3(G∗p) v ds+ 4
∫
Γ0

εσ |yn|3p v ds

=
∫
Ωg

(∇y − z) · ∇v dx+ 12
∫
Γr

(
σ|yn|yn(G∗pn)

)
(yn − y)v ds

+ 12
∫
Γ0

(εσ |yn|yn pn)(yn − y)v ds ∀ v ∈ H1(Ω),

(6.5)

where y ∈ H1(Ω) is the solution of (6.2). As it possesses the same bilinear form
as (6.3) and the right-hand side is clearly an element of H1(Ω)∗ because of yn ∈
V∞ and ỹ, pn ∈ H1(Ω), the existence of solutions to (6.5) follows by the same
arguments as in case of (6.3). Similar to the discussion in Section 4, a pointwise
evaluation of the variational inequality to (Qn) gives the well-known projection
formula

ũ(x) = Pad

{
−1
ν
p̃(x)

}
, (6.6)
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where p̃ denotes the solution of (6.5) with y = ỹ. Problem (Qn) is solved by a
primal-dual active set strategy (see for instance [2] or [3]). To that end, we define

λ(x) := p̃(x) + ν ũ(x)

and introduce the active and inactive sets by

Aa := {x ∈ Ωs | ũ(x) − λ(x) < ua(x)}
Ab := {x ∈ Ωs | ũ(x) − λ(x) > ub(x)}
I := Ωs\{Aa ∪ Ab}.

(6.7)

With (6.7) at hand, one shows by standard arguments that the optimality system,
consisting of (6.2), (6.5), and (6.6), is equivalent to

an[ỹ, v] = 3
∫
Γr

(Gσ|yn|3yn)v ds+ 3
∫
Γ0

εσ |yn|3yn v ds

+
∫
Ωs

ũ v dx +
∫
Γ0

εσ y40 ds ∀ v ∈ H1(Ω)

a∗n[p̃, v] =
∫
Ωg

(∇ỹ − z) · ∇v dx+ 12
∫
Γr

(
σ|yn|yn(G∗pn)

)
(yn − ỹ)v ds

+ 12
∫
Γ0

(εσ |yn|yn pn)(yn − ỹ)v ds ∀ v ∈ H1(Ω)

ũ(x) = ua(x) a.e. in Aa

ũ(x) = ub(x) a.e. in Ab

νũ(x) + p̃(x) = 0 a.e. in I,

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

(6.8)

Altogether, the SQP method with primal-dual active set strategy proceeds as
follows.

Algorithm 1.

1. Choose initial value u0. Compute y0 = S(u0) and p0 as the solution of the
adjoint equation (6.3). Set n = 0.

2. Compute inhomogeneities in (6.2) and (6.5) that only depend on yn and pn.
3. Primal-dual active set strategy:

(a) Define initial sets A(0)
a ⊂ Ωs and A(0)

b ⊂ Ωs with A(0)
a ∩ A(0)

b = ∅. Set
I(0)

h = Ωs\{A(0)
b ∪ A(0)

a } and i = 0.
(b) Find ũi, ỹi, and p̃i by solving (6.8).
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(c) Set λi = p̃i + ν ũi and

A(i+1)
a := {x ∈ Ωs | ũi(x) − λi(x) < ua(x)}

A(i+1)
b := {x ∈ Ωs | ũi(x) − λi(x) > ub(x)}

I(i+1) := Ωs\{Ai+1
a ∪ Ai+1

b }.

(d) If A(i+1)
a = A(i)

a and A(i+1)
b = A(i)

b then STOP, else:

Update i = i+ 1 and goto (b).
4. Set un+1 = ũi, yn+1 = ỹi, and pn+1 = p̃i.
5. if

δ :=
1
3

(‖un+1 − un‖L2(Ωs)

‖un‖L2(Ωs)
+

‖yn+1 − yn‖L2(Ω)

‖yn‖L2(Ω)
+

‖pn+1 − pn‖L2(Ω)

‖pn‖L2(Ω)

)
≤ tol

then STOP, else: n = n+ 1, goto 2.

In [26], [10], and [23], respectively, locally quadratic convergence of (yn, un, pn) to
a locally optimal solution (ȳ, ū, p̄) of (P) in V∞×L∞(Ωs)×H1(Ω) is shown. As al-
ready mentioned above, the underlying analysis is based on the theory of Newton’s
method for generalized equations. Moreover, since (Qn) is a control constrained
problem, the active set strategy can be interpreted as a semismooth Newton-
method that is superlinearly converging (see, e.g., [12]). For a globalization of the
SQP method, we use a projected gradient method with a line search according to
the Armijo rule to find suitable initial values for the SQP method.

7. Discretization

The following section is devoted to the discretization of the linear PDEs in the
optimality system for (Qn), given by (6.8). To be more precise, we focus on the
treatment of br,n, b∗r,n, and b0,n, i.e., the boundary integrals on Γr and Γ0 in (6.2)
and (6.5), since all other terms in both PDEs are discretized in a standard way
using linear finite elements. The corresponding linear finite element ansatz func-
tions are denoted by φi, i = 1, . . . , np. The integral with the prescribed function z
is approximated by third order Gauß quadrature.

The nonlinear integrals over Γr and Γ0 are approximated by a summarized
midpoint rule. The same technique is used by Atkinson and Chandler in [1] when
they apply the midpoint rule to solve the radiosity equation in the two-dimensional
case. Its advantage is that critical parts of the radiation integral operators can be
evaluated exactly as demonstrated below. In the following, we explain the dis-
cretization of br,n as an example for the integrals over Γr. The discretization of
the integrals over Γ0 is similar, but simpler, since they do not involve the nonlocal
radiation operator. If we insert the ansatz for y, given by

y(x) ≈
np∑
j=0

yj φj(x),
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and the ansatz function φi as test function into br,n in the bilinear form an in
(6.2), we obtain the discrete version of boundary integral:∫

Γr

(
Gd(x) y(x)

)
φi(x) ds ≈

np∑
j=0

∫
Γr

(
Gd(x)φj(x)

)
φi(x) ds yj =:

np∑
j=0

Bij yj .

Here, d is defined by d(x) := σ |yn(x)|3. For the numerical integration of Bij , we
divide the m intervals on Γr arising from the triangulation into ni smaller intervals
denoted by Γk, and, thus, Γr can be represented by

Γr =
nr⋃

k=1

Γk with nr := nim. (7.1)

In all that follows, we denote the midpoint of the subinterval Γk by xk. With that
partition at hand, the midpoint rule reads as follows:

Bij =
∫
Γr

(
Gd(x)φj(x)

)
φi(x) ds ≈

∑
Γk⊂Γr

φi(xk) |Γk| (Gdφj)(xk). (7.2)

According to the definition of G in (1.2), we obtain

(Gdφj)(xk) =
(
(I −K)(I − (1 − ε)K)−1ε d φj︸ ︷︷ ︸

=: h

)
(xk),

(7.3)

where the integral operator K is defined by (3.1). Using again the summarized
midpoint rule, K is approximated by

(K h)(xk) ≈
∑

Γl⊂Γr

h(xl)
∫
Γl

ω(xk, z) dsz =:
∑

Γl⊂Γr

Klk h(xl),

with ω as defined in (3.2). For our numerical investigation, we again choose the
domain presented in Figure 1, with side lengths 2 for the outer and 1 for the
inner square, respectively. Hence, according to (3.3), the convexity of Ωg implies
for the visibility factor Ξ(x, z) ≡ 1. As already mentioned, in Section 3, the kernel
ω exhibits a singularity at z = xk. In our case, this problem only occurs in the
corners of Ωg, since the definition of ω implies ω(xk, z) = 0 for all z ∈ Γl. Therefore,
a numerical integration of

∫
Γl
ω(xk, z) dsz nearby the corners of Ωg is critical.

However, in our case, Ωg is a convex polygon, and hence we can apply Lemma
A.1 for the evaluation of Klk (see Appendix A). Therefore, the integral Klk =∫
Γl
ω(xk, z) dsz is exactly integrated in our case, and we obtain

Klk =

⎧⎨⎩
1
2

(
tr(xk) · (xl,1 − xk)

‖xl,1 − xk‖
− tr(xk) · (xl,0 − xk)

‖xl,0 − xk‖

)
, if xk /∈ Γl

0 , if xk ∈ Γl.

Here, the unit tangential vector tr(xk) is defined as in (A.2). Moreover, xl,0 and
xl,1 are the end points of the interval Γl ordered as required in Lemma A.1.
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Lemma 7.1. Assume that the emissivity is bounded from below by εmin > 0. Then
the matrix J := I − (1 − ε)K is invertible.

Proof. By construction we have that Kij = 0 if xj ∈ Γi. Therefore, Kii = 0 and
thus Jii = 1 hold true for all 1 ≤ i ≤ nr. Moreover, in case of a convex domain,
the normal vector nr(x) and the difference vector z−x always point into the same
half-space. Since the same holds for nr(z) and x − z, ω(x, z) ≥ 0 follows for all
x, z ∈ Γr. Hence, we obtain Kij ≥ 0 for all 1 ≤ i, j ≤ Nr. Together with ε(x) ≤ 1
a.e. on Γr and Kii = 0, this yields

∑
j �=i

|Jij | =
Nr∑
j=1

(1 − ε)Kij

≤ (1 − εmin)
Nr∑
j=1

∫
Γj

ω(xi, z) dsz

= (1 − εmin)
∫
Γr

ω(xi, z) dsz.

From [14, Lemma 1], it is known that K 1 = 1 and hence
∫
Γr
ω(xi, z) dsz = 1.

Therefore, the assumption on the emissivity implies∑
i�=j

|Jij | ≤ 1 − εmin < 1 = Jii,

which concludes the proof. �

In view of (I − (1 − ε)K)h = εσ dφj , Lemma 7.1 allows us to continue with

h = (I − (1 − ε)K)−1 εD φj (7.4)

where φj and h are vectors of the values of φj and h, respectively, at the midpoints
xk, i.e., φj :=

(
φj(xk)

)nr

k=1
and h =

(
h(xk)

)nr

k=1
. Moreover, I denotes the nr × nr

identity matrix and D is defined by D := diag
(
d(xk)

)nr

k=1
. The inverse of I−(1−ε)K

is calculated with the help of a Lapack LU decomposition. With (7.3) and (7.4)
at hand, the nonlocal radiation operator is approximated by(

(Gdφj)(xk)
)nr

k=1
≈ (I − K)(I − (1 − ε)K)−1 εD φj =: G D φj . (7.5)

Next, we introduce the matrix

Φ = (φ1,φ2, . . . ,φnp
).

Notice that Φ ∈ Rnr×np , i.e., Φ is in general nonquadratic. Together with (7.2)
and (7.5), this definition implies

B ≈ Φ�
Mr G D Φ
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with Mr := diag
(
|Γk|
)nr

k=1
. Analogously, we obtain for b∗r,n, i.e., the integral over

Γr in the bilinear form a∗n of the adjoint equation (6.5),∫
Γr

d(x)φi(x)
(
G∗ p(x)

)
ds =

∫
Γr

(
Gd(x)φi(x)

)
p(x) ds (7.6)

≈
np∑
j=0

∫
Γr

(
Gd(x)φi(x)

)
φj(x) dspj =

np∑
j=0

B
�
ij pj ≈

np∑
j=0

(Φ�
D G

�
Mr Φ)ij pj ,

with G� = (I− (1− ε)K)−�(I−K�) and D, Mr , and Φ as defined above. On the
other hand, we have∫

Γr

d(x)φi(x)
(
G∗ φj(x)

)
ds ≈

∑
Γk⊂Γr

φi(xk) d(xk) |Γk|(G∗ φj)(xk)

≈ (Φ�
D Mr G

∗ Φ)ij ,

where G∗ denotes a discrete version of G∗. Comparing this with (7.6), we choose

G
∗ = M

−1
r G

�
Mr,

and observe that G∗ is the adjoint of G with respect to the weighted scalar product
vT Mr w as discretization of

∫
Γr
v w ds.

All other integrals over Γr in (6.2) and (6.5), have the same structure as the
ones described above, except

∫
Γr

(σ|yn|yn(G∗pn))y v ds. With d = σ|yn|yn, this is
discretized by∫

Γr

(
d(G∗pn)

)
y φi ds ≈

np∑
j=0

∫
Γr

(
d(G∗pn)

)
φj φi dsyj

≈
np∑

j=0

yj

∑
Γk⊂Γr

φi(xk) d(xk)|Γk| (G∗pn)(xk)︸ ︷︷ ︸
=: a(xk)

φj(xk).

Similar to above, we obtain

a(xk) ≈
(
D Mr G

∗ Φpn

)
k

=
(
D G

�
Mr Φpn

)
k
,

since pn, as the current iterate of the SQP method, is also discretized by linear
ansatz functions, and hence, the interpolation of pn onto the intervals Γk, k =
1, . . . , nr on Γr is equivalent to Φpn.

With this discretization at hand, the optimality system (6.8) is approximated
by a linear system of equation of the size 3np× 3np for the unknowns ũ, ỹ, and p̃.
This system is solved numerically using the direct sparse LU factorization included
in the UMFPACK library (see [8] and the references therein).
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8. Numerical examples

The starting point of this section is an example that is already discussed in [16].
However, here, we present some additional results that highlight substantial char-
acteristics of nonlocal radiative heat transfer in the context of optimal control. For
the numerical investigations, we use the domain introduced above. Moreover, the
material parameters are fixed at average values of the realistic distributions given
in [17]. The specific values are given in Table 2.

Table 2: Material parameters for the numerical tests

κg
(

W
mK

)
κs
(

W
m K

)
ε σ

(
W

m2K4

)
0.08 24.0 0.65 5.6696 · 10−8

Furthermore, the external temperature y0 is assumed to be constant and
equal to 293.0 K. Throughout the following numerical tests, the desired temper-
ature gradient (in K

m ) is given by z ≡ (0,−20)T , and we took ua ≡ 125000, and
ub ≡ 750000 for the control constraints (in W

m3 ). Due to the comparatively large
values of the control, one has to deal with rather small Tikhonov regularization pa-
rameters to control the influence of the cost term within the objective functional.
Hence, we choose ν = 5 · 10−10 for the first computation. However, later on, this
is decreased to ν = 5 · 10−11.

Before, we present the numerical results, let us shortly describe the used mesh.
It consists of 98340 points and 196358 triangles. Due to the nonlocal radiation
boundary condition, it is refined four times on the inner boundary Γr as shown in
Figure 3, such that we obtain m = 3049 points on Γr. With ni = 4, this results in
nr = mni = 12196 intervals for the numerical integration of the boundary integrals
described in Section 7. Furthermore, since the corners of Γr are non convex with
respect to the outer domain Ωs (see Figure 1), the mesh is additionally refined
eight times in each of these corners up to a mesh size of approximately 10−5

in a radius of 10−4 around the corners. This is illustrated in Figure 3, where
each white framed box indicates the area that is show in the subsequent figure.
To illustrate the convergence behavior of the SQP active set algorithm, several
characteristic data are recorded during the iteration. First, the decrease of the
objective functional is shown. Moreover, we present the residuals in the discrete
versions of the state equation and the adjoint equation, respectively, and the error
in the gradient equation in each iteration step. The residual in the discretized state
equation is given by the following quantity:

ry :=
np∑
i=1

∣∣∣ah[yn, φi] −
∫
Ωs

un φi dx−
∫
Γ0

εσ y40 φi ds
∣∣∣, (8.1)

where, as before, the subscript n denotes the actual SQP iterate that is also dis-
cretized by linear finite element ansatz functions. Moreover, ah is the discretization
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Figure 3: Mesh refinement on Γr and in the nonconvex corners.

of the left-hand side in the variational formulation of the state equation given by∫
Ω

κ∇yn · ∇v dx+
∫
Γr

(Gσ|yn|3yn)v ds+
∫
Γ0

εσ |yn|3yn v ds.

Here, the integral over Γr is discretized as described in Section 7, i.e.,(∫
Γr

(Gσ|yn|3yn)φi ds
)np

i=1
≈ Φ�

Mr G D Φyn

with D = diag
(
σ|yn(xk)|3

)nr

k=1
and yn(xk) = (Φyn)k. Notice that the last integral

in (8.1) can be evaluated exactly in our case since y0 is constant. In view of (4.9),
the residual for the discrete adjoint equation is defined by

rp :=
np∑
i=1

∣∣∣a∗n,h[pn, φi]−
∫
Ωg

(∇yn − z) · ∇φi dx
∣∣∣,

where a∗n,h denotes the discretized version of the bilinear form of the adjoint equa-
tion in (4.9) which is clearly equal to a∗n and is consequently discretized as described
in Section 7. Since z is constant in our case,

∫
Ωg
z · ∇φi dx can also be computed
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exactly. The relative error in the gradient equation, i.e., the projection formula
(4.14), is given by

ropt :=

∥∥un − Pad

{
− 1

ν pn
}∥∥

L2(Ωs)

‖un‖L2(Ωs)
.

Furthermore, at the end of each iteration, we compute three other quantities that
can be interpreted as indicators for the error in the optimality system for (P)
consisting of the state equation, the adjoint equation, and the gradient equation
in form of (4.14). To that end, we introduce

ey :=
‖ŷ − yn‖L2(Ω)

‖yn‖L2(Ω)
with ŷ =

N∑
i=1

ŷiφi(x) and ŷ := Sh(un)

as an indicator for the relative error in the state equation. Here, Sh : RNs → RN

denotes the discrete solution operator of the state equation. Moreover, Ns denotes
the number of nodes in Ω̄s, andNg is defined analogously. Within in our framework,
Sh is numerically realized by a continuous Newton’s method. It turns out that the
linear PDE that has to be solved in each iteration step of Newton’s method has the
same structure as (6.1) and (6.2), respectively. Hence, it is discretized as described
in Section 7. Due to the nonlocal radiation, the arising linear system of equations
is not symmetric and solved with the help of the GMRES code included in the
SPARSKIT library (cf. [19]). Here, an incomplete LU decomposition of the stiffness
matrix was used for preconditioning. With ŷ at hand, the indicator for the relative
error in the adjoint equation is computed by

ep :=
‖p̂− pn‖L2(Ω)

‖pn‖L2(Ω)
with p̂ =

N∑
i=1

p̂iφi(x) and p̂ := S′h(ŷ)∗ ŵ,

where S′h(ŷ)∗ : RNg → RN denotes the discrete solution operator of the adjoint
equation at ŷ. Moreover, ŵ ∈ RNg is defined by

ŵi =
∫
Ωg

(∇ŷ − z) · ∇φi dx,

which can again be evaluated exactly, since ŷ is discretized with linear finite el-
ements and z is constant in our case. As already mentioned above, the bilinear
form associated to the adjoint equation is discretized, as depicted in Section 7.
The arising linear system of equations for p̂ is again solved with the SPARSKIT
GMRES code. Finally, similarly to ropt, we introduce the following quantity as an
indicator for the relative error in the projection formula (4.14)

eu =
‖û− un‖L2(Ω)

‖un‖L2(Ω)
with û = Pad

{
− 1
ν
p̂
}
.

Notice that we use the same numerical solvers for the semilinear state equation
and the adjoint equation in the projected gradient method for the initial value
search.
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In the sections below, we present the result of a numerical test carried out
with the setting mentioned above. Afterwards, the numerical solution is com-
pared with two other tests, first without radiation on Γr and second with a lower
Tikhonov parameter ν.

8.1. Example 1

For the given setting, we obtain the numerical solution that is shown in Figures
4–7. In the pictures, the numerical solutions are denoted by the subscript h. Fig-
ure 7 illustrates that there are significant differences of the optimal temperature
distribution from the desired one. First the isotherms at the upper edge of Γr

are not horizontal as required. In addition to that, with a value of about 17 K,
the temperature difference between lower and upper edge of Γr is smaller than

x x1

uh

2

Figure 4: Control uh.
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Figure 5: Adjoint state ph.
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Figure 6: State yh.
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Figure 7: Isotherms in Ωg.
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the desired 20 K. Furthermore, the control possesses some peaks in the corners
of Γr. As the computational mesh is refined in these corners several times, this
does not seem to be a numerical effect. Table 3 illustrates the convergence be-
havior of the overall method, i.e., including the projected gradient method, by
showing the decrease of the objective functional. Here, the rows above the double
line refer to the projected gradient method, whereas the rows below correspond
to the SQP active set algorithm. Notice that the initial value for the projected
gradient method is given by u0 ≡ ua + 0.3(ub − ua) = 312500. The corresponding
state is computed with Newton’s method as described above. The initial value
of the objective functional amounts 4.921569e+02. As one can see, the objective

Table 3: Convergence history for the first example.

it J(y, u) 1/2‖∇y− z‖2
L2(Ωg) ν/2‖u‖2

L2(Ωs)

1 2.261592e+02 1.551524e+02 7.100687e+01
2 1.754913e+02 1.052975e+02 7.019378e+01
3 1.461291e+02 7.696015e+01 6.916894e+01
4 1.268671e+02 5.873924e+01 6.812786e+01
5 1.136532e+02 4.654510e+01 6.710807e+01
6 1.043283e+02 3.820065e+01 6.612768e+01
7 9.754344e+01 3.235032e+01 6.519312e+01
8 9.241677e+01 2.811423e+01 6.430253e+01
9 8.840054e+01 2.494841e+01 6.345213e+01

1 3.576389e+01 1.106707e+01 2.469682e+01
2 3.735623e+01 9.940953e+00 2.741527e+01
3 3.743465e+01 9.845256e+00 2.758939e+01
4 3.743563e+01 9.844839e+00 2.759079e+01

functional is heavily decreased after the first SQP iteration. Hence, as expected,
the SQP method causes a speed up of the convergence rate. Table 4 shows the
residuals, explained above, for this test case. Moreover, δ is the average difference
between two iterates that was used for the stopping criterion (see Section 6), and
#itAS denote the number of active set iterations needed in the respective SQP
step. The relative errors in the optimality system at the end of the iteration are
listed in Table 5. As explained above, we use the projected gradient method for
the globalization of the SQP method. To show the capability of this approach, a
second computation with the same setting is made, except the initial value that
is this time given by u0 ≡ ua + 0.8(ub − ua) = 625000. Table 6 illustrates that in
both cases the same discrete optimum is achieved. Here, the subscript 0.3 refers to
the solution with the smaller initial value, whereas 0.8 corresponds to the solution
with the larger one.



240 C. Meyer

Table 4: Residuals for the first example.

itSQP ropt ry rp δ #itAS

1 1.589331e-04 5.482575e+04 4.737234e+00 5.220376e-01 9
2 1.414200e-04 6.502728e+02 2.171805e-01 1.737493e-01 9
3 6.143822e-05 1.328521e+00 1.284949e-03 1.263109e-02 2
4 1.034504e-16 1.706435e-04 1.361016e-04 8.339519e-05 1

Table 5: Errors for the first example.

eu ey ep

1.871817e-05 3.475214e-11 8.845293e-05

Table 6: Comparison of solutions with different initial values.

‖u0.3 − u0.8‖L2(Ωs)

‖u0.3‖L2(Ωs)

‖y0.3 − y0.8‖L2(Ωs)

‖y0.3‖L2(Ω)

‖p0.3 − p0.8‖L2(Ωs)

‖p0.3‖L2(Ω)

3.487588e-05 6.218094e-06 1.069079e-04

8.2. Example 2

To demonstrate the influence of the nonlocal radiation on Γr, we now set ε|Γr = 0.
Hence, the interface condition on Γr is equivalent to

κg

(
∂y

∂nr

)
g

− κs
(
∂y

∂nr

)
s

= 0 on Γr, (8.2)

and all integrals over Γr in the variational formulations of the respective PDEs
vanish. The physical meaning of (8.2) is the continuity of the normal heat flux on
Γr. Notice that, on Γ0, the emissivity is kept at 0.8. The corresponding numerical
solution is plotted in Figures 8–11. First, we observe that the numerical solution
differs significantly from the one for ε = 0.8 shown above. This indicates that it is
indeed essential to account for radiation at this temperature level. In contrast to
the results of Section 8.1, the difference between the optimal temperature distribu-
tion and the desired gradient is comparatively small. This is also confirmed by the
Table 7, in particular by the third column, i.e., the values of 1/2‖∇y− z‖2

L2(Ωg).
Notice that the difference in the values of the objective functional between the

last projected gradient iteration and the first SQP step is even larger than in the
first example. Moreover, we observe that the projected gradient method took 19
iterations to find an appropriate initial value. For lack of space, only the first and
the last iteration are listed in Table 7. In addition to that, also the SQP algorithm
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Figure 8: Control uh for ε|Γr = 0.
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ε|Γr = 0.
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Figure 10: State yh for
ε|Γr = 0.
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Figure 11: Isotherms in Ωg for
ε|Γr = 0.

converges more slowly and in average more active set iterations are needed than in
the first example, as Table 8 demonstrates. Table 9 shows the relative errors at the
end of the iteration in this example. As one can see, the accuracy is similar to the
first example (cf. Table 5). Beside the mentioned differences to the first example,
the optimal control again exhibits the characteristics peaks in the corners of Γr.
This observation indicates that this effect is not primary caused by the nonlocal
radiation.
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Table 7: Convergence history for the second example.

it J(y, u) 1/2‖∇y− z‖2
L2(Ωg) ν/2‖u‖2

L2(Ωs)

1 1.490288e+04 1.481115e+04 9.173619e+01
19 1.020851e+03 9.251696e+02 9.568096e+01

1 9.823424e+01 2.771518e-02 9.820653e+01
2 2.115733e+01 5.352483e-03 2.115198e+01
3 1.416047e+01 1.341036e-02 1.414706e+01
4 1.418358e+01 2.119156e-02 1.416238e+01
5 1.418514e+01 2.144337e-02 1.416370e+01
6 1.418514e+01 2.144668e-02 1.416370e+01
7 1.418515e+01 2.144024e-02 1.416370e+01
8 1.418514e+01 2.144514e-02 1.416370e+01
9 1.418514e+01 2.144634e-02 1.416370e+01

Table 8: Residuals for the second example.

itSQP ropt ry rp δ #itAS

1 6.312025e-08 4.492778e+03 1.115695e+00 5.678788e-01 45
2 9.292909e-06 9.878379e+04 2.483003e-01 5.419677e-01 13
3 1.460824e-05 1.979200e+04 3.898660e-02 9.871592e-01 14
4 1.523589e-08 4.001972e+02 1.430243e-03 3.732820e-01 7
5 4.097114e-07 1.972830e-01 6.144579e-05 4.653599e-03 2
6 8.876577e-17 3.419224e-05 8.094413e-05 1.310908e-04 1
7 3.058806e-16 6.033589e-05 8.884676e-05 4.754761e-04 1
8 3.620855e-17 2.886753e-05 1.144260e-05 1.656183e-04 1
9 9.094179e-17 2.397091e-05 3.672017e-05 4.463665e-05 1

Table 9: Errors for the second example.

eu ey ep

3.059852e-05 2.572896e-11 2.144628e-04

8.3. Example 3

In the last example, the influence of the Tikhonov parameter ν is studied. To that
end, we choose the values of the first example for all parameters and set ν = 10−10,
and afterwards ν = 5·10−11. Each time, the result of the computation with larger ν
was used as initial value. The optimal values of the objective functional are shown
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Table 10: Objective functional for different values of ν.

ν J(y, u) 1/2‖∇y − z‖2
L2(Ωg) ν/2‖u‖2

L2(Ωs)
#itSQP

5e-10 3.743563e+01 9.844839e+00 2.759079e+01 4
1e-10 1.286689e+01 5.682817e+00 7.184076e+00 4
5e-11 9.123665e+00 5.210145e+00 3.913520e+00 3
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Figure 12: Control uh for
ν = 5 · 10−11.
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ν = 5 · 10−11.
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Figure 14: State yh for
ν = 5 · 10−11.
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Figure 15: Isotherms in Ωg for
ν = 5 · 10−11.

in Table 10. Here, #itSQP denotes the number of SQP iterations. For ν = 5·10−11,
the value of J is not longer dominated by the Tikhonov part. However, as Figure
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15 illustrates, the optimal state is still distinct from the desired one. Clearly, since
the regularization parameter is smaller than in the first example, we expect the
optimal control to be more irregular. As Figure 12 shows, this is indeed the case,
especially in the corners of Γr. Table 11 again shows the relative errors.

Table 11: Errors for the third example.

eu ey ep

2.715416e-04 3.960569e-12 7.569732e-05

Appendix A

In the following, we present a rather technical proof for the integration formula
that is used to evaluate the matrix K arising from the discretization of the nonlocal
radiation operator K (cf. Section 7).

Lemma A.1. Assume that Ωg is a polygon in R2 with boundary Γr and that the
unit normal vector on Γr, denoted by nr, is facing into the interior of Ωg. Let a
and b be two points located on the same edge of Γr and Γab be defined by

Γab = {z ∈ R
2 | z = a+ s(b − a) , 0 ≤ s ≤ 1},

i.e., the line between a and b. Moreover, we assume that Ξ(x, z) = 1 for all z ∈ Γab,
and that a and b are ordered such that the orthogonal complement of b−a given by

(b− a)⊥ :=
(

−(b2 − a2)
b1 − a1

)
(A.1)

is orientated in the direction of nr, i.e., into the interior of Ωg. Furthermore, let S
denote the set of cornerpoints of Γr. Then, for every point x ∈ Γr\S, the following
equation holds true∫

Γab

ω(x, z) dsz =

⎧⎨⎩
1
2

(
tr(x) · (b− x)

‖b− x‖ − tr(x) · (a− x)‖a− x‖

)
, if x /∈ Γab

0 , if x ∈ int Γab,

where tr(x) is defined by

tr(x) := nr(x)⊥ =
(

nr,2(x)
−nr,1(x)

)
. (A.2)

Proof. Let us first consider the case x /∈ Γab. We start with the definition of ω in R2

ω(x, z) =
[nr(z) · (x− z)][nr(x) · (z − x)]

2‖z − x‖3
=:
N

2D
. (A.3)
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Notice that x /∈ S implies that nr(x) is well defined. Due to z ∈ Γab, it can be
expressed by z = a+s(b−a) , 0 ≤ s ≤ 1. Due to nr(z) · (b−a) = 0, the numerator
in (A.3) is equivalent to

N =
[
nr(z) · (x− a)

][
nr(x) · (b − a)

]
s+
[
nr(z) · (x− a)

][
nr(x) · (a− x)

]
=: c1s+ c2.

For the denominator, we obtain

D =
[
(b − a)2 s2 + 2(a− x) · (b − a) s+ (x− a)2

]3/2

=: (k1 s2 + k2 s+ k3)3/2.

We continue with∫
Γab

ω(x, z) dsz =

1∫
0

c1s+ c2
2(k1 s2 + k2 s+ k3)3/2

‖b− a‖ ds

=
‖b− a‖

2

(
c1

1∫
0

s

(k1 s2 + k2 s+ k3)3/2
ds

+ c2

1∫
0

1
(k1 s2 + k2 s+ k3)3/2

ds
)

=:
‖b− a‖

2
(c1 I1 + c2 I2). (A.4)

Integration via substitution yields for the first integral

I1 =
[
− 2 (k2 s+ 2 k3)

4ϑ
√
k1 s2 + k2 s+ k3

]1
0

=
(x− a)2
ϑ ‖a− x‖ − (a− x) · (b − x)

ϑ ‖b− x‖
where ϑ is defined by

ϑ := (b− a)2(x− a)2 −
[
(b − a) · (a− x)

]2
By straightforward computation, it follows that

ϑ =
[
(b1 − a1)(x2 − a2) − (b2 − a2)(x1 − a1)

]2 = ‖b− a‖2
[
nr(z) · (x− a)

]2
,

since, by assumption, the unit normal on Γab is equivalent to nr(z) = ‖b−a‖−1 (b−
a)⊥. For the second integral, one finds

I2 =
[

2 (2 k1 s+ k2)
4ϑ
√
k1 s2 + k2 s+ k3

]1
0

= − (b− a) · (a− x)
ϑ ‖a− x‖ +

(b− a) · (b − x)
ϑ ‖b− x‖

with ϑ as defined above. Hence, we obtain for the sum in (A.4)

c1 I1 + c2 I2 =
1

‖b− a‖2 nr(z) · (x− a)

{
S1

‖b− x‖ − S2

‖a− x‖

}
. (A.5)
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with

S1 :=
[
nr(x) · (a− x)

][
(b − a) · (b− x)

]
−
[
nr(x) · (b− a)

][
(a− x) · (b− x)

]
and

S2 :=
[
nr(x) · (a− x)

][
(b− a) · (a− x)

]
−
[
nr(x) · (b − a)

]
(x − a)2

Using the definition of tr in (A.2), S1 is transformed into

S1 =
[
nr,2(x)(b1 − x1) − nr,1(x)(b2 − x2)

]
·
[
(a2 − x2)(b1 − a1) − (a1 − x1)(b2 − a2)

]
= ‖b− a‖

[
tr(x) · (b − x)

][
nr(z) · (x − a)

]
.

(A.6)

Analogously, we find for S2

S2 = ‖b− a‖
[
tr(x) · (a− x)

][
nr(z) · (x− a)

]
. (A.7)

Inserting (A.7), (A.6), and (A.5) in (A.4) finally yields∫
Γab

ω(x, z) dsz =
‖b− a‖

2
(c1 I1 + c2 I2)

=
1
2

(
tr(x) · (b− x)

‖b− x‖ − tr(x) · (a− x)‖a− x‖

)
.

On the other hand, if x ∈ int Γab, then we have nr(z) · (z − x) = 0 for all z ∈ Γab,
and hence, ω(x, z) = 0 for every z ∈ Γab with z �= x. Now, we partition the
integral into one over a neighborhood N(x) of x and one over Γab\N(x). Due to
ω(x, z) = 0 if z �= x, the latter one is clearly equal to zero. Moreover, when passing
to the limit |N(x)| ↓ 0, also the integral over N(x) tends to zero, since x /∈ S and
the singularity of ω is of order 1 − δ on smooth parts of Γr (see Tiihonen [21]).
This finally yields the assertion. �
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Abstract. The minimization of drag functional for the stationary, isothermal,
compressible Navier-Stokes equations (N-S-E) in three spatial dimensions is
considered. In order to establish the existence of an optimal shape the general
result [26] on compactness of families of generalized solutions to N-S-E is
applied. The family of generalized solutions to N-S-E is constructed over a
family of admissible domains Uad. Any admissible domain Ω = B \S contains
an obstacle S, e.g., a wing profile. Compactness properties of the family of
admissible domains are imposed. It turns out that we require the compactness
of the family of admissible domains with respect to the Hausdorff metrics as
well as in the sense of Kuratowski-Mosco. The analysis is performed for the
range of adiabatic ratio γ > 1 in the pressure law p(ρ) = ργ and it is based
on the technique proposed in [24] for the discretized N-S-E.
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1. Introduction

From the point of view of applications, the shape optimization for N-S-E is a
new and important issue. The main difficulty, in solution of such problems, is the
lack of existence results for the nonlinear PDE’s in the case of compressible flu-
ids or gases. To be more precise, it seems that there are no general results, e.g.,
for the boundary value problems with the nonhomogeneous boundary conditions.
Therefore, it is an interesting and difficult subject of current research. We refer
the reader to monographs [17], [11], [19], [21] for the modern theory of nonlinear
PDE’s applied to N-S-E, which we apply in the paper for a specific problem. There

This work was completed during a stay of the first author at the Institute Elie Cartan of the
University Henri Poincaré Nancy I.
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is a real difference in complexity of analysis, as it can be seen in the paper, be-
tween linear and nonlinear problems from the point of view of shape optimization.
Therefore, the framework introduced in the monographs [17], [11], [19], [21], is
necessary for mathematical analysis of shape optimization of the drag functional
J(ρ, u,Ω) for stationary, isothermal, compressible N-S-E. However, the precise re-
sults, we present here, are not included in the monographs, and are new to our
best knowledge.
We are going to study the convergence of minimizing sequence {ρn, un,Ωn}n≥1 for
the shape functional J(Ω) := J(ρ, u,Ω) defined for generalized solutions (ρ, u) of
N-S-E. Our goal is to obtain an existence result for the class of shape optimization
problems.

1.1. Shape optimization problems for N-S-E

In the present paper a class of shape optimization problems for stationary, isother-
mal, compressible N-S-E is considered. The model problem of shape optimization
can be described as follows.

For a given domain Ω = B \ S find the velocity field u, the density ρ, and
the pressure p = ργ by solving the boundary value problem for nonlinear PDE’s.
The range γ > 1 of adiabatic ratio is required in the paper in view of potential
applications.

Let (u, ρ) be a generalized solution to the boundary value problem posed in
the geometrical domain Ω = B \ S, where B ⊂ R3 is a fixed hold all domain and
S is an obstacle.

−ν∆u− ξ∇div u + ρu∇u +∇p(ρ) = ρf , div (ρu) = 0 ,

u = 0 on ∂S , u = U∞ on ∂B ,

ρ = ρ∞ on Σ+ = {x ∈ ∂B : U∞ · n(x) < 0} .
If there exist generalized solutions to the equations, next step is to minimize

the integral cost functional J(Ω) := J(ρ, u,Ω), with respect to the obstacle S
within the family of admissible domains Uad, where

J(ρ, u,Ω) =
∫
Ω

(Π− ρu ⊗ u − p(ρ)I) : ∇u∞dx+
∫
Ω

(U∞ − u∞) · fρdx .

We require that the set of admissible domains Uad enjoys the following com-
pactness conditions:
For any sequence of admissible domains {Ωn}n≥1 ⊂ Uad, there is a subsequence
still denoted by {Ωn}n≥1, Ωn = B \ Sn ∈ Uad, and a domain Ω ⊂ Uad, such that

• Volumes of the obstacles are bounded from below

|Sn| = meas(Sn) ≥ Vol ,

where Vol is a given constant.
• The sequence {Ωn} converges to Ω in the Hausdorff metrics.
• The sequence {Ωn} converges to Ω in the sense of Kuratowski-Mosco.



Shape Optimization for Navier-Stokes Equations 251

The first condition is prescribed in order to assure that the optimal domains con-
tains an obstacle, e.g., the wing profile. The second and the third conditions are suf-
ficient for passage to the limit in nonlinear equations. Below, we provide more pre-
cise definitions of the required compactness properties. The main result of this work
is the following existence theorem for the class of shape optimization problems.

Theorem 1.1. Assume that the family of admissible shapes is compact in the sense
described above, and that the set of generalized solutions to (1.1) for Ω = B \ S ∈
Uad is nonempty. Then there is at least one solution Ω∗ = B \ S∗ ∈ Uad for the
shape optimization problem of the drag minimization:

J(Ω∗) := J(ρ∗, u∗,Ω∗) ≤ J(Ω) := J(ρ, u,Ω)

for all admissible domains Ω ∈ Uad. The pair (ρ∗, u∗) is a generalized solution
in Ω∗.

We obtain the existence result without any regularity assumptions on the
boundaries of obstacles. In fact, we make use of a compactness result [26] obtained
for the family of solutions to the N-S-E, so that the existence of optimal shapes
is a simple corollary of the theorem on the compactness of the set of generalized
solutions.

1.2. Mathematical analysis of shape optimization problems

Usually the mathematical analysis of shape optimization problems includes:

• The proof of existence of optimal shapes for a sufficiently large class of ad-
missible domains.

• Derivation of necessary optimality conditions which characterize an optimal
domain and can be used for numerical solution of the shape optimization
problem.

• The convergence proof for numerical method which can be used to evaluate
an optimal shape.

To our best knowledge, only the first point is studied in the literature for
the compressible N-S-E and drag minimization. We refer the reader to [10] for the
existence results for shape optimization problems in the case of evolution equations
for the adiabatic ratio γ > 3/2, see also [9] for the related results. In the present
paper the case of γ > 1 is considered in three spatial dimensions. The technique
used, is introduced in [23], [24]. The optimality conditions for drag minimization
are derived in [27].

We restrict ourselves to the first issue on the above list of problems to be
solved, which is already quite difficult, since there are no existence results for the
PDE’s model itself in the range of parameters we are going to consider, i.e., for
the adiabatic ratio γ > 1 in the law p(ρ) = ργ which gives the pressure p of the
fluid in function of its density ρ in the isothermal regime. We also point out, that
the existence of generalized solutions for N-S-E equations with nonhomogeneous
boundary conditions for full range of parameters is an open problem. For some
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results in this direction, in two spatial dimensions and for the special geometry of
flow region, we refer the reader to [14]–[16].

We show that, under appropriate assumptions, the convergence of the se-
quence of admissible domains implies the convergence of the associated sequence
of shape functionals. To make our analysis representative we consider the drag
functional, which is the standard choice in view of possible applications, e.g., in
the shape optimization of a wing.

A related shape optimization problem is considered in [10] for evolution equa-
tions, and with the adiabatic ratio γ > 3/2. We consider the case of γ > 1 using
the same technique as in [24]. The novelty of our results, in comparison with those
of paper [24], is the PDE’s model. We consider here the stationary problem. In [24]
the discretized problem introduced in [17] is considered, such a problem depends
on the parameter α > 0 of time discretization of evolution equations [17], the limit
case of α = 0 becomes the stationary problem. It is clear, that the analysis of
the stationary problem is more involved, compared to the analysis of more regular
discretized problem.

1.3. Generalized solutions of N-S-E in three spatial dimensions

Suppose that compressible Newtonian fluid occupies the bounded region Ω ⊂ R3.
We will assume that Ω = B \ S, where B is an open convex sufficiently large hold
all containing inside a compact obstacle S. We could take, e.g., for B a ball of
radius R, B = {x||x| ≤ R}. We do not impose restrictions on the topology of the
flow region. The cases of S with a finite number of connected components or S = ∅
are taken into consideration. The fluid density ρ : Ω �→ R+ and the velocity field
u : Ω �→ R3 are governed by the Navier-Stokes equations

−ν∆u− ξ∇div u + ρu∇u +∇p(ρ) = ρf , div (ρu) = 0 ,

where ν, ξ are positive viscous coefficients and f : Ω �→ R3 is a given continu-
ous vector field. We suppose that the flow is barotropic and p(ρ) = ργ with the
adiabatic ratio γ > 1. If the viscous stress tensor is defined by the equality

Π = ν(∇u +∇u�) + (ξ − ν)div u I , (1.2)

then the governing equations can be written in the equivalent divergence form

div (ρu⊗ u) +∇p(ρ) − ρf = div Π, div (ρu) = 0 in Ω . (1.3a)
In view of possible applications, e.g., to the shape optimization problem of a wing,
it is supposed that the velocity field satisfies the non-homogeneous boundary con-
dition

u = 0 on ∂S , u = U∞ on ∂B , (1.3b)
and the density distribution is prescribed on the entrance set

ρ = ρ∞ on Σ+ = {x ∈ ∂B : U∞ · n(x) < 0} . (1.3c)

Here n is the outward unit normal vector to ∂Ω. It is assumed that U∞ ∈ R3 is a
given vector, and ρ∞ ∈ L∞(Σ+) is a given non-negative constant.



Shape Optimization for Navier-Stokes Equations 253

Boundary condition (1.1) can be written in the form of the equality u = u∞

on ∂Ω, where u∞(x) is a smooth function defined for any x ∈ R3, which vanishes
in the vicinity of S and coincides with U∞ in an open neighborhood of ∂B. The
physical quantities which characterize the flow include the total energy E, the
volume rate of energy dissipation D and the drag J, and are defined by

E =
∫
Ω

(1
2
ρ|u|2 +

ργ

γ − 1

)
dx , D =

∫
Ω

(ν|∇u|2 + ξ|div u|2) dx , (1.4)

J = −U∞ ·
∫
∂S

(Π − p(ρ)I) · n dS .

The drag J accounts for the reaction of the surrounding fluid on the obstacle
S. For our purposes, the formula for the drag can be written in the equivalent
form

J(ρ, u,Ω) =
∫
Ω

(Π − ρu ⊗ u− p(ρ)I) : ∇u∞dx+
∫
Ω

(U∞ − u∞) · fρdx . (1.5)

We will consider the physically reasonable solutions to problems (1.3) and for
which the density is non-negative and the total energies are bounded from above
by some positive constant E. In what follows we will denote by c various constants
depending only on E, data ‖f‖C(B), ρ∞, ‖u∞‖C1(B), material constants γ, ν, ξ,
and the domain B.

In the paper the standard notation is used for the function spaces. The space
H1,r(Ω) is the Sobolev space of functions integrable along with the first order
generalized derivatives in Lr(Ω) equipped with its natural norm. For r = 2 we
use the notation H1,2(Ω) rather than H1(Ω); the notation H1,r

0 (Ω) stands for the
closure of C∞

0 (Ω) in the norm of H1,r(Ω).

Definition 1.2. For given U∞ ∈ R3 and f ∈ C(Ω)3 a generalized solution to problem
(1.3) is the pair (ρ, u), where ρ ∈ Lγ(Ω) is a non-negative function in Ω and
u − u∞ ∈ H1,2

0 (Ω), which satisfies the following conditions:

(a) The scalar function ρ|u|2 is integrable in Ω, i.e., the total energy E of the flow
is finite. The mass density and the velocity field satisfy the energy inequality

ν‖∇(u − u∞)‖2
L2(Ω) + ξ‖div (u − u∞)‖2

L2(Ω) +
∫
Ω

ρu ⊗ u : ∇u∞ dx+

∫
Ω

p(ρ)div u∞ dx−
∫
Ω

ρf · (u − u∞) dx+
1
γ − 1

∫
Γ+

(ρ∞)γ(U∞ · n) dΓ ≤ 0 (1.6)

(b) For all vector fields ϕ ∈ C1
0 (Ω)3,∫

Ω

(
ρu⊗ u + p(ρ)

)
: ∇ϕ dx+

∫
Ω

ρf · ϕ dx =
∫
Ω

Π : ∇ϕ dx. (1.7a)
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(c) The integral identity∫
Ω

(
G(ρ)u · ∇ψ +

(
G(ρ) −G′(ρ)ρ

)
ψdiv u

)
dx+

∫
Σ+

ψG(ρ∞)U∞ · ndΣ = 0,

(1.7b)

holds and any functions ψ ∈ C1(Ω) vanishing on Σ− = ∂B \ Σ+, and any
function G ∈ C1

loc[0,∞) with the properties

lim sup
r→∞

|G(r)|/r <∞, [0,∞) � r �→ G(r)−G′(r)r ∈ R continuous and bounded.

Condition (c) of the above definition means that we consider the renormalized
weak solutions of the stationary problem, see [11] for a discussion on renormal-
ized solutions. Such definition simplifies the further analysis without any loss of
generality.

Remark 1.3. Denote by Σ− = ∂B\Σ+ the exit part of the boundary ∂B. It follows
from the definition of generalized solutions that the extensions of the density and
of the velocity vector field onto the domain R3 \ Σ−, given by the equalities

ρ(x) = 0 in S, ρ(x) = ρ∞ in R
3 \ (B ∪Σ−),

u = 0 in S, u = U∞ in R
3 \ (B ∪Σ−),

(1.8)

satisfy the integral identity∫
R3

(
G(ρ)u · ∇ψ +

(
G(ρ) −G′(ρ)ρ

)
ψdiv u

)
dx = 0 (1.9)

for any functions ψ ∈ C1
0 (R3) vanishing near Σ−.

1.4. Continuity of shape functionals

The cost functional for shape optimization problems is the drag J(Ω, u, µρ) defined
by formula (1.5). In applications, the drag is usually minimized within the class of
admissible shapes. To our best knowledge there are no results on the shape opti-
mization problem in the framework of generalized solutions to stationary problems
for the adiabatic ratio γ > 1, the case of evolution equations for adiabatic ratio
γ > 3/2 is considered in [10].

The drag depends on the solution (ρ, u) to problem (1.3), however such a
solution, if it does exist, it is not in general unique. We point out, that the existence
of solutions for the adiabatic ratio γ ≥ 1 in three spatial dimensions is in general
an open and difficult problem [18]. The case of discretized problems is considered
in [24] for γ ≥ 1, however no dependence of solutions on geometrical domains is
considered in [24]. On the other hand, the case of drag minimization in two spatial
dimensions is studied in [23]. Furthermore, the drag depends on an admissible
shape of the obstacle S. The dependence of the drag on the admissible shapes
is twofold, first, it depends directly on Ω since the integrals in (1.5) are defined
over Ω, and it depends on the generalized solutions to N-S-E defined in Ω. The
restrictions on the shapes of admissible obstacles S are defined in such a way that
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the set of admissible shapes and of the associated generalized solutions is compact.
The precise conditions for admissible shapes are established below in the form of
condition (N). In the present paper we do not derive the necessary optimality
conditions for the problem of drag minimization, we prove only the compactness
of the set of solutions over the set of admissible shapes. The compactness property
leads to the existence of an optimal shape provided the set of generalized solutions
is nonempty. The optimality conditions for the drag minimization problem are
obtained in forthcoming paper [27] for a more restricted class of N-S-E.

We are now in a position to formulate the main result of the paper.

Suppose that a sequence of flow domains Ωn = B \ Sn satisfies the following
three conditions, we refer to as condition (N):

Condition (N)

• There is a compact KS � B such that ∪nSn ⊂ KS .
• If a compact set K � Ω, then K � Ωn for all large n.
• If wn → w weakly in H1,2(B) and wn ∈ H1,2

0 (Ωn), then w ∈ H1,2
0 (Ω).

In this case we will write
Ωn

N→ Ω . (1.10)

It is easy to see that the convergence of the sequence {Ωn} both in the Hausdorff
metrics and in the sense of Kuratowski-Mosco implies all the three conditions listed
in condition (N).

We deal with the system of PDE’s which is not elliptic. Therefore, we need
stronger conditions on the convergence of geometrical domains, compared to the
classical Kuratowski-Mosco convergence, which is adapted to the elliptic case. In
particular, our conditions are more restrictive when compared to the Kuratowski-
Mosco convergence of domains Ωn.

In order to prove Theorem 1.1 let us consider the minimizing sequence {Ωn}
for the shape functional J(Ω).

The main result of the paper is the existence of the limit for such a sequence,
and it is based on the following compactness result for generalized solutions to
N-S-E proved in [26].
Assume that there is a sequence {Ωn} of domains which converges Ωn

N→ Ω and a
sequence of generalized solutions {(ρn, un)} to compressible N-S-E

div (ρnun⊗un) +∇p(ρn) − ρf = div Π, div (ρnun) = 0 in Ωn , (1.11a)

un = 0 on ∂Sn , un = U∞ on ∂B , (1.11b)

ρn = ρ∞ on Σ+ = {x ∈ ∂B : U∞ · n(x) < 0} . (1.11c)

Suppose also that the total energies of the sequence (ρn, un) of generalized solutions
to problem (1.11) are uniformly bounded by a constant c,

En =
∫

Ωn

(1
2
ρ|un|2 +

1
γ − 1

ργn

)
dx ≤ c . (1.12)
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Then there is a subsequence of the sequence {ρn, un}, still denoted by {ρn, un},
such that for any r < γ,

ρn → ρ in Lr(B), p(ρn) → p(ρ) in L1
loc(Ω), (1.13)

un → u weakly in H1,2(B), u − u∞ ∈ H1,2
0 (Ω) .

The pair of functions (ρ, u) serves as a generalized solution to problem (1.3) for
the limit domain Ω, furthermore, the shape functionals converge for n→∞,

J(ρn, un,Ωn) → J(ρ, u,Ω) . (1.14)

The compactness result leads to the existence of optimal shapes provided
that the set of generalized solutions is nonempty for the minimizing sequence of
admissible shapes. The set of solutions is nonempty, in particular for sufficiently
small data, since in such a case the existence of local solutions is proved at least for
the homogeneous boundary conditions. We refer also to [14]-[16] for the existence
results in two spatial dimensions with nonhomogeneous boundary conditions.

The convergences (1.13) and (1.14) are [proved in several steps, we refer the
reader for complete analysis to [26]. Here, we provide the main lines of the proof
which is quite complex. The case of two-dimensional spatial domains is treated
in [23], for the adiabatic ratio γ ≥ 1, where the existence of optimal shapes of
obstacles is shown.

2. A priori estimates for generalized solutions

In this section we present the following theorem on local integrability of generalized
solutions, which is interesting on its own.

Theorem 2.1. Let (ρ, u) be a generalized solution to problem (1.3) and Ω′ be a
subdomain of Ω with dist (Ω′, ∂Ω) > d > 0. Then for κ = 2(γ − 1)/(γ + 2) > 0,

‖ρu2‖L1+κ(Ω′) ≤ cd−1, ‖ρ‖Lγ(1+κ)(Ω′) ≤ cN(Ω′) . (2.1)

where the constant N only depends on Ω′.

The proof of Theorem 2.1 is based on following lemmas. The first lemma
gives the estimate of the rate of energy dissipation in terms of the total energy of
the fluid.

Lemma 2.2. Under the assumptions of Theorem 2.1 the velocity vector field is
bounded

‖u‖H1,2(Ω) ≤ c , (2.2)

where the constant c only depends on the data of the boundary value problem.

Choose a domain Ω0 with a smooth boundary so that

Ω′ � Ω0 � Ω, dist (∂Ω,Ω0) ≥ d/3, dist (∂Ω0,Ω′)) ≥ d/3 .
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The second lemma shows that the Newtonian potential of the pressure is uniformly
bounded on Ω0.

Lemma 2.3. Under the assumptions of Theorem 2.1,

ess sup
x∈Ω0

∫
Ω

ργ(y)
|x− y|dy ≤ cd

−1 . (2.3)

The third lemma shows that the energy is bounded.

Lemma 2.4. Under the assumptions of Theorem 2.1,∫
Ω0

ργ |u− u∞|2dx ≤ cd−1. (2.4)

3. Weak convergence

Since the notion of weak limits plays the crucial role in our analysis, we begin
with short description of some basic facts concerning weak convergence and weak
compactness. We refer the reader to, e.g., [28] for the proofs of basic results.

Let A be an arbitrary bounded, measurable subset of R3 and 1 < r ≤ ∞.
Then for every bounded sequence {gn}n≥1 ⊂ Lr(A) there exist a subsequence, still
denoted by {gn}, and a function g ∈ Lr(A), such that for n→∞,∫

A

gn(x)h(x)dx →
∫
A

g(x)h(x)dx for all h ∈ Lr/(r−1)(A).

We say the sequence converges gn → g weakly in Lr(A) for r <∞, and converges
star-weakly in L∞(A) in the limit case of r = ∞. In very special case of r = 1
it is known that the sequence of gn contains a weakly convergent subsequence in
L1(A), if and only if there is a continuous function Φ : R → R+ such that

lim
s→∞

Φ(s)/s = ∞ and sup
n≥1

‖Φ(gn)‖L1(A) <∞.

If the sequence of gn is only bounded in L1(A) and A is open, then after passing to
a subsequence we can assume that gn converges star-weakly to a bounded Radon
measure measure µg, i.e.,

lim
n→∞

∫
A

gn(x)h(x)dx =
∫
A

h(x)dµg(x) for all compactly supported h ∈ C(A).

In the sequel, the linear space of compactly supported functions on a set A is
denoted by C0(A), and its dual by C0(A)∗.

The Ball’s version [3] of the fundamental Tartar Theorem on Young measures
gives a simple and effective representation of weak limits in the form of integrals
over families of probabilities measures. The following lemma is a consequence of
Ball’s theorem.
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Lemma 3.1. Suppose that a sequence {gn}n≥1 is bounded in Lr(A), 1 ≤ r ≤ ∞,
where A is an open, bounded subset of Rk. Then we have the following character-
izations of weak limits.

(i) There exists a subsequence, still denoted by {gn}n≥1, and a family of proba-
bility measures σx ∈ C0(R)∗, x ∈ A, with a measurable distribution function
Γ(x, λ) := σx(−∞, λ]. The function λ �→ Γ(x, λ) is monotone and contin-
uous from the right, and admits the limits 1, 0 for λ → ±∞, respectively.
Furthermore, for any continuous function G : A× R �→ R such that

lim
|λ|→∞

‖G(·, λ)‖C(A)/|λ|r = 0 for r <∞

and sup
|λ|

‖G(·, λ)‖C(A) <∞ for r = ∞,

the sequence of G(·, gn) converges weakly in L1(A) to a function

G(x) =
∫
R

G(x, λ)dλΓ(x, λ). (3.1)

Moreover, the function

A � x→
∫
R

|λ|r dλΓ(x, λ) ∈ R

belongs to L1(A).
(ii) If G(x, ·) is convex and the sequence gn converges weakly (star-weakly for
r = ∞) to g ∈ Lr(A), then G(x) ≤ G(x, g(x)). If the functions gn satisfy
the inequalities gn ≤ M (resp. gn ≥ m), then Γ(x, λ) = 1 for λ ≥ M (resp.
Γ(x, λ) = 0 for λ < m).

(iii) If Γ(1 − Γ) = 0 a.e. in A, then the sequence gn converges to g in measure,
and hence in Ls(A) for positive s < r. Moreover, in this case Γ(x, λ) = 0 for
λ < g(x) and Γ(x, λ) = 1 for λ ≥ g(x)

Let us consider the sequence of generalized solutions {(ρn, un)}n≥1 to problem
(1.3). Assume that the functions (ρn, un) are extended onto R3 by formulae (1.8),
and fix an arbitrary bounded smooth domain D with B � D. For such extended
functions, by inequalities (1.12) and formulae (1.8), it follows that the sequence
(ρn, un) contains a subsequence, still denoted by (ρn, un), such that

ρn → ρ weakly in Lγ(D), un → u weakly in H1,2(D),

ρn → ρ weakly in L(1+κ)γ(Ω′) for all Ω′ � Ω.
(3.2)

The behavior of the functions p(ρn) is more complicated. Since they are
uniformly bounded in L1(D), we can assume, after passing to a subsequence if
necessary, that p(ρn) converge weakly to some finite Borel measure µp on D.
On the other hand, the sequence {p(ρn)} is bounded in L1+κ(K) for any compact
K � Ω. Using the diagonal process we obtain the existence of a subsequence which
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converges weakly on each compact K � Ω to some function p ∈ L1+κ
loc (Ω). Since

‖p‖L1(K) ≤ lim inf
n→∞

‖p(ρn)‖L1(K) ≤ c

the function p is integrable over Ω. Next, we note that by construction the func-
tions p(ρn) = (ρ∞)γ are bounded and independent of n on D \ B. From this we
conclude that the extended function p(x), x ∈ D, defined as follows

p(x) = p(x) in Ω, p(x) = (ρ∞)γ in D \B,
belongs to the class L1(D \S)∩L1+κ

loc (Ω)∩L∞(D \B), which implies the equality∫
D

h(x)dµp =
∫

D\S

h(x)p(x)dx +
∫

∂B

h(x)dµp +
∫
S

h(x)dµp for all h ∈ C0(R3),

where the compact obstacle takes the form S = B \Ω. Applying Lemma 3.2 to the
sequence of gn := ρn and to the sets A = D,Ω′ leads to the following result on the
representation of weak limits.

Lemma 3.2. There exists a subsequence of the sequence {ρn, un}, still denoted by
{ρn, un}, and a distribution function Γ : D × R �→ [0, 1] such that

(i) Γ(x, λ) meets all requirements of Lemma 3.1 and satisfies the equalities

Γ(x, λ) = 0 for λ < 0 a.e. in D,

Γ(x, λ) = 0 for λ < ρ∞(x), Γ(x, λ) = 1 for λ ≥ ρ∞(x) a.e. in D \B .
(ii) For any continuous function G : D×R such that lim

ρ→∞
ρ−γ‖G(·, ρ)‖C(D) = 0,

the sequence G(·, ρn) converges weakly in L1(D) to the function,

G(x) =
∫

[0,∞)

G(x, λ) dλΓ(x, λ) a.e. in D. (3.3)

In particular, the weak limit of ρn takes the form

ρ(x) =
∫

[0,∞)

λdΓ(x, λ) ≡
∫

[0,∞)

(1 − Γ(x, λ)) dλ a.e. in D. (3.4)

(iii) The function p admits the representation

p(x) =
∫

[0,∞)

λγ dλΓ(x, λ) ≡ γ
∫

[0,∞)

λγ−1(1 − Γ(x, λ)) dλ a.e. in D \ S .
(3.5)

Since the embedding H1,2
0 (D) ↪→ Lr(D) is compact for r < 6, we can expect

that ρnun converge weakly to ρu. The corresponding result is given by the following
lemma.

Lemma 3.3. For ι = (γ − 1)/(γ + 1) > 0 and for any Ω′ � Ω,

ρnun → ρu converges weakly in L1+ι(D)3,

ρnun ⊗ un → ρu⊗ u weakly in L1+κ(Ω′)9.
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4. The effective viscous flux

Following [17] we introduce the quantity

V (ρ, u) = p(ρ) − (ξ + ν)div u ,

which is called the effective viscous flux. As it was shown in [17, 6, 8] the effec-
tive viscous flux enjoys many remarkable properties. The most important is the
multiplicative relation

ϕ(ρ)V = ϕ(ρ) V

for weak limits, which was proved in [17] for all γ > 3/2. The simple proof
of this result, based on the new version of compensated compactness principle,
was given in papers [6, 8]. In our case, by Theorem 2.1, the critical estimate
‖ρn|un|2‖L(1+κ)(Ω′) ≤ c(Ω′) holds for every Ω′ � Ω, which leads to the following
local version of the compensated compactness result from [8].

Lemma 4.1. Let there be given functions h ∈ C∞
0 (Ω), and ϕ ∈ C∞(R+). Then∫

Ω

h(x)ϕV (ρ, u)dx =
∫
Ω

h(x)ϕ V dx, where V = p− (2 + ν)div u. (4.1)

Corollary 4.2. Assume that the function λ �→ ϕ(λ) belongs to the class C∞(R)
and vanishes for sufficiently large λ. Let ϕp ∈ L∞(D) be L∞-star weak limit
of the sequence {ϕ(ρn)p(ρn)}, ϕdiv u ∈ L2(D) be L2-weak limit of the sequence
{ϕ(ρn)div un}. Then

1
ξ + ν

ϕp− ϕdiv u =
1
ξ + ν

ϕp− ϕdiv u in D \ S, (4.2)

where ϕ and p are given by Lemma 3.2.

5. The oscillation defect measure

The notion of oscillation defect measure was introduced in [6] in order to justify
the existence theory for isentropic flows with small values of the adiabatic ratio
γ. Following [6, 11] the r-oscillation defect measure associated with the sequence
{ρn}n≤1 is defined as follows

oscr[ρn → ρ ](K) := sup
k≥1

lim sup
n→∞

‖Tk(ρn) − Tk(ρ)‖r
Lr(K) ,

where Tk(z) = kT (z/k), T (z) is a smooth concave function, which is equal to z
for z ≤ 1 and is a constant for z ≥ 3. The smoothness properties of Tk are not
important and we can take the simplest form Tk(z) = min{z, k}. Note that the
total energy estimates provide the boundedness of γ-oscillation defect measure on
the whole domain D. The unexpected result was obtained by E. Feireisl et al. in
papers [6, 8], where it was shown that (1+γ)-oscillation defect measure associated
with the sequence {ρn} is uniformly bounded on all compact subsets of Ω.
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Note that in the shape optimization problem we can not replace the compact
subsets K � Ω by the domain Ω itself, since the oscillation defect measure is not
any regular set additive function on the family of compact subsets of Ω, i.e., it is
not any measure it the sense of measure theory. In order to bypass this difficulty
we observe that the finiteness of the oscillation defect measure on compacts gives
some additional information on the properties of the distribution function Γ. Our
task is to extract this information and then to use in the proof of Theorem 1.1. In
order to formulate the appropriate auxiliary result we define the function Tϑ(x)
by the equality

Tϑ(x) = min{ρ, ϑ}(x) −min{ρ(x), ϑ(x)} for each ϑ ∈ C(Ω) .

Lemma 5.1. Under the assumptions of Theorem 1.1 and Lemma 3.2, there is a
constant c independent of ϑ and K such that the inequalities

‖Tϑ‖1+γ
L1+γ(K) ≤ lim

n→∞

∫
Ω

|min{ρn(x), ϑ(x)} −min{ρ(x), ϑ(x)}|1+γdx ≤ c (5.1)

hold for all ϑ ∈ C(Ω) and K � Ω. We point out, that the limit in (5.1) does exist
by the choice of the sequence ρn.

We reformulate the result of Lemma 5.1 in terms of the distribution func-
tion Γ. Recall that the functions min{ρn, λ} are uniformly bounded in R3 and
min{ρn, λ}div un converges weakly in L2(D) for all non-negative λ. Introduce the
functions

Vλ =
(
min{ρ, λ}divu

)
− min{ρ, λ}div u ∈ L2(D), (5.2)

H(x) =
∫

[0,∞)

Γ(x, s)(1 − Γ(x, s)) ds, H ∈ Lγ(D).

Lemma 5.2. There is a constant c independent of λ such that

‖H‖L1+γ(D\S) + sup
λ

‖Vλ‖L1(D\S) ≤ c. (5.3)

6. Kinetic formulation of the mass balance equation

In this section we show that the distribution function Γ(x, λ) of the Young mea-
sure, associated with a given sequence of solutions to problem (1.3), satisfies some
integro-differential transport equation which is called the kinetic equation. This
result is given by the following lemma. Fix an arbitrary function ζ(x, λ) satisfying
the conditions

ζ ∈ C∞
0 (D × R), spt ζ � D \

(
Σ− ∪ S

)
. (6.1)

We use the notation ∂λ for the partial derivatives with respect to the variable λ,
e.g., ∂λζ := ∂ζ

∂λ . The absolutely continuous measure is denoted by dλζ := ∂λζdλ.
Recall that the compact obstacle is of the form S = B \Ω and that Σ− ⊂ ∂B

is the exit set.
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Lemma 6.1. Suppose that all assumptions of Theorem 1.1 are satisfied and Γ is a
distribution function of the Young measure associated with a given sequence {ρn}
of solutions to problem (1.3). Then∫

(D\S)×R

Γ(x, λ)∇x,λζ ·w dλ dx+
∫

(D\S)×Rλ

λM(x, λ) dλζdx = 0 . (6.2)

Here w is the solenoidal vector field of the form w(x, λ) = (u(x),−λdiv u), and
the function M is defined by the equalities

M(x, λ) = − 1
ξ + ν

∫
(−∞,λ)

(sγ − p) dsΓ(x, s)

=
1
ξ + ν

∫
[λ,∞)

(sγ − p) dsΓ(x, s),
(6.3)

in which the weak limit for the pressure p(x) =
∫

R
λdλΓ(x, λ) is defined in Lemma

3.2. Integral identity (6.2) is equivalent, in the sense of distributions, to the kinetic
equation

∂

∂λ

[
λdiv u(x)Γ(x, λ)

]
−div

(
Γ(x, λ)u(x)

)
− ∂
∂λ

[λM(x, λ)] = 0 in D′(D\S). (6.4)

Remark 6.2. Since the kinetic equation is understood in the sense of distributions,
the equation remains valid if we replace the intervals of integration [0, λ) and [λ,∞)
in formulae (6.3) by [0, λ] and (λ,∞) respectively, which creates some discomfort.
In order to avoid such ambiguity, we observe that (6.2) also holds true if we replace
the function M by its invariant form

M(x, λ) :=
1
2

(
lim

s→λ+0
M(x, s) + lim

s→λ−0
M(x, s)

)
. (6.5)

The next lemma describes the basic properties of the function M(x, λ), which
are important for the further analysis.

Lemma 6.3. For a.e. x ∈ D \ S,
(i) M(x, ·) is non-negative and vanishes on R−. Moreover, if the Borel function

M(x, .) given by (6.5) vanishes σx-almost everywhere on the interval (ω,∞)
with ω = p(x)1/γ , then σx = dλΓ(x, ·) is a Dirac measure and

Γ(x, λ) = 0 for λ < p(x)1/γ , Γ(x, λ) = 1 for λ ≥ p(x)1/γ .

(ii) For all g ∈ C∞
0 (0,∞),∫

Rλ

g(λ)M(x, λ)dλ = −
∫

[0,∞)

g′(λ)Vλ(x)dλ (6.6)

where Vλ is defined by (5.2).
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7. Renormalization of the kinetic equation

The notion of a renormalized solution, introduced in pioneering paper [4], plays
an important role in the theory of compressible N-S-E developed by P.L. Lions
and E. Feireisl et al. Moreover, the kinetic equation itself is a result of the renor-
malization procedure. Formally we can renormalize equation (6.4) multiplying the
both sides by a function Ψ′(Γ), which leads to the transport equation for the func-
tion Ψ(Γ), but the justification of this construction is a delicate question. The
corresponding result is given by the following lemma. Set Ψ(Γ) = Γ(1− Γ).

Lemma 7.1. For all functions h ∈ C∞
0 (D \ S) with spt h � D \ (S ∪ Σ−) and for

all functions η ∈ C∞(R) vanishing near +∞, we have the integral identity∫
(D\S)×R

F(x, λ)dx dλ = 2
∫

(D\S)

( ∫
[0,∞)

η(λ)λM(x, λ)dλΓ(x, λ)
)
h(x) dx , (7.1)

where

F ≡ η(λ)Ψ(Γ)u(x)∇h(x) − λh(x)Ψ(Γ)η′(λ)div u(x) + λh(x)Ψ′(Γ)M(x, λ)η′(λ) .

In other words, the function Ψ(Γ) satisfies the transport equation

div λ,x

(
Ψ(Γ)u) +

∂

∂λ

(
λΨ′(Γ)M

)
− 2λM

∂Γ
∂λ

= 0 in D′(D \ (Σ− ∪ S)).

8. Convergence of shape functionals

We provide here, for the convenience of the reader, a sketch of the proof for rela-
tions (1.13) and (1.14). The complete arguments can be found in [26].

We point out, that Theorem 1.1 will be proved if we show that any sequence
of generalized solutions to problem (1.3) satisfying hypotheses (1.10), (1.12) and
of Lemmas 3.2, 3.3, converges almost everywhere on D \S. In the light of Lemmas
3.2, 3.3, it suffices to verify the equality Ψ(Γ) = 0 in (D \ S)× R.

We begin with proving that renormalized integral identity (7.1) after substi-
tuting h = 1 turns into the integral inequality∫

(D\S)×R

{
λΨ′(Γ)Mη′ − λΨ(Γ)η′div u

}
dx dλ

≥ 2
∫

(D\S)

( ∫
[0,∞)

η(λ)λM(x, λ)dλΓ(x, λ)
)
dx,

(8.1)

which holds true for all non-negative functions η ∈ C∞(R) vanishing near +∞.
The proof is based on the following approximation result which is shown by an
application of the Hedberg approximation Theorem [12].
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Lemma 8.1. For each k > 1 there exist a function ζk ∈ C∞(D) and a constant c
independent of k such that ζk vanishes in a vicinity of S and

0 ≤ ζk ≤ 1, meas Ak +
∫

D

|∇ζku| dx ≤ 1/k, (8.2)

where Ak = {x ∈ D \ S : ζk(x) ≤ 1 − 1/k} ⊂ D \ S.

Following [10] let us consider the sequence of functions χk(x) = χ
(
k dist (x,Σ− ∪

∂D)
)

with an arbitrary, smooth, monotone function χ such that χ(z) = 0 for
z ≤ 1/2 and χ(z) = 1 for z ≥ 1. Since Ψ(Γ)(·, λ) vanishes outside of D \ B, we
have for all sufficiently large k,

∇χk(u − u∞) → 0 in L1(D \ S), Ψ(Γ)(·, λ)∇χku∞ ≤ 0 in D . (8.3)

Set hk = ζkχk and note that

∇hku ≤ |∇ζku|+ |∇χk(u − u∞)| + ζk∇χku∞.

Recalling the inequality η ≥ 0 and relations (8.2), (8.3) we obtain

lim sup
k→∞

∫
(D\S)×R

Ψ(Γ)η∇hku dx dλ ≤ 0. (8.4)

Moreover, the functions hk converge to 1 in measure on D \ S. The functions hk

are Lipschitz continuous in R3 and vanish in the vicinity of Σ− ∪ S therefore, can
be used as test functions in (7.1). Substitution of hk into (7.1) followed by the
limit passage k → ∞ in the resulting integral identity, leads to desired inequality
(8.1).

Next, we claim that the right-hand side of (8.1) equals to zero. To this end,
choose an arbitrary non-negative function υ ∈ C∞(R) with spt υ ⊂ (−1, 1) and∫

R
υ(λ)dλ = 1. For fixed t > 2, set η(λ) =

∞∫
λ

υ(s − t) ds. Since η′(λ) = 0 and

η(λ) = 1 for λ ≤ t− 1, η′(λ) = 0 for λ ≥ t+ 1, we can use (8.1) to obtain

2
∫

(D\S)

( ∫
[0,t−1)

λMdλΓ
)
dx ≤ −(t+1)

∫
(D\S)×R

{
M+Ψ(Γ)|div u(x)|

}
η′ dx dλ. (8.5)

Using identity (6.6) and the relation

−
∫

(D\S)×R

Ψ(Γ) η′(λ) |div u| dx dλ

≡
∫

[0,∞)

η′′
{ ∫
D\S

[ ∫
Ω×[0,λ)

Ψ(Γ(x, s)) ds
]
|div u| dx

}
dλ

we can rewrite inequality (8.5) in the form

2
∫

(D\S)

( ∫
[0,t−1)

λMdλΓ
)
dx ≤ (1 + t)

∫
[1,∞)

η′′(λ)℘(λ)dλ , (8.6)
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where the function ℘ : [0,∞) �→ R is given by

℘(λ) =
∫

(D\S)×[0,λ)

Ψ(Γ(x, s))|div u(x)| dx ds +
∫
Ω

Vλ(x)dx .

Since ∫
[0,λ)

Ψ(Γ(x, s)) ds ≤
∫

[0,∞)

Ψ(Γ(x, s)) ds = H(x) ,

Lemma 5.2 implies the boundedness of ℘ on R+,

|℘(λ)| ≤ c‖u‖H1,2(D\S) ‖H‖L2(D\S) + ‖Vλ‖L1(D\S) ≤ c .
Taking into account that η′′(λ) = ∂tυ(λ − t), inequality (8.6) can be rewritten in
the form

2
∫

(D\S)

( ∫
[0,t−1)

λMdΓ(x, λ)
)
dx ≤ (1 + t)

d

dt
(υ ∗ ℘)(t) . (8.7)

Since the smooth function (υ∗℘)(t) is uniformly bounded on R+, there is a sequence
tk → ∞ such that lim

k→∞
(tk + 1) d

dt(υ ∗ ℘)(tk) ≤ 0. Substitution of t = tk into (8.7)

followed by the limit passage k →∞ in (8.7) leads to∫
[0,t−1)

λMdΓ(x, λ) = 0 for a.e. x ∈ D \ S .

In other words, M(x, ·) vanishes σx-almost everywhere on (0,∞), which along
with Lemma 6.3 implies the equality Γ(1 − Γ) = 0 a.e. in (D \ S) × R. Hence
ρn converges a.e. in D \ S. Estimates (1.12) imply the strong convergence of the
sequence ρn in Lr(D \ S) for all r < γ. Since (ρn, un) satisfy all assumptions of
Theorem 2.1, we can make use of estimate (2.1) from this theorem, which yields
the strong convergence ρn in Lr

loc(Ω) for r < γ(1 + κ). In particular, the sequence
p(ρn) converges to p = p(ρ) in L1

loc(Ω). After substituting (ρn, un) into integral
identities (1.7a), (1.7b), followed by the limit passage n→ ∞, by Lemma 3.3, we
can conclude that the pair (ρ, u) is a generalized solution to problem (1.3). Finally,
since ∇u∞ is compactly supported in Ω, limit passage in (1.14) for the sequence
of drag functionals follows by Lemma 3.3 and by the strong convergence of the
sequence p(ρn) in L1

loc(Ω).

9. Concluding remarks

We have presented a result on the existence of optimal obstacle for compressible
N-S-E. The result is derived by an application of the theory of N-S-E developed in
particular by Pl.L. Lions, and E. Feireisl. In order to apply our result to a specific
shape optimization problem, it is necessary to check, if the set of solutions to
N-S-E is nonempty. Since we consider the nonhomogeneous boundary conditions,
such a verification is not always simple task. The first order necessary optimality
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conditions for a class of drag minimization problems are derived in [26]. There
is no numerical results for such problems, due in particular to the fact that the
numerical methods for compressible N-S-E are still under studies.
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A Family of Stabilization Problems
for the Oseen Equations

Jean-Pierre Raymond

Abstract. The feedback stabilization of the Navier-Stokes equations around
an unstable stationary solution is related to the feedback stabilization of the
Oseen equations (the linearized Navier-Stokes equations about the unstable
stationary solution). In this paper we investigate the regularizing properties
of feedback operators corresponding to a family of optimal control problems
for the Oseen equations.

1. Introduction

Let Ω be a bounded and connected domain in R3 with a regular boundary Γ,
ν > 0, and consider a couple (w, χ) – a velocity field and a pressure – solution to
the stationary Navier-Stokes equations in Ω:

−ν∆w + (w · ∇)w +∇χ = f and divw = 0 in Ω, w = u∞
s on Γ.

We assume that w is regular and is an unstable solution of the instationary Navier-
Stokes equations.

The local feedback boundary stabilization of the Navier-Stokes equations
consists in finding a Dirichlet boundary control u, in feedback form, localized in a
part of the boundary Γ, so that the corresponding control system:

∂y
∂t

− ν∆y + (y · ∇)w + (w · ∇)y + (y · ∇)y +∇p = 0 in Q∞,

div y = 0 in Q∞, y =Mu on Σ∞, y(0) = y0 in Ω,
(1)

be stable for initial values y0 small enough in an appropriate space X(Ω). In this
setting, Q∞ = Ω× (0,∞), Σ∞ = Γ× (0,∞), X(Ω) is a subspace of V0

n(Ω) =
{
y ∈

L2(Ω) | div y = 0 in Ω, y · n = 0 on Γ
}
, n is the unit normal to Γ outward Ω,

y0 ∈ X(Ω), and the operator M is a restriction operator defined in Section 2.
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The feedback stabilization of equations (1) is closely related to the feedback
stabilization of the Oseen equations:

∂y
∂t

− ν∆y + (w · ∇)y + (y · ∇)w +∇p = 0, in Q∞,

div y = 0 in Q∞, y =Mu on Σ∞, y(0) = y0 in Ω.
(2)

One way to determine a feedback control law able to stabilize system (2)
consists in solving an optimal control problem with an infinite time horizon. Once
the functional of the control problem is defined the feedback law can be determined
by calculating the solution to the corresponding algebraic Riccati equation (if it
exists and if it admits a unique solution). Changing the functional, we change the
feedback operator. These functionals are generally of the form

J(y,u) =
1
2

∫ ∞

0

∫
Ω

|Cy|2 dxdt+ 1
2

∫ ∞

0

∫
Γ

|u|2 dxdt,

where C, the observation operator, may be a bounded or an unbounded operator
in V0(Ω) =

{
y ∈ L2(Ω) | div y = 0 in Ω,

∫
Γ y · n = 0 on Γ

}
. When C is

unbounded let us denote by D(C) its domain in V0(Ω).
Let us consider the optimal control problem

(Q)
inf
{
J(y,u) | (y,u) satisfies (2), u ∈ L2(0,∞;V0(Γ)),

y ∈ L2(0,∞;D(C))
}
,

where

V0(Γ) =
{
y ∈ L2(Γ) |

∫
Γ

y · n = 0
}
.

In two dimension [15], we have determined a feedback law by choosing C = I.
For such a choice, we have shown that the optimal solution (yy0 ,uy0) to (Q) obeys
a feedback formula of the form

uy0(t) = −R−1
A MB

∗ΠPyy0(t),

where P is the so-called Helmholtz or Leray projector in L2(Ω) onto V0
n(Ω) ={

y ∈ L2(Ω) | div y = 0 in Ω, y · n = 0 on Γ
}
, Π is the solution to the algebraic

Riccati equation of (Q), B∗ is the adjoint of the boundary control operator B
corresponding to the nonhomogeneous boundary condition in equation (2) (see
Section 2),

RA =MD∗
A(I − P )DAM + I,

where DA is the Dirichlet operator of the Oseen equations, and D∗
A its adjoint

(see Section 2). Applying the same boundary feedback law to the Navier-Stokes
equations, we have proved that the corresponding dynamical system is stable for
initial data small enough in V1/2−ε

n (Ω) if 0 < ε < 1/4.
This result cannot be directly extended to the three-dimensional case. Indeed

even if y0 is very regular, the regularity of the optimal solution to (Q) is not
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sufficient to deal with the stabilization problem of the Navier-Stokes equations
in three dimension. In the three-dimensional case, Barbu, Lasiecka and Triggiani
[4] have obtained a stabilization result with controls in the class of functions u
obeying u(t) ·n = 0, when the control is applied everywhere on the boundary of Ω
and when Ω is simply connected. For that, they have chosen C as an unbounded
operator such that |Cy|V0

n(Ω) is a norm in V0
n(Ω) equivalent to the usual norm of

the space H3/2+ε(Ω) for some ε > 0. The idea in [1, 4] is to choose an operator C,
unbounded in V0

n(Ω), so that the norm |Cy|V0
n(Ω) be strong enough to dominate

the nonlinearity of the Navier-Stokes equations.
In [16] we follow a completely opposite direction. We have chosen an operator

C which is bounded, and which is even a smoothing operator. A key point in the
analysis in [16] consists in studying problem the following family of optimal control
problems

(P) inf
{
I(y,u) | (y,u) satisfies (2), u ∈ L2(0,∞;V0(Γ))

}
,

where

I(y,u) =
1
2

∫ ∞

0

∫
Ω

|(−A0)−αPy|2 dxdt+ 1
2

∫ ∞

0

∫
Γ

|R1/2
A u|2 dxdt,

(−A0) = −νP∆ is the Stokes operator with homogeneous Dirichlet boundary
conditions, and 0 ≤ α ≤ 1/2. Observe that, due to the definition of the operator
RA, problem (P) is equivalent to the following one

inf
{
J(y,u) | (y,u) satisfies (2), u ∈ L2(0,∞;V0(Γ))

}
,

where

J(y,u) =
1
2

∫ ∞

0

∫
Ω

|(−A0)−αPy|2 dxdt+ 1
2

∫ ∞

0

∫
Ω

|(I − P )y|2 dxdt

+
1
2

∫ ∞

0

∫
Γ

|u|2 dxdt.

This is not at all a standard functional since Py and (I − P )y are involved with
different norms. The equality I(y,u) = J(y,u) when (y,u) obeys (2) is a conse-
quence of rewriting (2) in the form (9) (see the end of Section 2). The objective
of the present paper is to study the regularity of optimal solutions of (P). These
results will next be used in [16] to study the feedback stabilization problem of the
Navier-Stokes equations in three dimension (see also [17]).

The main results of the paper are given in Corollary 13 and Corollary 14
where we state regularity results for the optimal solution of problem (P), and
regularizing properties of the solution Π to the algebraic Riccati equation of (P).
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2. Functional framework and preliminary results

2.1. Notation and assumptions

Let us introduce the following spaces: Hs(Ω; R3) = Hs(Ω), L2(Ω; R3) = L2(Ω),
the same notation conventions will be used for trace spaces and for the spaces
Hs

0(Ω; R3). We also introduce different spaces of free divergence functions and
some corresponding trace spaces:

Vs(Ω) =
{
y ∈ Hs(Ω) | div y = 0 in Ω, 〈y · n, 1〉H−1/2(Γ),H1/2(Γ) = 0

}
, s ≥ 0,

Vs
n(Ω) =

{
y ∈ Hs(Ω) | div y = 0 in Ω, y · n = 0 on Γ

}
for s ≥ 0,

Vs
0(Ω) =

{
y ∈ Hs(Ω) | div y = 0 in Ω, y = 0 on Γ

}
for s > 1/2,

Vs(Γ) =
{
y ∈ Hs(Γ) | 〈y · n, 1〉H−1/2(Γ),H1/2(Γ) = 0

}
for s ≥ −1/2 .

In the above setting n denotes the unit normal to Γ outward Ω. We shall use
the following notation QT = Ω × (0, T ), ΣT = Γ × (0, T ), Qt̄,T = Ω × (t̄, T ) and
Σt̄,T = Γ×(t̄, T ) for t̄ > 0, and 0 < T ≤ ∞. For spaces of time-dependent functions
we set

Vs,σ(QT ) = Hσ(0, T ;V0(Ω)) ∩ L2(0, T ;Vs(Ω)),
and

Vs,σ(ΣT ) = Hσ(0, T ;V0(Γ)) ∩ L2(0, T ;Vs(Γ)).
We assume that Ω is of class C6 and w ∈ V5(Ω). (In the case when α = 0
the regularity results that we state in this paper are true if Ω is of class C4 and
w ∈ V3(Ω), see [15].)

In order to find a control u, supported in an open regular subset Γc of Γ,
we introduce a weight function m ∈ C5(Γ) with values in [0, 1], with support in
Γc, equal to 1 in Γ0, where Γ0 is an open, non empty, and regular subset in Γc.
Associated with this function m we introduce the operatorM ∈ L(V0(Γ)) defined
by

Mu(x) = m(x)u(x) − m∫
Γm

(∫
Γ

mu · n
)

n(x).

By this way, we can replace the condition supp(u) ⊂ Γc by considering a boundary
condition of the form

y =Mu on Σ∞.

The main interest of this operator M is that if u ∈ L2(0,∞;Hs(Γc; R3)) ∩
Hs/2(0,∞;L2(Γc; R3)) for some 0 < s ≤ 9/2, and if ũ denotes the extension
of u by zero to Σ∞ \

(
Γc × (0,∞)

)
, then M ũ belongs to L2(0,∞;Hs(Γ; R3)) ∩

Hs/2(0,∞;L2(Γ; R3)), which is not true for ũ.
For all ψ ∈ H1/2+ε′

(Ω), with ε′ > 0, we denote by c(ψ) and c(mψ) the
constants defined by

c(ψ) =
1
|Γ|

∫
Γ

and c(mψ) =
1
|Γ|

∫
Γ

mψ. (3)
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2.2. Properties of some operators

In the following we consider the linearized Navier-Stokes equation
∂y
∂t

− ν∆y + (w · ∇)y + (y · ∇)w +∇p = 0, in QT ,

div y = 0 in QT , y =Mu on ΣT , y(0) = y0 in Ω ,
(4)

and the adjoint equation

−∂Φ
∂t

− ν∆Φ− (w · ∇)Φ + (∇w)T Φ +∇ψ = y, in QT ,

div Φ = 0 in QT , Φ = 0 on ΣT , Φ(T ) = 0 in Ω ,
(5)

where T is finite or infinite. To study these equations, we introduce the Stokes
and the Oseen operators associated with equations (4) and (5). Let P be the
orthogonal projector in L2(Ω) onto V0

n(Ω), and denote by (A0, D(A0)), (A,D(A)),
and (A∗, D(A∗)) the unbounded operators in V0

n(Ω) defined by

D(A0) = H2(Ω) ∩V1
0(Ω), A0y = νP∆y for all y ∈ D(A0),

D(A) = H2(Ω) ∩V1
0(Ω), Ay = νP∆y − P ((w · ∇)y) − P ((y · ∇)w),

D(A∗) = H2(Ω) ∩V1
0(Ω), A∗y = νP∆y + P ((w · ∇)y) − P ((∇w)T y).

Throughout the following we denote by λ0 > 0 an element in the resolvent set of
A satisfying (

(λ0I −A)y,y
)
V0

n(Ω)
≥ ω0|y|2V1

0(Ω) for all y ∈ D(A),
and (6)(

(λ0I −A∗)y,y
)
V0

n(Ω)
≥ ω0|y|2V1

0(Ω) for all y ∈ D(A∗),

for some 0 < ω0 < ν (see, e.g., Lemma 24 where the proof is given for ω0 = ν/2).
The following theorem may easily be deduced from (6), see, e.g., [14, Lemma 4.1].

Theorem 1. The unbounded operator (A− λ0I) (respectively (A∗ − λ0I)) with do-
main D(A−λ0I) = D(A) (respectively D(A∗−λ0I) = D(A∗)) is the infinitesimal
generator of a bounded analytic semigroup on V0

n(Ω). Moreover, for all 0 ≤ β ≤ 1,
we have

D((λ0I −A)β) = D((λ0I −A∗)β) = D((λ0I −A0)β) = D((−A0)β) .

Observe that the semigroups (et(A−λ0I))t≥0 and (et(A
∗−λ0I))t≥0 are exponen-

tially stable on V0
n(Ω) and that

‖et(A−λ0I)‖L(V0
n(Ω)) ≤ e−ωt and ‖et(A∗−λ0I)‖L(V0

n(Ω)) ≤ e−ωt,

for all ω < ω0 (see [5, Chapter 1, Theorem 2.12]).
Let us introduce DA and Dp, two Dirichlet operators associated with A,

defined as follows. For u ∈ V0(Γ), set DAu = y and Dpu = q, where (y, q) is the
unique solution in V1/2(Ω) × (H1/2(Ω)/R)′ to the equation

λ0y − ν∆y + (w · ∇)y + (y · ∇)w +∇q = 0 in Ω,

div y = 0 in Ω, y = u on Γ.
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Lemma 2. The operator DA is a bounded operator from V0(Γ) into V0(Ω), more-
over it satisfies

‖DAu‖Vs+1/2(Ω) ≤ C(s)‖u‖Vs(Ω) for all 0 ≤ s ≤ 2 .

The operator D∗
A ∈ L(V0(Ω),V0(Γ)), the adjoint operator of DA ∈ L(V0(Γ),

V0(Ω)), is defined by

D∗
Ag = −ν ∂z

∂n
+ πn− c(π)n, (7)

where (z, π) is the solution of

λ0z− ν∆z − (w · ∇)z + (∇w)T z +∇π = g and div z = 0 in Ω,

z = 0 on Γ,
(8)

and c(π) is defined by (3).

The first part of the lemma is well known when w = 0, see, e.g., [18]. Its
adaptation to the case when w �= 0, together with the second part of the lemma
is proved in [14, Corollary 7.1 and Lemma 7.4].

Notice that the solution of equation (8) obeys ∂z
∂n · n = 0. This can be de-

duced by a straightforward calculation using the divergence condition (see, e.g.,
[4, Lemma 3.3.1]).

Let us define the operators γτ ∈ L(V0(Γ)) and γn ∈ L(V0(Γ)) by

γτu = u−
(
u · n

)
n and γnu =

(
u · n

)
n = u− γτu for all u ∈ V0(Γ) .

Introducing the spaces

V0
τ (Γ) =

{
u ∈ V0(Γ) | γτu = 0

}
and V0

n(Γ) =
{
u ∈ V0(Γ) | γnu = 0

}
,

we have V0(Γ) = V0
τ (Γ) ⊕V0

n(Γ).

Lemma 3. ([15, Lemma 2.3]) The operator M obeys the following properties

M =M∗, Mγτ = γτM = mγτ , and Mγn = γnM .

The operators γτ and γn satisfy:

γτ = γ∗τ , γn = γ∗n and (I − P )DA = (I − P )DAγn.

In the next lemma we study the properties of the operator RA which plays a
crucial role in optimality conditions of control problems that we consider.

Lemma 4. ([15, Lemma 2.4]) The operator

RA =MD∗
A(I − P )DAM + I

is an isomorphism from V0(Γ) into itself. Moreover, for all 0 ≤ s ≤ 9/2, its
restriction to Vs(Γ) is an isomorphism from Vs(Γ) into itself. In addition RA

satisfies
RAγn = γnRAγn and RAγτ = γτRAγτ = γτ .
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The restriction of RA to V0
τ (Γ) is an isomorphism from V0

τ (Γ) into itself, and we
have

R−1
A u = (γnRAγn)−1u = γnR−1

A γnu = γnR−1
A u for all u ∈ V0

τ (Γ) .

In ([15, Lemma 2.4]) the above result is only stated for 0 ≤ s ≤ 3/2. Here
the regularity of Ω, m, and w have been increased so that the operators M , DA,
and D∗

A have better regularity properties, and the restriction of RA to Vs(Γ) is
an automorphism for 0 ≤ s ≤ 9/2.

We introduce the operators

Bn = (λ0I −A)PDAγn, Bτ = (λ0I −A)DAγτ , B = Bn +Bτ .

Let us set
Bn,β = (λ0I −A)β−1Bn = (λ0I −A)βPDAγn,

Bτ,β = (λ0I −A)β−1Bτ = (λ0I −A)βDAγτ , and Bβ = Bn,β +Bτ,β.

Theorem 5. ([15, Theorem 2.5]) For all β ∈]0, 14 [, Bn,β and Bτ,β belong to
L(V0(Γ),V0

n(Ω)).

Proposition 6. ([15, Proposition 2.6]) For all Φ ∈ D(A∗), B∗Φ belongs to
V1/2(Γ), we have

B∗Φ = D∗
A(λ0I−A∗)Φ, B∗

τΦ = γτD∗
A(λ0I−A∗)Φ, B∗

nΦ = γnD∗
A(λ0I−A∗)Φ ,

and

B∗Φ = −ν ∂Φ
∂n

+ ψn− c(ψ)n ,

with
∇ψ = (I − P )

[
ν∆Φ + (w · ∇)Φ− (∇w)T Φ

]
,

and c(ψ) is defined by (3). In particular if Φ ∈ Vs(Ω) ∩ V1
0(Ω) with s > 3/2, the

following estimate holds

|B∗Φ|Vs−3/2(Γ) ≤ C|Φ|Vs(Ω)∩V1
0(Ω).

In [15] we have shown that y is a solution of equation (4) in the sense of
transposition if and only if Py and (I − P )y are the solutions of the system

Py′ = APy +BMu in (0, T ), Py(0) = y0,

(I − P )y = (I − P )DAMu = (I − P )DAγnMu in (0, T ).
(9)

3. A regularizing feedback operator

Since equation (4) is written in the form (9), to study the control problem (P)
stated in the introduction, it is sufficient to study the following problem in which
y plays the role of Py:

(P0,y0) inf
{
I(y,u) | (y,u) satisfies (10), u ∈ V0,0(Σ∞)

}
,
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where

I(y,u) =
1
2

∫ ∞

0

∫
Ω

|(−A0)−αy|2 dxdt+ 1
2

∫ ∞

0

|R1/2
A u(t)|2V0(Γ) dt,

and
y′ = Ay +BMu in (0,∞), y(0) = y0. (10)

Notice that, due to Lemma 4, we have:

|R1/2
A u(t)|2V0(Γ) = |γτu(t)|2V0(Γ) + |R1/2

A γnu(t)|2V0(Γ).

3.1. A finite time horizon control problem

We first study the following family of finite time horizon control problems

(PT
s,ζ) inf

{
IT (s,y,u) | (y,u) satisfies (11), u ∈ V0,0(Σs,T )

}
,

where
y′ = Ay +BMu in (s, T ), y(s) = ζ, (11)

and

IT (s,y,u) =
1
2

∫ T

s

∫
Ω

|(−A0)−αy|2 +
1
2

∫ T

s

∫
Γ

|R1/2
A γnu|2 +

1
2

∫ T

s

∫
Γ

|γτu|2.

Theorem 7. For all s ∈ [0, T ] and all ζ ∈ V0
n(Ω), problem (PT

s,ζ) admits a unique
solution (ys

ζ ,u
s
ζ). The optimal control us

ζ is characterized by

us
ζ = −MB∗

τΦ
s
ζ −R−1

A MB
∗
nΦ

s
ζ in (s, T ), (12)

where Φs
ζ is solution to the equation

−Φ′ = A∗Φ + (−A0)−2αys
ζ in (s, T ), Φ(T ) = 0 . (13)

Conversely the system

y′ = Ay −BτM
2B∗

τΦ−BnMR
−1
A MB

∗
nΦ in (s, T ), y(s) = ζ ,

−Φ′ = A∗Φ + (−A0)−2αy in (s, T ), Φ(T ) = 0 ,
(14)

admits a unique solution (ys
ζ ,Φ

s
ζ) in L2(s, T ;V0

n(Ω)) ×
(
V2,1(Qs,T ) ∩ L2(s, T ;

V1
0(Ω))

)
, and (ys

ζ ,−MB∗
τΦ

s
ζ − R−1

A MB
∗
nΦs

ζ) = (ys
ζ ,−R−1

A MB
∗Φs

ζ) is the opti-
mal solution to (PT

s,ζ).

Proof. The proof is similar to that of [15, Theorem 3.1]. �

As in [15, Lemma 3.1], we can show that

B∗Φs
ζ(t) = −ν

∂Φs
ζ

∂n
(t) + ψs

ζ(t)n− c(ψs
ζ(t))n for almost all t ∈ (s, T ), (15)
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where ψs
ζ , the pressure associated with Φs

ζ , is related to Φs
ζ by the equation

−
∂Φs

ζ

∂t
− ν∆Φs

ζ − (w · ∇)Φs
ζ + (∇w)T Φs

ζ +∇ψs
ζ

= (−A0)−2αys
ζ , in Qs,T ,

div Φs
ζ = 0 in Qs,T , Φs

ζ = 0 on Σs,T , Φs
ζ(T ) = 0 in Ω.

(16)

The pressure ψs
ζ is also defined by

∇ψs
ζ = (I − P )

[
ν∆Φs

ζ + (w · ∇)Φs
ζ − (∇w)T Φs

ζ

]
.

Therefore the optimal control us
ζ is defined by

us
ζ = mν

∂Φs
ζ

∂n
−R−1

A Mψ
s
ζn = −MB∗

τΦ
s
ζ −R−1

A MB
∗
nΦs

ζ . (17)

In the following theorem we improve the regularity result of the optimal
solution.

Theorem 8. If ζ ∈ V0
n(Ω), the solution (ys

ζ ,Φ
s
ζ) to system (14) belongs to

V1,1/2(Qs,T )×L2(s, T ;V(3+4α)∧σ(Ω)∩V1
0(Ω))∩H3/2(s, T ;V4α∧(σ−3)

n (Ω)) for all
σ < 7/2.

Proof. Since B∗Φs
ζ ∈ L2(s, T ;V0(Γ)), due to Lemmas 16 and 17, ys

ζ belongs to
V1/2−ε,1/4−ε/2(Qs,T ) for all ε > 0. From Lemmas 22 and 23 it follows that

∂Φs
ζ

∂n ∈ V1−ε,1/2−ε/2(Σs,T )
and

ψs
ζ ∈ L2(s, T ;H3/2−ε(Ω)) ∩H1/4−ε/2(s, T ;H1(Ω)),

for all ε > 0, where ψs
ζ is the pressure appearing in equation (16) (we have not yet

used the additional regularity coming from (−A0)−2α, we shall use it at the end
of the proof). From this regularity result and from (15), we deduce that B∗Φs

ζ ∈
V1/2−ε,1/4−ε/2(Σs,T ) and us

ζ ∈ V1/2−ε,1/4−ε/2(Σs,T ) for all ε > 0, where us
ζ =

−MB∗
τΦ

s
ζ −R−1

A MB
∗
nΦs

ζ is the optimal control of problems (PT
s,ζ). Still applying

Lemma 17, we obtain ys
ζ ∈ V1−ε,1/2−ε(Qs,T ) for all ε > 0, and repeating the above

analysis for B∗Φs
ζ , we can show that us

ζ ∈ V1−ε,1/2−ε/2(Σs,T ) for all ε > 0. Still
with Lemmas 16 and 17, we prove that ys

ζ belongs to V1,1/2(Qs,T ). Due to Lemma

22, Φs
ζ belongs to L2(s, T ;V(3+4α)∧σ(Ω) ∩V1

0(Ω)) ∩H3/2(s, T ;V4α∧(σ−3)
n (Ω)) for

all σ < 7/2. The proof is complete. �
Corollary 9. For all s ∈ [0, T ] and all ζ ∈ V0

n(Ω), the unique solution (ys
ζ ,u

s
ζ) to

problem (PT
s,ζ) and the corresponding solution Φs

ζ to equation (16) obey

IT (s,ys
ζ ,u

s
ζ) =

1
2

∫
Ω

Φs
ζ(s) · ζ .

Proof. The proof is similar to that of [15, Corollary 3.1]. �
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Let Π(s) be the operator defined by

Π(s) : ζ �−→ Φs
ζ(s) , (18)

where (ys
ζ ,Φ

s
ζ) is the unique solution to system (14). From Theorem 8 it follows

that Π(s) ∈ L(V0
n(Ω),V2(Ω) ∩ V1

0(Ω)). Actually using Theorem 8 we can prove
that the family of operators (Π(s))s∈[0,T ] defined by (18) belongs to Cs([0, T ];
L(V0

n(Ω))) (the space of functions Π from [0, T ] into L(V0
n(Ω)) such that, for all

y ∈ V0
n(Ω), Π(·)y is continuous from [0, T ] into V0

n(Ω)). Next, using the optimality
system (14) we can show that Π is the unique solution in Cs([0, T ];L(V0

n(Ω))) to
the Riccati equation

Π∗(t) = Π(t) and Π(t) ≥ 0,
|Π(t)ζ|V2(Ω)∩V1

0(Ω) ≤ C|ζ|V0
n(Ω) for all ζ ∈ V0

n(Ω), t ∈ [0, T ],

−Π′(t) = A∗Π(t) + Π(t)A −Π(t)BτM
2B∗

τΠ(t)
−Π(t)BnMR

−1
A MB

∗
nΠ(t) + (−A0)−2α,

Π(T ) = 0.

(19)

In (19), Π∗(t) ∈ L(V0
n(Ω)) is the adjoint of Π(t) ∈ L(V0

n(Ω)). From the definition
of Π, from Theorem 7 and Corollary 9 we deduce the following theorem. We also
refer to [12, Theorem 1.2.2.1] where the existence of a unique solution to equation
(19) is established.

Theorem 10. The solution (y,u) to problem (PT
0,y0

) belongs to C([0, T ];V0(Ω))×
C([0, T ];V0(Γ)), it obeys the feedback formula

u(t) = −
(
MB∗

τ +R−1
A MB

∗
n

)
Π(t)Py(t),

and the optimal cost is given by

J(y,u) =
1
2

(
Π(0)y0,y0

)
V0

n(Ω)
.

If we set Π̂(t) = Π(T−t), then Π̂ is the unique solution inCs([0, T ];L(V0
n(Ω)))

to the Riccati equation

Π̂∗(t) = Π̂(t) and Π̂(t) ≥ 0,

|Π̂(t)ζ|V2(Ω)∩V1
0(Ω) ≤ C|ζ|V0

n(Ω) for all ζ ∈ V0
n(Ω), t ∈ [0, T ],

Π̂′(t) = A∗Π̂(t) + Π̂(t)A− Π̂(t)BτB
∗
τ Π̂(t)

−Π̂(t)BnR
−1
A B

∗
nΠ̂(t) + (−A0)−2α,

Π̂(0) = 0.

(20)

From the definition of Π̂ it follows that Π(0) = Π̂(T ).
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3.2. An infinite time horizon control problem

In this section we study problem (P0,y0).

Theorem 11. For all y0 ∈ V0
n(Ω), problem (P0,y0) admits a unique solution

(yy0 ,uy0). There exists Π ∈ L(V0
n(Ω)), obeying Π = Π∗, such that the optimal

cost is given by

I(yy0 ,uy0) =
1
2

(
Πy0,y0

)
V0

n(Ω)
.

Proof. Let us first prove that there exist controls u ∈ L2(0,∞;V0(Γ)) such that
I(yu,u) < ∞, where yu is the solution of equation (10) corresponding to u. For
that we are going to use null controllability results stated in [7] for the Oseen
equations with a distributed control, and an extension procedure. Let O be an
open regular subset in R3 \ Ω such that O ∩ Ω = Γ1, where Γ1 is an open regular
subset of Γ0 (recall that Γ0 ⊂ Γc and that we look for controls u with support in
Γc). We could extend equation (2) to int(O ∪ Ω), but this set is not necessarily
regular. Thus to construct an extension in a regular set Ωe, we proceed as follows.
Let ω be an open set such that ω ⊂ O, and let Ωe be open set with a regular
boundary satisfying

(Ω ∪ ω) ⊂ Ωe ⊂ int(O ∪ Ω).
To extend equation (2) to Ωe, we have to extend y0 and w. Since w is regular,
u∞

s |Γ1 is also regular and it can be extended to ∂O in such a way that, if ũ denotes
such an extension, then ũ ∈ V9/2(Γ). Let v ∈ V5(Ω) be the solution of the Stokes
equation:

−ν∆v + ∇q = 0 and divv = 0 in O, v = ũ on ∂O.
We set

we(x) =
{

w(x) if x ∈ Ω,
v(x) if x ∈ O.

Since the traces of w and v on Γ1 are equal, it is clear that divwe = 0 in int(O∪Ω),
and therefore in Ωe. Let z0 be the extension of y0 by zero to Ωe\Ω. Since y0 ·n = 0
on Γ, it is clear that z0 belongs to V0

n(Ωe). Now we consider the following control
system:

∂z
∂t

− ν∆z + (we · ∇)z + (z · ∇)we +∇q = χω g, in Ωe × (0, T ),

div z = 0 in Ωe × (0, T ), z = 0 on ∂Ωe × (0, T ), z(0) = z0 in Ωe,

(21)

for a given T > 0, where χω is the characteristic function of ω. Set Γe = Γ ∩ Ωe.
From [7] it follows that there exists ĝ ∈ L2(0, T ;L2(ω)) such that the solution ẑ
to equation (21) satisfies ẑ(T ) = 0 in Ωe. Now if we set

û(x, t) =
{

ẑ(x, t) if (x, t) ∈ Γe × (0, T ),
0 if (x, t) ∈ Σ∞ \ (Γe × (0, T )),

it is clear that yû, the solution to equation (2) corresponding to û, obeys yû|Ω×(0,T )

= z|Ω×(0,T ), and that yû(t) = 0 for t > T . Thus we have proved that there exists
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a control û ∈ L2(0,∞;V0(Γ)) such that I(yû, û) <∞. The existence of a unique
solution (yy0 ,uy0) to (P0,y0) follows from classical arguments.

For the end of the proof we adapt to the case 0 ≤ α ≤ 1/2 what is done in
[15, Theorem 4.1] for α = 0. The new point is that we need Lemmas 25 and 26 in
the proof. From the dynamic programming principle, it follows that the mapping

T �−→
(
Π̂(T )y0,y0

)
V0

n(Ω)

is nondecreasing, and we have
1
2

(
Π̂(T )y0,y0

)
V0

n(Ω)
≤ I(yy0 ,uy0) <∞ .

As in [6], or in [12], we can show that there exists an operator Π ∈ L(V0
n(Ω))

satisfying Π = Π∗ ≥ 0 and

Πy0 = limT→∞Π̂(T )y0 for all y0 ∈ V0
n(Ω).

Let us show that I(yy0 ,uy0) = 1
2

(
Πy0,y0

)
V0

n(Ω)
. Problem (Pk

0,y0
) admits a unique

solution (yk,uk) characterized by

y′
k = Ayk +BMuk in (0, k), yk(0) = y0,

−Φ′
k = A∗Φk + (−A0)−2αyk in (0, k), Φk(k) = 0,

γτuk = −MB∗
τΦk, γnuk = −R−1

A MB
∗
nΦk.

(22)

Convergence of yk and uk. Denote by ũk the extension by zero of uk to (k,∞),
and by ỹk the extension by zero of yk to (k,∞). Since we have∫ k

0

∫
Ω

|(−A0)−αyk|2 dxdt +
∫ k

0

|R1/2
A uk(t)|2V0(Γ) dt

≤
∫ ∞

0

∫
Ω

|(−A0)−αyy0 |2 dxdt+
∫ ∞

0

|R1/2
A uy0(t)|2V0(Γ) dt ,

the sequences (ỹk)k and (ũk)k are respectively bounded in L2(0,∞; (D((−A0)α))′)
and L2(0,∞;V0(Γ)). Thus there exist y∞ ∈ L2(0,∞; (D((−A0)α))′) and u∞ ∈
L2(0,∞;V0(Γ)) such that

ũk ⇀ u∞ weakly in L2(0,∞;V0(Γ)),

ỹk ⇀ y∞ weakly in L2(0,∞; (D((−A0)α))′).

By passing to the limit in the above inequality we obtain∫ ∞

0

∫
Ω

|(−A0)−αy∞|2 dxdt +
∫ ∞

0

|R1/2
A u∞(t)|2V0(Γ) dt

≤
∫ ∞

0

∫
Ω

|(−A0)−αyy0 |2 dxdt+
∫ ∞

0

|R1/2
A uy0(t)|2V0(Γ) dt .

Rewriting the first equation in (22) in the form:

y′
k = Ayk − λ0(−A0)−αyk + λ0(−A0)−αyk +BMuk in (0, k), yk(0) = y0,
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and by passing to the limit in this equation, with Lemmas 25 and 26, we can show
that

y′
∞ = Ay∞ +BMu∞ in (0,∞), y∞(0) = y0.

Thus the pair (y∞,u∞) is admissible for (P0,y0) and we have

(y∞,u∞) = (yy0 ,uy0),

because I(y∞,u∞) ≤ I(yy0 ,uy0). Therefore we can claim that

ũk → uy0 in L2(0,∞;V0(Γ)) and ỹk → yy0 in L2(0,∞; (D((−A0)α))′).

From Lemmas 25 and 26, it follows that (yk)k tends to yy0 in L2(0,∞;V0
n(Ω)).

Since

Ik(0,yk,uk) =
1
2

(
Π̂(k)y0,y0

)
V0

n(Ω)
,

by passing to the limit when k tends to infinity, we obtain

I(yy0 ,uy0) =
1
2

(
Πy0,y0

)
V0

n(Ω)
. �

We denote by ϕ(y0) the value function of problem (P0,y0), that is:

ϕ(y0) = I(yy0 ,uy0).

Lemma 12. For every y0 ∈ V0
n(Ω), the system

y′ = Ay −BτM
2B∗

τΦ−BnMR
−1
A MB

∗
nΦ in (0,∞), y(0) = y0,

−Φ′ = A∗Φ + (−A0)−2αy in (0,∞), Φ(∞) = 0 ,

Φ(t) = Πy(t) for all t ∈ (0,∞) ,

(23)

admits a unique solution in L2(0,∞;V0
n(Ω))×V2,1(Q∞). This solution belongs to

Cb(R+;V0
n(Ω)) ∩ V1,1/2(Q∞) ×

(
L2(0,∞;V3+4α(Ω)) ∩H3/2(0,∞;V4α(Ω))

)
and

it satisfies:

‖y‖Cb(R+;V0
n(Ω)) + ‖y‖V1,1/2(Q∞) + ‖Φ‖L2(0,∞;V3+4α(Ω))∩H3/2(0,∞;V4α(Ω))

≤ C|y0|V0
n(Ω) .

The pair (y,−MB∗
τΦ−R−1

A MB
∗
nΦ) is the solution of (P0,y0).

Proof. The above lemma is already stated in [14] in the case when α = 0. The
extension to the case when 0 ≤ α ≤ 1/2 is still obtained thanks to Lemmas 25 and
26. For notational simplicity the solution to (P0,y0) will now be denoted by (ŷ, û),
that is (ŷ, û) = (yy0 ,uy0). We denote by ϕk(0,y0) the value function of problem
(Pk

0,y0
) and by ϕk(t̄, ζ) the value function of problem (Pk

t̄,ζ).
Let (yk,uk) be the solution of (Pk

0,y0
) characterized by (22), and let (yt̄

k,u
t̄
k)

be the solution of (Pk
t̄,yk(t̄)). Denote by Φt̄

k the adjoint state corresponding to
(yt̄

k,u
t̄
k), and by Φk the adjoint state corresponding to (yk,uk). From the dynamic

programming principle it follows that (yt̄
k,u

t̄
k,Φ

t̄
k)(t) = (yk,uk,Φk)(t) for all t ∈
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(t̄, k). Therefore we have Φt̄
k(t̄) = Φk(t̄) ∈ ∂yϕk(t̄,yk(t̄)), that is Φk(t̄) = Π̂(k −

t̄)yk(t̄).
In the proof of Theorem 11, denoting by ỹk the extension by zero of yk to

(k,∞), we have shown that (ỹk)k converges to ŷ in L2(0,∞;V0
n(Ω)). Thus

|Φk(t̄)|V0
n(Ω) ≤ ‖Π̂(k − t̄)‖|yk(t̄)|V0

n(Ω) ≤ C|yk(t̄)|V0
n(Ω) ,

and
‖Φ̃k‖L2(0,∞;V0

n(Ω)) ≤ C‖ỹk‖L2(0,∞;V0
n(Ω)) ,

where Φ̃k is the extension by zero of Φk to (k,∞). Therefore (Φ̃k)k is also bounded
in L2(0,∞;V0

n(Ω)). Observe that Φ̃k is also the solution of the equation

−Φ̃′
k = (A∗ − λ0I)Φ̃k + (−A0)−2αỹk + λ0Φ̃k, Φ̃k(∞) = 0.

Thus

Φ̃k(t) =
∫ ∞

t

e(A
∗−λ0I)(τ−t)((−A0)−2αỹk(τ) + λ0Φ̃k(τ)) dτ for all t ≥ 0.

From Young’s inequality for convolutions it follows that (Φ̃k)k is also bounded
in L∞(0,∞;V0

n(Ω)). There then exists Φ̂ ∈ L∞(0,∞;V0
n(Ω)) ∩ L2(0,∞;V0

n(Ω))
such that, after extraction of a subsequence, we have

Φ̃k ⇀ Φ̂ weakly in L2(0,∞;V0
n(Ω)) and weak-star in L∞(0,∞;V0

n(Ω)),

and Φ̂ obeys the equation

Φ̂(t) =
∫ ∞

t

e(A
∗−λ0I)(τ−t)((−A0)−2αŷ(τ) + λ0Φ̂(τ)) dτ for all t ≥ 0.

Step 3. Regularity of Φ̂. We have

−Φ̂′ = (A∗ − λ0I)Φ̂ + λ0Φ̂ + (−A0)−2αŷ in (0,∞), Φ̂(∞) = 0 .

Since Φ̂ belongs to L2(0,∞;V0
n(Ω)), we deduce that Φ̂ belongs to L2(0,∞;

V2+4α(Ω)) ∩ H1(0,∞;V4α(Ω)) (see Lemma 19). Moreover due to Lemma 21,
the sequence (ũk)k = (−MB∗

τ Φ̃k − R−1
A MB

∗
nΦ̃k)k converges weakly in L2(0,∞;

V0(Γ)) to −MB∗
τ Φ̂−R−1

A MB
∗
nΦ̂. Thus û = −MB∗

τ Φ̂−R−1
A MB

∗
nΦ̂, and ŷ obeys

the first equation in (23) corresponding to Φ̂. Therefore we have proved that the
first two equations of system (23) admits at least one solution in L2(0,∞;V0

n(Ω))×
V2,1(Q∞).

Step 4. Let us show that if (y,Φ) ∈ L2(0,∞;V0
n(Ω)) ×V2,1(Q∞) obeys the first

two equations of system (23), then y belongs Cb([0,∞);V0
n(Ω)) ∩ V1,1/2(Q∞),

Φ ∈ L2(0,∞;V3+4α(Ω)) ∩H3/2(0,∞;V4α(Ω)), and

‖y‖Cb([0,∞);V0
n(Ω)) + ‖y‖V1,1/2(Q∞)

+‖Φ‖L2(0,∞;V3+4α(Ω))∩H3/2(0,∞;V4α(Ω))

≤ C(|y0|V0
n(Ω) + ‖y‖L2(0,∞;V0

n(Ω)) + ‖Φ‖L2(0,∞;V0
n(Ω))) .

(24)
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To establish this result we rewrite the first two equations in system (23) as follows

y′ = (A− λ0I)y −BτM
2B∗

τΦ−BnMR
−1
A MB

∗
nΦ + λ0y in (0,∞),

y(0) = y0,

−Φ′ = (A∗ − λ0I)Φ + (−A0)−2αy + λ0Φ in (0,∞), Φ(∞) = 0.

(25)

Due to Lemma 21 we know that B∗Φ ∈ L2(0,∞;V0(Γ)). Applying Lemmas 16
and 17, we obtain:

‖y‖V1/2−ε′,1/4−ε′/2(Q∞) ≤ C(|y0|V0
n(Ω) + ‖y‖L2(0,∞;V0

n(Ω)) + ‖Φ‖L2(0,∞;V0
n(Ω)))

for all ε′ > 0. Still from Lemma 21, we deduce that B∗Φ ∈ V1/2−ε′,1/4−ε′/2(Σ∞)
for all ε′ > 0. Applying successively Lemmas 16, 17 and Lemma 21 we can prove
that y belongs to V1−ε′,1/2−ε′/2(Q∞) and B∗Φ belongs to V1−ε′,1/2−ε′/2(Σ∞)
for all ε′ > 0. Another iteration gives y ∈ V1,1/2(Q∞) ∩ Cb([0,∞);V0

n(Ω)) (be-
cause y0 ∈ V0

n(Ω)). From Lemma 19 we deduce that Φ ∈ L2(0,∞;V3+4α(Ω)) ∩
H3/2(0,∞;V4α(Ω)), and the estimate (24) holds true.

Step 5. Let us prove that the pair (ŷ, Φ̂) obeys the third equation in (23). With
Lemma 19 we can show that

Φ̃k(t)⇀ Φ̂(t) weakly in V0
n(Ω) for all t ≥ 0.

Since
Φk(t) ∈ ∂yϕk(t,yk(t)), Φk(t)⇀ Φ̂(t) weakly in V0

n(Ω),

and
ϕk(t,yk(t)) → ϕ(ŷ(t)) as k →∞ ,

we deduce that
Φ̂(t) ∈ ∂ϕ(ŷ(t)), i.e., Φ̂(t) = Πŷ(t).

Thus we have shown that (ŷ, Φ̂) obeys the third equation in (23).

Step 6. Uniqueness. If (y,Φ) ∈ L2(0,∞;V0
n(Ω)) × V2,1(Q∞) is a solution to

system (23), due to Step 4 it obeys (24), and we can show that∫ k

0

|(−A0)−αy(t)|2V0
n(Ω)dt+

∫ k

0

|R−1/2
A MB∗Φ(t)|2V0(Γ)dt

=
∫

Ω

y0Φ(0)−
∫

Ω

y(k)Φ(k).

Passing to the limit when k tends to infinity we obtain∫ ∞

0

|(−A0)−αy(t)|2V0
n(Ω)dt+

∫ ∞

0

|R−1/2
A MB∗Φ(t)|2V0(Γ)dt =

∫
Ω

y0Φ(0),

because y belongs to Cb([0,∞);V0
n(Ω)). Thus if y0 = 0 we have y = 0. From the

relation Φ = Πy we deduce that Φ = 0, and the uniqueness is established.
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Step 7. Final estimate. We first notice that∫ ∞

0

|(−A0)−αŷ(t)|2V0
n(Ω)dt+

∫ ∞

0

|R1/2
A û(t)|2V0(Γ)dt =

∫
Ω

y0Πy0. (26)

Thus rewriting the first equation in (23) in the form

ŷ′ = (A− λ0(−A0)−α)ŷ +BM û + λ0(−A0)−αŷ in (0,∞), ŷ(0) = y0,

from Lemmas 25 and 26, it follows that

‖ŷ‖L2(0,∞;V0
n(Ω))

≤ C
(
|y0|V0

n(Ω) + ‖(−A0)−αŷ‖L2(0,∞;V0
n(Ω)) + ‖û‖L2(0,∞;V0(Γ))

)
.

(27)

From (26) and (27), we deduce

‖ŷ‖L2(0,∞;V0
n(Ω)) ≤ C|y0|V0

n(Ω).

Since Φ = Πy, the estimate of the lemma follows from (24). �

Corollary 13. If y0 ∈ V1/2−ε
n (Ω) for some 0 < ε ≤ 1/2, then the solution

(y,Φ) of system (23) belongs to V3/2−ε,3/4−ε/2(Q∞)×
(
L2(0,∞;V7/2+4α−ε(Ω))∩

H7/4−ε/2(0,∞;V4α(Ω))
)
, and we have:

‖y‖V3/2−ε,3/4−ε/2(Q∞) + ‖Φ‖L2(0,∞;V7/2+4α−ε(Ω))∩H7/4−ε/2(0,∞;V4α(Ω))

+‖B∗Φ‖L2(0,∞;V2+4α−ε(Γ))∩H3/4+2α−ε/2(0,∞;V1/2(Γ)) ≤ C|y0|V1/2−ε
n (Ω)

.

Proof. This result is established in the case where α = 0 in [15, Corollary 4.1].
It is sufficient to rewrite the proof and to use Lemmas 19 and 21 to obtain the
desired estimate. �

Corollary 14. The operator Π is continuous from V0
n(Ω) into V2+4α(Ω)∩V1

0(Ω),
and from V1/2−ε

n (Ω) into V5/2+4α−ε(Ω) ∩V1
0(Ω) for all 0 < ε ≤ 1/2.

The operator B∗Π is continuous from V0
n(Ω) to V1/2+4α(Γ), and from

V1/2−ε
n (Ω) to V1+4α−ε(Γ) for all 0 < ε ≤ 1/2.

Proof. Due to Lemma 12, if y0 ∈ V0
n(Ω), then Φ belongs to C([0,∞);V2+4α(Ω)∩

V1
0(Ω)). In particular Φ(0) belongs to V2+4α(Ω) ∩ V1

0(Ω). This means that Π is
continuous from V0

n(Ω) into V2+4α(Ω) ∩ V1
0(Ω). From Corollary 13 we deduce

that if y0 ∈ V1/2−ε
n (Ω) then Φ ∈ C([0,∞);V5/2+4α−ε(Ω) ∩ V1

0(Ω)), and Π is
continuous from V1/2−ε

n (Ω) into V5/2+2α−ε(Ω) ∩V1
0(Ω).

Since B∗ is continuous from V2+4α(Ω)∩V1
0(Ω) into V1/2+4α(Γ) (see Proposi-

tion 6), the operatorB∗Π belongs to L(V0
n(Ω),V1/2+4α(Γ)), and B∗Π also belongs

to L(V1/2−ε
n (Ω),V1+4α−ε(Γ)) for all 0 < ε ≤ 1/2. �

Theorem 15. The unbounded operator (AΠ, D(AΠ)) defined by:

D(AΠ) =
{
y ∈ V0

n(Ω) | (A−BMR−1
A MB

∗Π)y ∈ V0
n(Ω)

}
,

AΠy = (A−BMR−1
A MB

∗Π)y for all y ∈ D(AΠ) ,



Stabilization of the Oseen Equations 285

is the infinitesimal generator of an exponentially stable semigroup on V0
n(Ω). (In

the writing (A −BMR−1
A MB

∗Π)y the operators A and BMR−1
A MB

∗Π are con-
sidered as operators from V0

n(Ω) into (D(A0))′, which is meaningful due to the
regularizing properties for B∗Π stated in Corollary 14.)

The operator Π is the unique weak solution to the algebraic Riccati equation

Π∗ = Π ∈ L(V0
n(Ω)) and Π ≥ 0,

for all y ∈ V0
n(Ω), Πy ∈ V2+4α(Ω) ∩V1

0(Ω)

and |Πy|V2+4α(Ω) ≤ C|y|V0
n(Ω),

A∗Π + ΠA−ΠBτM
2B∗

τΠ −ΠBnMR
−1
A MB

∗
nΠ + (−A0)−2α = 0.

(28)

Proof. See [15, Theorem 4.2] for a similar result in the case where α = 0. No-
tice in particular that due, to Lemma 25, the pair (A, (−A0)−α) is exponentially
detectable, which provides the uniqueness of solution to equation (28). �

4. Appendix

In this section we state some regularity results for the state and adjoint equations.

Lemma 16. ([15, Lemma 7.1]) If y0 ∈ V1/2−ε
n (Ω) with 0 < ε ≤ 1/2, the weak

solution to equation

y′ = (A− λ0I)y in (0,∞), y(0) = y0,

obeys

‖y‖
Cb([0,∞);V

1/2−ε
n (Ω))

+ ‖y‖V3/2−ε,3/4−ε/2(Q∞) ≤ C|y0|V1/2−ε
n (Ω)

.

Lemma 17. If u belongs to Vs,s/2(Σ∞) with 0 ≤ s < 1, then the weak solution to
equation

y′ = (A− λ0I)y +BMu in (0,∞), y(0) = 0,
obeys

‖y‖V1/2+s−ε,1/4+s/2−ε/2(Q∞) ≤ C‖u‖Vs,s/2(Σ∞) for all 0 < ε ≤ 1/2.

Proof. This result is already proved in [15, Lemma 7.3]. �
Lemma 18. For all y ∈ Vs

n(Ω) with 2 ≤ s ≤ 4, the solution Φ ∈ V2(Ω) ∩ V1
0(Ω)

to the stationary equation λ0Φ−A∗Φ = y obeys

|Φ|Vs+2(Ω) ≤ C|y|Vs
n(Ω).

Proof. We rewrite the equation in the form

λ0Φ− νP∆Φ = y + P ((w · ∇)Φ) − P ((∇w)T Φ) in Ω, Φ = 0 on Γ.

Since w ∈ V5(Ω) and Φ ∈ V2(Ω), then P ((w · ∇)Φ) and P ((∇w)T Φ) belong to
V2(Ω), which gives an estimate of Φ in V4(Ω) since y ∈ Vs

n(Ω) with 2 ≤ s ≤ 4.
Knowing that Φ ∈ V4(Ω), P ((w · ∇)Φ) and P ((∇w)T Φ) belong to V4(Ω), which
provides an estimate of Φ in Vs+2(Ω). The proof is complete. �
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Lemma 19. If the function y belongs to Vs,s/2(Q∞) ∩ L2(0,∞;V0
n(Ω)) with 0 ≤

s ≤ 2, then the solution Φ to the equation

−Φ′ = (A∗ − λ0I)Φ + (−A0)−2αy in (0,∞), Φ(∞) = 0, (29)

satisfies

‖Φ‖L2(0,∞;V2+s+4α(Ω)) + ‖Φ‖H1+s/2(0,∞;V4α(Ω)) ≤ C‖y‖Vs,s/2(Q∞). (30)

Proof. (i) Estimate (30) is already proved in [15, Lemma 7.5] in the case when
α = 0. Let us establish this estimate for s = 0 and 0 ≤ α ≤ 1/2. It is clear that
(−A0)−2αy belongs to L2(0,∞;V0

n(Ω)). Thus applying [15, Lemma 7.6], we first
prove that Φ belongs to V2,1(Q∞) with the corresponding estimate. Observe that
Φ = Φ1 + Φ2, where Φ1 is the solution to

−Φ′
1 = (A0 − λ0I)Φ1 + (−A0)−2αy in (0,∞), Φ1(∞) = 0,

and Φ2 is the solution to

−Φ′
2 = (A0 − λ0I)Φ2 + P ((w · ∇)Φ) − P ((∇w)T Φ) in (0,∞), Φ2(∞) = 0.

To study the regularity of Φ1, we set Φ̂ = (−A0)2αΦ1. Since

Φ1(t) =
∫ ∞

t

e(τ−t)(A0−λ0I)(−A0)−2αy(τ) dτ,

then Φ̂ is defined by

Φ̂(t) =
∫ ∞

t

e(τ−t)(A0−λ0I)y(τ) dτ.

Thus Φ̂ belongs to V2,1(Q∞), and Φ1 belongs to L2(0,∞;V2+4α(Ω)) ∩H1(0,∞;
V4α(Ω)) if 0 ≤ α ≤ 1/2.

To study the regularity of Φ2, we observe that Φ ∈ V2,1(Q∞) and w ∈
V5(Ω). We can verify that P ((w · ∇)Φ) − P ((∇w)T Φ) belongs to V2,1(Q∞).
Thus applying [15, Lemma 7.6] we claim that Φ2 belongs to V4,2(Q∞), which
proves estimate (30) for s = 0 if 0 ≤ α ≤ 1/2.

(ii) Let us first prove estimate (30) for s = 2. As in step (i) we can show that Φ̂
belongs to V4,2(Q∞), and Φ1 belongs to L2(0,∞;V4+4α(Ω))∩H2(0,∞;V4α(Ω)).
Moreover Φ2 belongs to V4,2(Q∞). Thus Φ = Φ1+Φ2 belongs to V4,2(Q∞). Since
w ∈ V5(Ω), we can verify that P ((w · ∇)Φ)−P ((∇w)T Φ) belongs to V4,2(Q∞).
Therefore Φ2 belongs to V6,3(Q∞), which proves estimate (30) for s = 2 and
α ≤ 1/2.

Consequently estimate (30) is proved for s = 2. The intermediate result can
be proved by interpolation. �
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Lemma 20. Let Φ be the solution to equation (29) and let ψ be the pressure asso-
ciated with Φ, that is the function ψ satisfying

−∂Φ
∂t

− ν∆Φ− (w · ∇)Φ + (∇Φ)T w + λ0Φ +∇ψ

= (−A0)−2αy in Q∞,

div Φ = 0 in Q∞, Φ = 0 on Σ∞, Φ(∞) = 0 in Ω.

(31)

If in (29) y belongs to Vs,s/2(Q∞) with 0 ≤ s ≤ 2, then the function ψ belongs to
L2(0,∞;Hs+1+4α(Ω)) ∩Hs/2+2α(0,∞;H1(Ω)).

Proof. First observe that

∇ψ = (I − P )
(
(−A0)−2αy + ∂Φ

∂t + ν∆Φ + (w · ∇)Φ− (∇Φ)T w
)

= (I − P )
(
ν∆Φ + (w · ∇)Φ− (∇Φ)T w

)
.

Assume that y belongs to L2(0,∞;Vs
n(Ω)) ∩Hs/2(0,∞;V0

n(Ω)) with 0 ≤ s ≤ 2.
From Lemma 19 it follows that(
ν∆Φ + (w · ∇)Φ− (∇Φ)T w

)
∈ L2(0,∞;Hs+4α(Ω)) ∩Hs/2+2α(0,∞;L2(Ω)).

Thus ∇ψ belongs to L2(0,∞;Hs+4α(Ω))∩Hs/2+2α(0,∞;L2(Ω)), and the proof is
complete. �
Lemma 21. Let Φ ∈ V2,1(Q∞) be the solution to equation (29), and set

u = −(Mγτ +R−1
A Mγn)B∗Φ .

If in (29) the function y belongs to L2(0,∞;Vs
n(Ω)) ∩ Hs/2(0,∞;V0

n(Ω)) with
0 ≤ s ≤ 2, then

‖B∗Φ‖L2(0,∞;Vs+1/2+4α(Γ))∩Hs/2+2α(0,∞;V1/2(Γ))

+‖u‖L2(0,∞;Vs+1/2+4α(Γ))∩Hs/2+2α(0,∞;V1/2(Γ)) ≤ C‖y‖Vs,s/2(Q∞).
(32)

Proof. As in [15, Lemma 3.4] we can show that

u = −(Mγτ +R−1
A Mγn)B∗Φ = −νm∂Φ

∂n
+R−1

A M
(
ψ n
)
,

where ψ is the pressure associated with Φ.
Since y belongs to L2(0,∞;Vs

n(Ω)) ∩ Hs/2(0,∞;V0
n(Ω)), from Lemma 19

we deduce that Φ belongs to L2(0,∞;Vs+2+4α(Ω)) ∩H1+s/2(0,∞;V4α(Ω)), and
from Lemma 20 it follows that ψ belongs to L2(0,∞;Hs+1+4α(Ω))∩Hs/2+2α(0,∞;
H1(Ω)). Thus u belongs to L2(0,∞;Vs+1/2+4α(Γ))∩Hs/2+2α(0,∞;V1/2(Γ)). �
Lemma 22. For all y ∈ L2(0, T ;V0

n(Ω)), the solution to the equation

−Φ′ = A∗Φ + (−A0)−2αy in (0, T ), Φ(T ) = 0, (33)

satisfies

‖Φ‖L2(0,T ;V(2+4α)∧σ(Ω)) + ‖Φ‖H1(0,T ;V4α∧(σ−2)(Ω)) ≤ C‖y‖L2(0,T ;V0
n(Ω)) (34)
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for all σ < 7/2. If the function y belongs to Vs,s/2(QT ) with 0 ≤ s < 3/2, then
the function Φ belongs to L2(0, T ;Vs+2+4α(Ω)) ∩Hs/2+1(0, T ;V4α(Ω)), and the
following estimate holds:

‖Φ‖L2(0,T ;V(s+2+4α)∧σ(Ω)) + ‖Φ‖Hs/2+1(0,T ;V4α∧(σ−2−s)(Ω)) ≤ C‖y‖Vs,s/2(QT ) (35)

for all σ < 7/2.

Proof. We proceed as in the proof of Lemma 19.

(i) Let us establish estimate (34) for 0 ≤ α ≤ 1/2. It is clear that (−A0)−2αy
belongs to L2(0,∞;V0

n(Ω)). Thus applying [15, Lemma 7.6], we first prove that Φ
belongs to V2,1(QT ) with the corresponding estimate. As in the proof of Lemma
19 we write Φ = Φ1 + Φ2, where Φ1 is the solution to

−Φ′
1 = A0Φ1 + (−A0)−2αy in (0, T ), Φ1(T ) = 0,

and Φ2 is the solution to

−Φ′
2 = A0Φ2 − P ((w · ∇)Φ) + P ((∇w)T Φ) in (0, T ), Φ2(T ) = 0.

Since

Φ1(t) =
∫ T

t

e(τ−t)A0(−A0)−2αy(τ) dτ,

then Φ̂ = (−A0)2αΦ1 is defined by

Φ̂(t) =
∫ T

t

e(τ−t)A0y(τ) dτ.

Thus Φ̂ belongs to V2,1(QT ), and Φ1 belongs to L2(0, T ;V2+4α(Ω)) ∩ H1(0, T ;
V4α(Ω)) for all 0 ≤ α ≤ 1/2.

Let us study the regularity of Φ2. Since Φ ∈ V2,1(QT ) and w ∈ V5(Ω), we
can verify that P ((w ·∇)Φ)−P ((∇w)T Φ) belongs to V2,1(QT ). Thus Φ2 belongs
to Vσ,σ/2(QT ) for all σ < 7/2, which proves estimate (34) for 0 ≤ α ≤ 1/2.

(ii) To prove the second estimate for Φ1 we proceed by interpolation. We assume
that y ∈ V2,1(QT ) and that y(T ) ∈ V1

0(Ω). As in step (i) we can show that Φ̂
belongs to V4,2(QT ), and Φ1 belongs to L2(0, T ;V4+4α(Ω))∩H2(0, T ;V4α(Ω)). If
y ∈ Vs,s/2(QT ) with 0 ≤ s < 3/2, by interpolation between the estimates proved
for s = 0 and the one proved for s = 2, we obtain

‖Φ1‖L2(0,T ;Vs+2+4α(Ω)) + ‖Φ1‖Hs/2+1(0,T ;V4α(Ω)) ≤ C‖y‖Vs,s/2(QT ).

For s < 3/2 the regularity condition y(T ) ∈ V1
0(Ω) is not needed.
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Let us study the regularity of Φ2. Since Φ ∈ V2,1(QT ) and w ∈ V5(Ω),
we can verify that P ((w · ∇)Φ) − P ((∇w)T Φ) belongs to V2,1(QT ). There-
fore Φ2 belong to Vσ,σ/2(QT ) for all σ < 7/2, and Φ = Φ1 + Φ2 belongs to
Vσ,σ/2(QT )+

(
L2(0, T ;Vs+2+4α(Ω))∩Hs/2+1(0, T ;V4α(Ω)) for all σ < 7/2, which

proves estimate (35). �

Lemma 23. If in (33) y belongs to Vs,s/2(QT ) with 0 ≤ s < 3/2, then the func-
tion ψ, the pressure associated with Φ, belongs to L2(0, T ;H(s+1+4α)∧(σ+1)(Ω)) ∩
H(s/2+2α)∧(σ/2−1)(0, T ;H1(Ω)) for all σ < 7/2.

Proof. It is sufficient to adapt the proof of Lemma 20 and to use Lemma 22 to
obtain the desired result. �
Lemma 24. There exists λ0 > 0 such that

(−Ay,y)V0
n(Ω) + λ0((−A0)−αy,y)V0

n(Ω) ≥
ν

2
|y|2V1

0(Ω), (36)

for all y ∈ V1
0(Ω) ∩V2(Ω), and all 0 ≤ α ≤ 1/2.

Proof. First observe that there exists a constantC > 0 independent of 0 ≤ α ≤ 1/2
such that

0 ≤ ((−A0)−1/2y,y)V0
n(Ω) ≤ C((−A0)−αy,y)V0

n(Ω)

for all y ∈ V0
n(Ω). Thus to prove inequality (36) it is sufficient to establish it for

α = 1/2.
Inequality (36) for α = 1/2 is equivalent to
ν

2

∫
Ω

|∇y|2 − ν
2

∫
Ω

|y|2 +
∫

Ω

(y · ∇)w · y + λ0
∫

Ω

(−A0)−1/2y · y ≥ 0.

Let us argue by contradiction. Assume that, for all k > 0, there exists yk ∈
V1

0(Ω) ∩V2(Ω) such that
ν

2

∫
Ω

|∇yk|2 −
ν

2

∫
Ω

|yk|2 +
∫

Ω

(yk · ∇)w · yk + k
∫

Ω

(−A0)−1/2yk · yk < 0.

Since ∇w ∈ (L∞(Ω))3, there exists C > 0 such that
ν

2

∫
Ω

|∇yk|2 − (C +
ν

2
)
∫

Ω

|yk|2 + k
∫

Ω

(−A0)−1/2yk · yk < 0.

Setting zk = yk/|yk|V0
n(Ω), we have

ν

2

∫
Ω

|∇zk|2 + k
∫

Ω

(−A0)−1/2zk · zk < C +
ν

2
.

From Poincaré’s inequality it follows that the sequence (zk)k is bounded in V1
0(Ω).

There then exist a subsequence, still indexed by k to simplify the notation, and
z∞ ∈ V1

0(Ω), such that (zk)k converges to z∞ for the weak topology of V1
0(Ω). But

(zk)k converges to 0 in (D((−A0)1/4))′. Thus z∞ = 0. Since the imbedding from
V1

0(Ω) into V0
n(Ω) is compact, the sequence (zk)k converges to 0 in V0

n(Ω). We
obtain a contradiction with the identity |zk|V0

n(Ω) = 1, and the proof is complete.
�
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Lemma 25. The unbounded operator (A−λ0(−A0)−α) with domain D(A) = D(A0)
in V0

n(Ω) is the infinitesimal generator of an exponentially stable analytic semi-
group on V0

n(Ω). Moreover for all 0 ≤ β ≤ 1, D((λ0(−A0)−α−A)β) = D((−A0)β).

Proof. We already know that (A,D(A)) is the infinitesimal generator of an an-
alytic semigroup on V0

n(Ω). Since λ0(−A0)−α is a bounded operator in V0
n(Ω),

(A−λ0(−A0)−α) with domain D(A0) is the infinitesimal generator of an analytic
semigroup on V0

n(Ω), and D((λ0(−A0)−α −A)β) = D((−A0)β) for all 0 ≤ β ≤ 1.
The exponential stability follows from (36). �

Lemma 26. If u belongs to Vs,s/2(Σ∞) with 0 ≤ s < 1, then the weak solution to
the equation

y′ = (A− λ0(−A0)−α)y +BMu in (0,∞), y(0) = 0,

obeys
‖y‖V1/2+s−ε,1/4+s/2−ε/2(Q∞) ≤ C‖u‖Vs,s/2(Σ∞) for all ε > 0.

Proof. We can follow the lines of the proof given in [15, Lemma 7.3] if we are able
to show that (λ0(−A0)−α − A)1/4−ε/2PDA is bounded from V0(Γ) into V0

n(Ω).
We know that (λ0I −A)1/4−ε/2PDA is bounded from V0(Γ) into V0

n(Ω). Thus it
is enough to prove that (λ0(−A0)−α −A)1/4−ε/2(λ0I −A)−1/4+ε/2 is bounded in
V0

n(Ω). It is the case since (λ0I −A)−1/4+ε/2 is an isomorphism from V0
n(Ω) into

V1/2−ε
n (Ω), and (λ0(−A0)−α −A)1/4−ε/2 is an isomorphism from V1/2−ε

n (Ω) into
V0

n(Ω) (which is a consequence of Lemma 25). �
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Beyond Bilinear Controllability:
Applications to Quantum Control

Gabriel Turinici

Abstract. Quantum control is traditionally expressed through bilinear models
and their associated Lie algebra controllability criteria. But, the first order
approximation are not always sufficient and higher order developments are
used in recent works. Motivated by these applications, we give in this paper a
criterion that applies to situations where the evolution operator is expressed as
sum of possibly non-linear real functionals of the same control that multiplies
some time independent (coupling) operators.
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1. Background on quantum control

Controlling the evolution of molecular systems at quantum level has been en-
visioned from the very beginnings of the laser technology. However, approaches
based on designing laser pulses based on intuition alone did not succeed in gen-
eral situations due to the very complex interactions that are at work between the
laser and the molecules to be controlled, which results, e.g., in the redistribution
of the incoming laser energy to the whole molecule. Even if this circumstance ini-
tially slowed down investigations in this area, the realization that this inconvenient
can be recast and attacked with the tools of (optimal) control theory [18] greatly
contributed to the first positive experimental results [2, 21, 33, 6, 5, 17, 20].

The regime that is relevant for this work is related to time scales of the order
of the femtosecond (10−15) up to picoseconds (10−12) and the space scales from
the size of one or two atoms to large polyatomic molecules.

Historically, the first applications that were envisioned were the manipula-
tion of chemical bonds (e.g., selective dissociation) or isotopic separation. Although
initially, only few atoms molecules were investigated (di-atomics) the experiments
soon were designed to treat more complex situations [2] as selective bond disso-
ciation in an organi-metalic complex CpFe(CO)2Cl (Cp is the cyclopentadienyl
ion) by maximizing or minimizing the quotient of CpFeCOCl+ ions obtained with
respect to FeCl+ ions.

Continuing this breakthrough, other poly-atomic molecules were considered
in strong fields. For instance, in [21] the molecules are the acetone (CH3)2CO, the
trifluoroacetone CH3COCF3 and the acetophenone C6H5COCH3. Using tailored
laser pulses it was shown possible to obtain CH3CO from (CH3)2CO, CF3 (or
CH3) from CH3COCF3 but also C6H5CH3 (toluene) from C6H5COCH3.

But the applications of laser control do not stop here. High Harmonic Gen-
eration) [7] is a technique that allows to obtain output lasers whose frequency is
large integer multiples of the input pulses.

A different class of applications works in a different regime of shorter time
scales and large intensity. This regime is additionally not compatible with the
standard Born-Oppenheimer approximation and requires to consider both nucleari
and electrons as quantum particles with entangled wave function [4].

In a different framework, the manipulation of quantum states of atoms and
molecules allows to envision the construction of quantum computers [13, 27]

Finally, biologically related applications are also the object of ongoing re-
search.

2. Background on controllability criteria

We start in this section to investigate the theoretical controllability results that
are nowadays available for quantum systems. The evolution of the system will
be described by the driving Schrödinger equation (we work here in atomic
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units, i.e., � = 1)

i
∂

∂t
Ψ(t, x) = H(t)Ψ(t, x)

Ψ(t0, x) = Ψ0(x).
(2.1)

where H(t) is the Hamiltonian of the system and x ∈ Rγ the set of internal degrees
of freedom. We introduce the Hilbert space structure given by the scalar product

〈f, g〉 =
∫

Rγ

f(x)g(x)dx (2.2)

where a+ ib = a− ib the conjugate of a complex number.
We only consider in this paper situations when the Hamiltonian is auto-

adjoint H(t)† = H(t); we denoted by T † the adjoint of a operator T . The auto-
adjointness of H implies that the L2

x(Rγ) norm of the evolving state is conserved.
Indeed

d

dt
‖Ψ(x, t)‖L2

x(Rγ) =
d

dt
〈Ψ(x, t),Ψ(x, t)〉

= 〈 d
dt

Ψ(x, t),Ψ(x, t)〉 + 〈Ψ(x, t),
d

dt
Ψ(x, t)〉 (2.3)

= 〈H(t)
i

Ψ(x, t),Ψ(x, t)〉 + 〈Ψ(x, t),
H(t)
i

Ψ(x, t)〉 = 0.

Thus
‖Ψ(x, t)‖L2

x(Rγ) = ‖Ψ0‖L2(Rγ), ∀t > 0, (2.4)

so the wave function Ψ(t), evolves on the (complex) unit sphere

S =
{
ψ ∈ L2(Rγ) : ‖ψ‖L2(Rγ) = 1

}
.

When the system evolves freely under its own internal dynamics, i.e., when
isolated molecules are considered, the free evolution Hamiltonian H0 is introduced.
This Hamiltonian is the sum of the kinetic part T and the potential operator V (x):
H0 = T + V (x). A prototypical example of T is the Laplace operator while for
V (x) one can encounter Coulomb potential or Lennard-Jones type dependence.
We obtain the following evolution in the absence of external interaction:

i
∂

∂t
Ψ(t, x) = H0Ψ(t, x)

Ψ(t0, x) = Ψ0(x).
(2.5)

But, when the free evolution of the system does not generate a satisfactory dynam-
ical output, an external interaction is introduced to control it. An example of exter-
nal control of paramount importance is a laser source of intensity ε(t) ∈ R, t ≥ 0.

The purpose of control may be formulated as to drive the system from its
initial state Ψ0 to take a convenient dynamical path to a final state compatible
with predefined requirements. The control is here the laser intensity ε(t). We will
come back later with details on the laser field ε(t).
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This laser will modify the Hamiltonian H(t) of the system. A first order ap-
proximation can be considered by introducing a time-independent dipole moment
operator µ(x) resulting in the dynamics:

i
∂

∂t
Ψ(t, x) = (H0 + ε(t)µ)Ψ(t, x)

Ψ(t0, x) = Ψ0(x).
(2.6)

This is the so-called bi-linear framework (the control enters linearly multiplying
the state), that is the object of much theoretical and numerical work in quan-
tum control. We also review below some of the results that are available in this
formulation. However, recently, higher order field dependence has been consid-
ered in different circumstances see, e.g., [14, 15] for details. In these situations the
Hamiltonian H(t) is developed further as :

H(t) = H0 + ε(t)µ1 + ε2(t)µ2 + · · ·+ εL(t)µL. (2.7)

The question that will be of interest to us in this work is the study of all
possible final states for the quantum system. This question is important in order
to understand the capabilities that a laboratory experiment will be able to pro-
vide and also, in a more general setting, to accompany the introduction of new
experimental protocols.

More specifically, we will show how the criteria available for bilinear control
can be extended to treat the Hamiltonian (2.7) where a single control amplitude
ε(t) appears before different coupling operators µ1, . . . , µL.

Many of the questions regarding the properties of the quantum control pro-
cedures, such as controllability, optimal control definition, etc., . . . need, in order
to be defined, to specify the admissible control class, i.e., the set U where the con-
trol ε(t) is allowed to vary. Among the properties that can define this admissible
set, some are related to the regularity of the time-dependence (L2, H1, . . . etc.)
or of the Fourier expression (sum of sinusoidal functions multiplied by an overall
envelope, etc., . . . ) or to additional structure: e.g., piecewise continuous, piecewise
constant, locally bounded . . . .

The choice of one or several conditions in the list above is motivated in
practice by capability to reproduce that particular form or to inherent experi-
mental restrictions (finite total laser energy/fluence, etc). As the laser technol-
ogy is constantly evolving, the first class of constraints becomes less critical and
thus it is realistic to consider very weak constraints on the control set, e.g.,
U = L2(R) ∩ L∞loc(R).

However, to treat even more general situations, we will consider in this work
controls ε(t) that are piecewise constant, taking any value in a set V , which will
remain fully general.

2.1. Infinite-dimensional bilinear control

When compared to the finite-dimensional control equations (see Section 2.2), con-
trollability of the infinite-dimensional version of the bilinear Time Dependent
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Schrödinger Equation is much less understood at this time. In fact, most of the
progress obtained so far takes the form of negative results, in contradiction with
the positive results available in finite-dimensional settings. However we see the ab-
sence of positive controllability results is rather a failure of today’s control theory
tools to provide insight into controllability rather than an actual restriction. We
do believe that new tools and concepts will make positive results possible.

Let us write the solution of (2.6) in the following form:

Ψ(t) = e−iH0tΨ0 − i
∫ t

0

ε(s)e−iH0(t−s)µΨ(s)ds. (2.8)

This formulation (see [11] for details) is granted by the properties of the operator
µ : H1

0 (Rγ) → H−1(Rγ) which is continuous when µ is bounded; we also recall
that the control ε can be considered bounded in both L∞ and L2.

The application ε(t) �→ Ψ(x, t) possesses an important compacity property
which is the key of the controllability results (we refer the reader interested in
details to [3, 25]) :

Lemma 2.1. Suppose that µ : X → X is a bounded operator and that H0 generates
a C0 semigroup of bounded linear operators on some Banach space X (e.g., X =
H1

0 (Rγ)). Denote for T > 0 and ε ∈ L1([0, T ]) by Ψε(x, t) the solution of (2.6)
with control ε. Then ε �→ Ψε is a compact mapping in the sense that for any εn that
converges weakly to ε in L1([0, T ]) Ψεn converges strongly in C([0, T ];X) to Ψε.

This compactness property allows to give negative results for general bilinear
controllability settings as in [3] where they were applied to the wave and rod equa-
tions. Specific statements for quantum control have been latter derived (Thm. 1
from [30] ; see also [3, 29]) and can be stated as:

Theorem 2.2. Let S be the complex unit sphere of L2(Rγ). Let µ be a bounded
operator from the Sobolev space X (e.g., X = H1

x(Rγ)) to itself and let H0 generate
a C0 semigroup of bounded linear operators on X. Denote by Ψε(x, t) the solution
of (2.6). Then the set of attainable states from Ψ0 defined by

AS = ∪T>0{Ψε(x, T ); ε(t) ∈ L2([0, T ])} (2.9)

is contained in a countable union of compact subsets of X. In particular its com-
plement S ∩ X \ AS with respect to S ∩ X is everywhere dense on S ∩ X. The
same holds true for the complement with respect to S.

In a different formulation, the theorem implies that for any Ψ0 ∈ X ∩ S,
within any open set around an arbitrary point Ψ ∈ X ∩ S there exists a state
unreachable from Ψ0 with L2 controls.

Remark 2.3. Note that the result does not give information on the closure of the
set AS. In particular it may well be that while AS still has dense complement its
closure be the whole space X . This would be the so-called approximate controlla-
bility, i.e., the possibility to reach targets arbitrarily close to any given final state.
Despite some attempts in the literature, at this time there is no answer (positive
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or negative) to this question. Among the ingredients that make this study difficult
we can mention the possibility to use arbitrary large final time T , the necessity to
treat the continuous spectrum of the operator H0 and the intrinsically unbounded
domain on which the problem is posed.

To complicate even more the landscape, situations exists where the results
obtained in infinite and finite-dimensional representation are of different nature.
We will illustrate with a classical result on the harmonic oscillator.

Lemma 2.4. The infinite-dimensional harmonic oscillator H0 = − ∂2

∂x2 + x2, µ = x
is not controllable. Moreover the set of all admissible states is a low-dimensional
manifold of L2.

Proof. Let us begin by noting that the operators −iH0 and −iµ form a Lie algebra
of dimension 4. Indeed, let us compute the iterated commutators ofH0 = − ∂2

∂x2 +x2

and µ = x: [
i

(
− ∂

2

∂x2
+ x2

)
, ix

]
= 2
∂

∂x
(2.10)[

ix,
∂

∂x

]
= −i (2.11)[

i

(
− ∂

2

∂x2
+ x2

)
, i
∂

∂x

]
= −2ix. (2.12)

Thus the dimension of the Lie algebra = 4 and as such the system cannot be
controllable (all the states are on a low-dimensional manifold of L2). We refer
to [23] for recent contributions when the algebra of the operators H0 and µ is
finite-dimensional. �

This result is to be contrasted with additional works that show that any
(spectral) truncation of the harmonic oscillator is controllable (see [26] for details).

What can be deduced from the above result is that truncating an infinite-
dimensional system is not always justified and care must be taken to check that the
control obtained in the resulting finite-dimensional approximation remain a good
control for the initial, infinite-dimensional system. Of course, this is not needed for
situations which are inherently finite-dimensional quantum systems (e.g., spins).

2.2. Finite-dimensional bilinear control

Here our focus will be on finite-dimensional systems. We introduce an orthonormal
basis D = {ψi(x); i = 1, . . . , N} for a finite-dimensional space. An important
example of such a space is the one spanned by the first N eigenstates of the
internal Hamiltonian H0. This example is also motivated in bi-linear settings by
the “perturbation” argument that considers the control term ε(t)µ as a first order
development of H(t) around H0. Note however that no concept of “smallness” is
introduced in the definition of admissible controls U .

Denote by M the linear space that D generates, and let H0;a,b = 〈H0ψa, ψb〉
and µ�;a,b = 〈ψa, µ�ψb〉 be the expressions of the operators H0 and µ� with respect
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to this basis, � = 1, . . . , L. To keep notations simple we will still denote from now
on by H0 and µ� the resulting N ×N symmetric matrices.

In the Galerkin approach, expressing the Schrödinger equation in the space
M is equivalent to supposing Ψ(x, t) =

∑N
i=1 ψi(x)ci(t).

i
dc(t; ε; c0)
dt

= H0c(t; ε; c0) +
[
ε(t)µ1 + · · ·+ εL(t)µL

]
c(t; ε; c0)

c(t = 0; ε; c0) = c0.
(2.13)

In the following, when no ambiguity prevents it, we will also simply denote
c = c(t; ε; c0). The finite-dimensional counterpart of the norm conservation prop-
erty (2.4) reads:

N∑
n=1

|cn|2 = 1,

i.e., the state c evolves on the unit sphere SN of CN . The controllability can be
formulated in this case as:

Definition 2.5. The system (H0, µ1, . . . , µL) is called (wave function) controllable,
if for any two states ck ∈ SN , k = 1, 2 there exists a final time T <∞ and control
ε(t) ∈ L2([0, T ]) such that the solution of Eqn. (2.13) starting from c1 ends in c2
at final time T : c(T ; ε; c1) = c2.

Although specific results for this setting exist [31, 32], a different alternative
is to see (2.13) as a system posed on U(N)1. We introduce the evolution equation
on U(N):

dU(t; ε)
dt

=
[
H0 + ε(t)µ1 + · · ·+ εL(t)µL

]
U(t; ε)

U(t = 0; ε) = Id.
(2.14)

Since H0 and µ� are symmetric matrices, U(t; ε) will remain unitary for all t ≥ 0.
It is classical to remark then that the evolution of c(t; ε; c0) can be obtained from
the evolution of U(t; ε) by

c(t; ε; c0) = U(t; ε)c0.

In particular it follows that if the set of all attainable matrices U(t; ε) is at least
SU(N) then the system is controllable. This is almost a necessary condition for
controllability, a notable exception being the circumstance when N is even: in this
case, if the set of all attainable matrices contains Sp(N/2) then controllability still
holds. We refer to [10, 1] for more detailed information.

Let us just mention that different representations of the system include the
density matrix formulation with time dependent density matrix operator ρ(t)

1U(N) is the set of all N × N complex unitary matrices.
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satisfying

i
∂

∂t
ρ(t; ε; ρ0) = [H0 + ε(t)µ1 + · · ·+ εL(t)µL, ρ(t; ε; ρ0)]

ρ(t = 0; ε; ρ0) = ρ0.
(2.15)

Then one can show ρ(t; ε; ρ0) = U(t; ε)ρ0U †(t; ε). Controllability in this case is
the possibility to steer any initial mixed state ρ0 to any other state ρf unitarily
equivalent to it2.

Note that the density matrix controllability is equivalent to requiring that
the set of all matrices attainable from identity be at least SU(N).

At a general level, the evolution equation (2.14) can be re-written as

dx(t; ε;x0)
dt

= (A+ ε(t)B1 + · · ·+ εL(t)BL)x(t; ε;x0)

x(0) = x0.
(2.16)

where x(t; ε;x0) belongs to a Lie group G (see [16, 8, 9] for basic facts about the
Lie groups) and A,B1, . . . , BK to its associated Lie algebra L(G). The equation
above is to be taken in the usual sense (using the exponential map) when, e.g., ε(t)
is piecewise continuous/constant and in a weak sense (integral form) for general
ε(t) (see, e.g., [3] for additional details). For the quantum control problem A =
−iH0 and B� = −iµ�, G = U(N).

Remark 2.6. Everything that will be said in this and following sections applies
with trivial modifications to the situation of several laser fields. For notational
convenience we will only give here the results for a unique laser field.

We will denote by LA,B1,...,Bk
⊂ L(G) the Lie algebra spanned by A, Bk,

k = 1, . . . ,K and by e the unity of G.
Let us now consider the set of all reachable states from an initial state y:

Rt
U (y) = {x(t; ε; y) solution of (2.16) ; ε ∈ U}. (2.17)

It is immediate to see that
Rt

U (y) = Rt
U (e)y (2.18)

and thus, describing the set Rt
U (e) allows to completely describe all other reachable

sets. When the final time is not specified, we will denote

RU (y) = ∪t≥0Rt
U (y). (2.19)

The central question is to characterize RU (e). When the bi-linear setting is con-
sidered, i.e., L = 1 and we note B = B1, we have the following result [19, 22]:

Theorem 2.7. Consider the system (2.16) defined on a Lie group G with associated
Lie algebra L(G) containing A and B. If G is compact and the Lie algebra LA,B

generated by A and B is the complete algebra L(G) : LA,B = L(G) then the set

2An N ×N matrix ρ2 is said unitarily equivalent to an N×N matrix ρ1 if there exists M ∈ U(N)
such that ρ2 = Mρ0M†.
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RU (e) of all states from the identity is the Lie group G. Moreover, there exists
0 < T <∞ such that RT ′

U (e) = G for all T ′ ≥ T .

This gives, when applied to quantum control [24]: (L = 1, µ = µ1):

Theorem 2.8. If the Lie algebra L−iH0,−iµ generated by −iH0 and −iµ has di-
mension N2 (as a vector space over the real numbers) then the system (2.14) is
density matrix controllable. Furthermore, if both −iH0 and −iµ are traceless then
a sufficient condition for the density matrix (thus wave function) controllability of
quantum system is that the Lie algebra L−iH0,−iµ has dimension N2 − 1.

Although the results above conveniently address the situation of a bi-linear
setting, we are not aware of any similar results for the general quantum control
situations (2.7). In particular, we know by the result above that, if u1, . . . , uL are
independent controls, i.e.,

dx(t; ε;x0)
dt

= (A+ u1(t)B1 + · · ·+ uL(t)BL)x(t; ε;x0)

x(0) = x0,
(2.20)

an equivalent condition for the controllability of the above system on its compact
Lie groupG is thatA,B1, . . . , BL generate the whole Lie algebra L(G). But, there is
no obvious way to say what will happen when the controls u� are not independent
but related by the condition u� = ε�(t). This study is the purpose of the next
section.

3. Criteria for non linear operators

In order to extend the controllability results above beyond bi-linear interaction
Hamiltonians, we will introduce in this section a more general setting: we will
rewrite the control equation (2.16) as

dx(t; ε;x0)
dt

= (F1(ε(t))B1 + · · · + Fl(ε(t))BL)x(t; ε;x0) (3.1)

x(0) = x0, (3.2)

where Fk : V → R are real functionals. Note in particular that we do not impose
any assumption on the regularity of the functionals Fk. Of course, one can recover
the equation (2.16) by setting Fk(x) = xk and adding F0 = 1.

In order to avoid trivialities, we will suppose in the following that

the functionals (Fk)L
k=1 are linearly independent. (3.3)

Otherwise one may just consider a subset of functionals that are linearly indepen-
dent and adjust the matrices Bk accordingly. Of course, since we do not specify
the set V that lists all the possible control values ε the hypothesis above needs to
be understood in the following acception: the functionals Fk are said to be linearly
dependent if there exist constants λ1, . . . , λL ∈ R such that

∑L
j=1 λjFj(v) = 0 for

all v ∈ V . Otherwise the functionals are said to be linearly independent.
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In order to obtain the quantum controllability results, we begin in this section
with a controllability criterion on compact Lie groups. These results build on
classical references for bilinear controllability [19]. We give first a weak but intuitive
form and then we state the fully general one.

Theorem 3.1. Let (3.1) be a control system posed on a compact connected Lie
group G, with linearly independent functionals (Fk)L

k=1. Then if the Lie algebra
generated by B1, . . . , BL is the full Lie algebra L(G) of the group G, then the
system is approximately controllable, i.e., for any a, b ∈ G, b is an accumulation
point of the set of all states x(t) attainable from x(0) = a with admissible controls.

Proof. Let us begin by noting that if Fk are independent then there exist values
ej ∈ V , j = 1, . . . , L such that the vectors v(ej) = (F1(ej), . . . , FL(ej)) are lin-
early independent. Suppose on the contrary that this is not true. Consider then
a maximal set of vectors v(E1), . . . , v(Ep) that are linearly independent. The ma-
trix (Fk(Ej))

L;p
k=1;j=1 has rank precisely p and thus one can extract p functionals,

denoted for notational convenience F1, . . . , Fp such that rank(Fk(Ej))
p;p
k=1;j=1 = p.

Take now some functional Fp+1 not in this set. It follows that

rank(Fk(Ej))
p+1;p+1
k=1;j=1 = p and as such det(Fk(Ej))

p+1;p+1
k=1;j=1 = 0

for any Ep+1 ∈ V . This determinant can be computed as:

det(Fk(Ej))
p+1;p+1
k=1;j=1 = λ1F1(Ep+1) + · · · + λp+1Fp+1(Ep+1) = 0. (3.4)

Note that λk do not depend on Ep+1 and that in particular

λp+1 = det(Fk(Ej))
p;p
k=1;j=1 �= 0.

Thus Eq. (3.4) implies that a linear combination with at least one non-null coef-
ficient λp+1 exists such that

∑p+1
k=1 λkFk(E) = 0 for all E ∈ V . This is prevented

by hypothesis.
We have thus proved the existence of ej ∈ V , j = 1, . . . , L with the v(ej) =

(F1(ej), . . . , FL(ej)) linearly independent. This means that Mj =
∑L

k=1 Fk(ej)Bk

are also linearly independent and span the same linear space as Bk, k = 1, . . . , L
and thus Mj span also the Lie algebra L(G). Moreover, all states {etMjx(0); t ∈
R+, j ≤ L} are attainable from x(0) for the control system (3.1).

It is clear that to prove approximate controllability is sufficient to set a = e
the neutral element of the group G, i.e., we have to prove that the closure RU (e)
(with respect to the Lie group topology) of the reachable states from identity is
the whole G. From the hypothesis and surjectivity of the exponential mapping this
is equivalent to proving that

{eM ;M ∈ L(G)} ⊂ RU (e).

We will begin by noting that RU (e) is a group. Indeed, take two elements
x(t1; ε1; e), x(t2; ε2, e) ∈ RU (e). Then,defining the control ε12 : [0, t1 + t2] → R by
ε12(t) = ε1(t) for all 0 ≤ t ≤ t1 and ε12(t1 + t) = ε2(t) for all 0 ≤ t ≤ t2 we obtain
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x(t1+t2; ε; e) = x(t2; ε2; e)x(t1; ε1, e) and thus x(t2; ε2; e)x(t1; ε1, e) ∈ RU (e). Hence
RU (e) is a semi-group which implies that RU (e) is a semi-group too.

Let us now consider a ∈ RU (e). Then an ∈ RU (e) for any n = 1, 2, . . . .
Since RU (e) ⊂ G which is a compact group, RU (e) is compact at its turn. Then
there exists a sequence, that we can take such that nk with nk − nk−1 ≥ 2, with
ank → b ∈ G. But then RU (e) � ank−nk−1−1 → bb−1a−1 and thus a−1 ∈ RU (e).

It is immediate to see that, since the solution for the control ε(t) ≡ ej is
x(t; 0, ε) = etMj we have the inclusion {etMj ; t ≥ 0, j ≤ L} ⊂ RU (e). Since RU (e)
is a group, we will also have {etMj ; t ∈ R; j ≤ L} ⊂ RU (e). Consider now two
matrices X1, X2 ∈ L(G) such that

{etXi ; t ≥ 0} ⊂ RU (e), i = 1, 2.

We invoke now the formula

et[X1,X2] = lim
n→∞

(
e−tX2/

√
ne−tX1/

√
netX2/

√
netX1/

√
n
)n

(3.5)

to conclude that
{et[X1,X2]; t ∈ R} ⊂ RU (e).

Similarly, we use the formula et1X1+t2X2 = limn→∞
(
et1X1/net2X2/n

)n
to con-

clude that
{et1X1+t2X2 ; t1, t2 ∈ R} ⊂ RU (e).

We have thus proved that the set {M ∈ L(G); etM ∈ RU (e); ∀t ∈ R} contains
Mj , j = 1, . . . , L, is closed to commutation and is a real vector space. Thus it
contains L(G) hence the conclusion of the theorem. �

The theorem above has the advantage to be both intuitive and self-contained.
However it only gives approximate controllability results, which are not the stron-
gest forms available. But, in order to obtain exact controllability more involved
techniques are needed. In literature, similar situations are treated by making use
of the Chow theorem [12] and of the bi-linear control techniques [19, 28]. The
criterion can be stated as follows:

Theorem 3.2. Let (3.1) be a control system posed on a compact connected Lie group
G with linearly independent functionals Fk : V → R, k = 1, . . . , L and piecewise
constant controls ε taking any value in some set V . Then a necessary and sufficient
condition for the exact controllability is that the Lie algebra LB1,...,BL generated
by B1, . . . , BL be the full Lie algebra L(G) of the group G.

Proof. We recall (see also end of Section 2.2) that the set of attainable states is
included in the set of attainable states for the system

dx(t; ε;x0)
dt

= [u1(t)B1 + · · · + uL(t)BL]x(t; ε;x0)

x(0) = e,
(3.6)

whose controllability is equivalent to “LB1,...,BL = L(G)”. Thus LB1,...,BL = L(G)
is a necessary condition for controllability. To prove that is also sufficient, consider
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as in the proof of Theorem 3.1, the matrices Mj =
∑L

k=1 Fk(ej)Bk, j = 1, . . . , L
that generate the same Lie algebra LB1,...,BL . We recall that all states {etMj ; t ∈
R+, j ≤ L} and all finite products of such states are attainable from the identity
e. We invoke now a technique present in the proof of Thm. 3.1 of [28]: for any
P ∈ N and any multi-index i = (i1, . . . , ir) ∈ {1, . . . , L}r denote by A(i, T ) the
attainable states with the sequence of operators i and total time less than T :

A(i, T ) =

{
r∏

�=1

et�Mi� ;
r∑

�=1

|t�| ≤ P, t1, . . . , tr ∈ R

}
.

We know by the Chow theorem that the union of the sets A(i, T ) is the whole Lie
group G. Also, it is immediate that any A(i, T ) is image of a compact set thus
compact. It follows by the Baire category theorem that A(i, P ) has non-empty
interior at least for a couple (i,P ). For such an i = (i1, . . . , im) we introduce the
mapping F : Rm → G defined by t = (t1, . . . , t�) �→ F (t) =

∏r
�=1 e

t�Mi� . This
mapping is analytic and its image is has nonempty interior. By the Sard theorem
its differential dF (t) has full rank (i.e., equals the dimension of the tangent space
TG of G) at least at some point t and thus in a neighborhood. But since dF (t)
depends analytically on t the set of points where the rank is full is dense in Rm

and as such the rank is full for some t with all components strictly positive. Using
a local inverse mapping theorem it follows that the image F (T ) has non-empty
interior where T is an open subset of Rm

+ . But all points in F (T ) are realizable
with admissible controls and thus the set of reachable points RU (e) contains an
open subset D of G.

By the previous theorem, RU (e) is a subgroup, i.e., for any y ∈ RU (e) the
set Dy is also reachable. Since in addition RU (e) is dense in G it follows that
RU (e) = G. �

4. Applications to quantum control

The purpose of this section is to instantiate the results obtained previously to the
specific situation of the quantum control. We will give two results, one for the
density matrix formalism and the second for the wave function.

4.1. Density matrix

To consider the specific situation of the density matrix formalism, we use the
results of the Section 3 for the Lie group U(N). We obtain a first

Theorem 4.1. Consider the system

i
∂

∂t
ρ(t; ε; ρ0) = [H0 + F1(ε(t))µ1 + · · ·+ FL(ε(t))µL, ρ(t; ε; ρ0)]

ρ(t = 0; ε; ρ0) = ρ0
(4.1)

and suppose that the family {1, F1, . . . , FL} is linearly independent.
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Then, when at least one matrix H0,µ1, . . . , µL has nonzero trace, the equa-
tion (4.1) is density matrix controllable if and only if the Lie algebra LiH0,iµ1,...,iµL

spanned by the matrices iH0, iµ1, . . . , iµL is the Lie algebra u(N) of all skew-
hermitian matrices or equivalently dimR LiH0,iµ1,...,iµL = N2.

Otherwise, when all matrices H0, µ1, . . . , µL have zero trace, a necessary and
sufficient condition for controllability is that LiH0,iµ1,...,iµL = su(N) or equivalently
dimR LiH0,iµ1,...,iµL = N2 − 1.

Proof. The first part of the conclusion follows from Theorem 3.2 for the Lie group
G = U(N).

When all matrices have zero trace one uses the same result for G = SU(N)
noting that if two matrices ρ1 and ρ2 are unitarily equivalent ρ2 = Mρ1M † then
there exists γ ∈ R with Msu =Meiγ ∈ SU(N) and ρ2 =Msuρ1M

†
su. �

An algorithmic verification of the above theorem can be devised as follows:
1. Test whether the functions {1, F1, . . . , FL} are linearly independent. If the

answer is yes go to next step, otherwise keep only a subset Fi1 , . . . , Fip with
{1, Fi1 , . . . , Fip} linearly independent and modify the B1, . . . , BL accordingly.
For notational convenience we suppose all functionals are independent (p =
L).

2. Construct the traceless matrices

H̃0 = H0 −
Tr(H0)
N

Id, µ̃1 = µ1 −
Tr(µ1)
N

Id, . . . , µ̃L = µ1 −
Tr(µL)
N

Id.

Denote by O = {iH̃0, iµ̃1, . . . , iµ̃L}.
3. Write any element ofO as a column vector and compute the rank r = rank(O)

over the real numbers.
4. Construct all commutators C of matrices in O3 and test whether rank(O ∪

C) = r. If not, set O := O ∪ C and return to previous step.
5. Test whether r = N2 − 1. If yes the system is controllable, if not the control-

lability does not hold.
Even more precise results can be derived for the situation in Eqn. 2.15.

Theorem 4.2. Consider the development of the interaction Hamiltonian H = H0 +
ε(t)µ1 + · · ·+ εL(t)µL resulting in the following evolution equation

i
∂

∂t
ρ(t; ε; ρ0) = [H0 + ε(t)µ1 + · · ·+ εL(t)µL, ρ(t; ε; ρ0)]

ρ(t = 0; ε; ρ0) = ρ0.
(4.2)

Then, when at least one matrix H0, µ1, . . . , µL has nonzero trace, the equation (4.2)
is density matrix controllable if and only if the Lie algebra LiH0,iµ1,...,iµL spanned
by the matrices iH0, iµ1, . . . , iµL is the Lie algebra u(N) of all skew-hermitian
matrices or equivalently dimR LiH0,iµ1,...,iµL = N2.

3Some optimizations are possible at this point as only new commutators are generally needed to
be computed. We do not enter into details here.
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Otherwise, when all matrices H0, µ1, . . . , µL have zero trace, a necessary and
sufficient condition for controllability is that LiH0,iµ1,...,iµL = su(N) or equivalently
dimR LiH0,iµ1,...,iµL = N2 − 1.

4.2. Wave function

To derive results for the wave function of the same nature as the two criterions
above one has to analyse the transitive subsets of U(N). We recall that a subset
A ⊂ U(N) is called transitive when for any two vectors a, b on the unit sphere
of CN there exists a matrix X ∈ A with b = Xa. For the situation of quantum
control, such a study is available in the literature [1]. To be able to state the
corresponding result for this specific situation here, we introduce the centralizer
CGz of an element z ∈ G which is defined as the set of all elements that commute
with z:

CGz = {x ∈ G : xz = zx}.
We also define P = i · diag(1, 0, . . . , 0) ∈ U(N).

Theorem 4.3. Consider the system

dc(t; ε; c0)
dt

= [H0 + F1(ε(t))µ1 + · · ·+ FL(ε(t))µL] c(t; ε; c0)

c(t = 0; ε; c0) = c0
(4.3)

with ‖c0‖ = 1. Suppose that the family {1, F1, . . . , FL} is linearly independent and
denote by LiH0,iµ1,...,iµL the Lie algebra spanned by the matrices iH0, iµ1, . . . , iµL.

Then the equation (4.3) is (wave function) controllable if and only if

dimR LiH0,iµ1,...,iµL − dim(LiH0,iµ1,...,iµL ∩ CGP ) = 2N − 2.

In particular a sufficient condition for controllability is that

dimR LiH0,iµ1,...,iµL = N2.

Proof. The proof follows from arguments in [1]. �

The following procedure allows to implement the above criteria:

1. Test whether the functions {1, F1, . . . , FL} are linearly independent. If the
answer is yes go to next step, otherwise keep only a subset Fi1 , . . . , Fip with
{1, Fi1 , . . . , Fip} linearly independent and modify the B1, . . . , BL accordingly.
For notational convenience we suppose all functionals are independent, i.e.,
p = L.

2. Denote O = {iH0, iµ1, . . . , iµL}.
3. Write any element ofO as a column vector and compute the rank r = rank(O)

over the real numbers.
4. Construct all commutators C of matrices in O4 and test whether rank(O ∪

C) = r. If not, set O := O ∪ C and return to previous step.

4Here again, optimizations are possible.
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5. Extract from O the matrices that commute with P and compute the rank d
of this ensemble over R. Test whether r − d = 2N − 2. If yes the system is
controllable, if not the controllability does not hold.

We also obtain

Theorem 4.4. Consider the development of the interaction Hamiltonian H = H0 +
ε(t)µ1 + · · ·+ εL(t)µL resulting in the following evolution equation

i
dc(t; ε; c0)
dt

=
[
H0 + ε(t)µ1 + · · ·+ εL(t)µL

]
c(t; ε; c0)

c(t = 0; ε; c0) = c0.
(4.4)

with ‖c0‖ = 1. Denote by LiH0,iµ1,...,iµL the Lie algebra spanned by the matrices
iH0, iµ1, . . . , iµL.

Then the equation (4.4) is (wave function ) controllable if and only if

dimR LiH0,iµ1,...,iµL − dim(LiH0,iµ1,...,iµL ∩ CGP ) = 2N − 2.

In particular a sufficient condition for controllability is that

dimR LiH0,iµ1,...,iµL = N2.

Remark 4.5. All the above results basically state that controllability with linearly
independent functionals of a single control ε is true whenever the same equation,
but with completely independent controls, is controllable.
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Optimal Control Problems
with Convex Control Constraints

Daniel Wachsmuth

Abstract. We investigate optimal control problems with vector-valued con-
trols. As model problem serve the optimal distributed control of the instation-
ary Navier-Stokes equations. We study pointwise convex control constraints,
which is a constraint of the form u(x, t) ∈ U(x, t) that has to hold on the do-
main Q. Here, U is an set-valued mapping that is assumed to be measurable
with convex and closed images. We establish first-order necessary as well as
second-order sufficient optimality conditions. And we prove regularity results
for locally optimal controls.

Mathematics Subject Classification (2000). Primary: 49M05,26E25; Secondary:
49K20.

Keywords. Optimal control, convex control constraints, set-valued mappings,
regularity of optimal controls, second-order sufficient optimality condition,
Navier-Stokes equations.

1. Introduction

In fluid dynamics the control can be brought into the system by blowing or suction
on the boundary. Then the control is a velocity, which is a directed quantity, hence
it is a vector in R2 respectively R3. That is, the optimal control problem is to find
a vector-valued function u ∈ Lp((0, T ) × Ω)n. Distributed control can be realized
for instance as a force induced by an outer magnet field in a conducting fluid,
see, e.g., Kunisch and Griesse [14]. There, the control u is a function of class
L2(Q)2 = L2(Q; R2). This illustrates that the control is a directed quantity: it
consists of a direction and an absolute value. Or in other words, the control u at
a point (x, t) is a vector in R2.

The optimization has to take into account that one is not able to realize
arbitrarily large controls. To this end, control constraints are introduced. If the
control u(x, t) is only a scalar variable such as heating or cooling then there is only
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one choice of a convex pointwise control constraint: the so-called box constraints

ua(x, t) ≤ u(x, t) ≤ ub(x, t). (1a)

For the analysis of optimal control of non-stationary Navier-Stokes equations using
this particular type of control constraints, we refer to Hinze and Hintermüller [16],
Roub́ıčcek and Tröltzsch [23], Tröltzsch and Wachsmuth [25], and Wachsmuth [27].
But these box constraints are not the only choice for vector-valued controls. For
instance, if one wants to bound the R2-norm of the control, one gets a nonlinear
constraint

|u(x, t)| =
√
u1(x, t)2 + u2(x, t)2 ≤ ρ(x, t). (1b)

What happens if the control is not allowed to act in all possible directions but
only in directions of a segment with an angle less than π? Using polar coordinates
ur(x, t) and uφ(x, t) for the control vector u(x, t), this can be formulated as

0 ≤ ur(x, t) ≤ ψ(uφ(x, t), x, t), (1c)

where the function ψ models the shape of the set of allowed control actions.
Here, we will use another – and more natural – representation of the con-

straints. Let us denote by U the set of admissible control vectors. Then we can
write the control constraints (1a)–(1c) as an inclusion

u(x, t) ∈ U.
The advantage of this approach is that the analysis is based on rather elementary
say geometrical arguments, hence there is no need of any constraint qualification.
We will impose assumptions on U that allow to apply the common theory of
existence and optimality condition: non-emptyness, convexity, and closedness, but
no boundedness or further regularity of the boundary. We have to admit that the
assumption of convexity gives some inherent regularity, the boundary of convex
sets is locally Lipschitz. However, even in the convex case, there can be very
irregular situations: one can construct convex sets in R2 with countably many
corners, which lie dense on the boundary, see [10].

The formulation of the control constraint as an inclusion has a further benefit:
the set of admissible control vectors can vary over time and space by simply writing

u(x, t) ∈ U(x, t),

without causing any additional problems. The main difficulty appears already in
the non-varying case, see the discussion in Section 7.1 below.

Optimal control problems with such control constraints are rarely investi-
gated in literature. Second-order necessary conditions for problems with the con-
trol constraint u(ξ) ∈ U(ξ) were proven by Páles and Zeidan [20] involving second-
order admissible variations. Second-order necessary as well as sufficient conditions
were established in Bonnans [5], Bonnans and Shapiro [8], and Dunn [12]. How-
ever, the set of admissible controls has to be polygonal and independent of ξ, i.e.,
U(ξ) ≡ U . This results were extended by Bonnans and Zidani [9] to the case of
finitely many convex contraints gi(u(ξ)) = 0, i = 1, . . . , l. As already mentioned,
we will follow another approach and treat the control constraint as an inclusion
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u(x, t) ∈ U(x, t). State constraints of the form y(x, t) ∈ C are considered in the
recent research paper by Griesse and de los Reyes [13].

As a model problem serves the optimal distributed control of the instationary
Navier-Stokes equations in two dimensions. We emphasize that the restriction to
two dimensions, i.e., u ∈ L2(Q)2, is only due to the limitation of the analysis of
instationary Navier-Stokes equations. As long as there exists an applicable theory
of a state equation in Rn, all results regarding convex control constraints are ready
for an extension to the n-dimensional case.

To be more specific, we want to minimize the following quadratic objective
functional:

J(y, u) =
αT

2

∫
Ω

|y(x, T )− yT (x)|2 dx+
αQ

2

∫
Q

|y(x, t) − yQ(x, t)|2 dxdt

+
αR

2

∫
Q

| curl y(x, t)|2 dxdt+
γ

2

∫
Q

|u(x, t)|2 dxdt (2)

subject to the instationary Navier-Stokes equations

yt − ν∆y + (y · ∇)y +∇p = u in Q,
div y = 0 in Q,
y(0) = y0 in Ω,

(3)

and to the control constraints u ∈ Uad with set of admissible controls defined by

Uad = {u ∈ L2(Q)2 : u(x, t) ∈ U(x, t) a.e. on Q}. (4)

Here, Ω is a bounded domain in R2, Q denotes the time-space cylinder Q :=
Ω × (0, T ). Let us underline the fact that for (x, t) ∈ Q the control u(x, t) is a
vector in R2.

The conditions imposed on the various ingredients of the optimal control
problem are specified in Sections 2.1 and 4.1, see assumptions (A) and (AU).

For the optimal control of the non-stationary Navier-Stokes equations there
are several articles about existence of solution and necessary optimality conditions,
for instance Abergel and Temam [1], Gunzburger and Manservisi [15]. Sufficient
optimality conditions and second-order optimization methods were investigated by
Hinze [17], Hinze and Kunisch [18], Ulbrich [26], and Tröltzsch and Wachsmuth
[25]. However, in these articles only the box constraints (1a) or even no control
constraints are considered.

The plan of the article is as follows. At first we introduce some notation and
results concerning the state equation in Section 2. Set-valued mappings are the
subject of Section 3. The exact statement of our model problem can be found in
Section 4 together with first-order necessary optimality conditions in Section 5. We
prove regularity results for locally optimal controls in Section 6. Finally, we discuss
sufficient optimality conditions and stability of optimal controls in Sections 7 and 8
respectively.
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2. Notations and preliminary results

At first, we introduce some notations and results that we will need later on. To
begin with, we define the spaces of solenoidal or divergence-free functions

H := {v ∈ L2(Ω)2 : div v = 0}, V := {v ∈ H1
0 (Ω)2 : div v = 0}.

These spaces are Hilbert spaces with scalar products (·, ·)H and (·, ·)V respectively.
The dual of V with respect to the scalar product of H we denote by V ′ with the
duality pairing 〈·, ·〉V ′,V .

We will work with the standard spaces of abstract functions from [0, T ] to a
real Banach space X , Lp(0, T ;X), endowed with its natural norm,

‖y‖Lp(X) := ‖y‖Lp(0,T ;X) =

(∫ T

0

|y(t)|pX dt

)1/p

1 ≤ p <∞,

‖y‖L∞(X) := ess sup
t∈(0,T )

|y(t)|X .

In the sequel, we will identify the spaces Lp(0, T ;Lp(Ω)2) and Lp(Q)2 for 1 < p <
∞, and denote their norm by ‖u‖p := |u|Lp(Q)2 . The usual L2(Q)2-scalar product
we denote by (·, ·)Q to avoid ambiguity.

In all what follows, ‖ · ‖ stands for norms of abstract functions, while | · |
denotes norms of “stationary” spaces like H and V .

To deal with the time derivative in (3), we introduce the common spaces of
functions y whose time derivatives yt exist as abstract functions,

Wα(0, T ;V ) := {y ∈ L2(0, T ;V ) : yt ∈ Lα(0, T ;V ′)}, W (0, T ) :=W 2(0, T ;V ),

where 1 ≤ α ≤ 2. Endowed with the norm

‖y‖W α(0,T ;V ) := ‖y‖L2(V ) + ‖yt‖Lα(V ′),

these spaces are Banach spaces. Every function of W (0, T ) is, up to changes on
sets of zero measure, equivalent to a function of C([0, T ], H), and the imbedding
W (0, T ) ↪→ C([0, T ], H) is continuous, cf. [2, 19].

2.1. The state equation

Before we start with the discussion of the state equation, we specify the require-
ments for the various ingredients describing the optimal control problem. In the
sequel, we assume that the following conditions are satisfied:

(A)

⎧⎪⎨⎪⎩
1. Ω has Lipschitz boundary Γ := ∂Ω,
2. y0, yT ∈ H, yQ ∈ L2(Q)2,
3. αT , αQ, αR ≥ 0,
4. γ, ν > 0.

The assumptions on the set-valued mapping U are given in the next section. Now,
we will briefly summarize known facts about the solvability of the instationary
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Navier-Stokes equations (3). First, we define the trilinear form b : V ×V ×V �→ R

by

b(u, v, w) = ((u · ∇)v, w)2 =
∫

Ω

2∑
i,j=1

ui
∂vj
∂xi
wj dx.

Its time integral is denoted by bQ,

bQ(y, v, w) =
∫ T

0

b(y(t), v(t), w(t)) dt.

To specify the problem setting, we introduce a linear operator A : L2(0, T ;V ) �→
L2(0, T ;V ′) by ∫ T

0

〈(Ay)(t), v(t)〉V ′,V dt :=
∫ T

0

(y(t), v(t))V dt,

and a nonlinear operator B by∫ T

0

〈(
B(y)

)
(t), v(t)

〉
V ′,V dt :=

∫ T

0

b(y(t), y(t), v(t)) dt.

For instance, the operator B is continuous and twice Fréchet-differentiable as op-
erator from W (0, T ) to L2(0, T ;V ′).

Now, we concretize the notation of weak solutions for the instationary Navier-
Stokes equations (3) in the Hilbert space setting.

Definition 2.1 (Weak solution). Let f ∈ L2(0, T ;V ′) and y0 ∈ H be given. A
function y ∈ L2(0, T ;V ) with yt ∈ L2(0, T ;V ′) is called weak solution of (3) if

yt + νAy +B(y) = f,
y(0) = y0.

(5)

Results concerning the solvability of (5) are standard, cf. [24] for proofs and
further details.

Theorem 2.2 (Existence and uniqueness of solutions). For every source term f ∈
L2(0, T ;V ′) and initial value y0 ∈ H, the equation (5) has a unique solution
y ∈ W (0, T ). Moreover, the mapping (y0, f) �→ y is locally Lipschitz continuous
from H × L2(0, T ;V ′) to W (0, T ).

It is well known that the control-to-state mapping is Fréchet-differentiable.
The first derivative can be computed as the solution of a linearized equation,
cf. [15, 17, 18].

Remark 2.3 (Linearized state equation). We consider the linearized equation

yt + νAy +B′(ȳ)y = f,
y(0) = y0,

(6)

for a given state ȳ, which is usually the solution of the nonlinear system (5).
Following the lines of Temam, existence and uniqueness of a weak solution y in
the spaceW (0, T ) was proven for instance in [18, Prop. 2.4]. See also the discussion
in [15].
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3. Set-valued functions

Before we begin with the formulation of the optimal control problem with inclusion
constraints, we will provide some background material. Here, we will specify the
notation and assumptions for the admissible set U(·). It is itself a mapping from the
control domain Q to the set of subsets of R2, it is a so-called set-valued mapping.
We will use the notation U : Q� R2.

The optimal control problem is the minimization of the objective functional
subject to the state equations and to the control constraint

u(x, t) ∈ U(x, t). (7)

The controls are taken from the space L2(Q)2, so it is natural to require the
fulfillment of (7) for (only) almost all (x, t) ∈ Q. And we have to impose at least
some measurability conditions on the mapping U . In the sequel, we will work with
measurable set-valued mappings. For an excellent – and for our purposes complete
– introduction we refer to the textbook by Aubin and Frankowska [4].

Definition 3.1. A set-valued mapping F : Q � X with closed images is called
measurable, if the inverse of each open set is measurable. In other words, for
every open subset O ⊂ X the inverse image

F−1(O) = {ω ∈ Q : F (ω) ∩ O �= ∅}
has to be measurable.

Observe, that for a single-valued function f the definition of measurability
coincides with the definition of measurability for the set-valued function f̃ given
by

f̃(ω) = {f(ω)}.
However, this definition does not imply the existence of a measurable se-

lection, which is a single-valued function f satisfying f(x, t) ∈ U(x, t) almost
everywhere on Q. The existence is guaranteed under additional assumptions on U .

Theorem 3.2. [4, Th. 8.1.4] Let F : Q � R2 be a set-valued mapping with non-
empty closed images. Then the following two statements are equivalent:

1. F is measurable
2. There exists a sequence of measurable selections {fn}∞n=1 of F such that for

all (x, t) ∈ Q it holds

F (x, t) =
⋃
n≥1

{fn(x, t)}.

The theorem gives not only the existence of a measurable selection but also
a tool to prove measurability of set-valued mappings based on countable approxi-
mations.

It is well known that every optimal control is the projection of its associated
state on the admissible set. Such a characterization is also valid in the set-valued
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constraint case. But as a first step, we have to make sure that the pointwise
projection on the set-valued mapping U preserves measurability.

Theorem 3.3. [4, Cor. 8.2.13] Let F : Q� R2 be a set-valued measurable mapping
with closed, non-empty, and convex images, and f : Q �→ R2 a measurable (single-
valued) mapping. Then the projection

g(x, t) = ProjF (x,t)(f(x, t))

is a single-valued measurable function too.

4. The optimal control problem

Here, we will investigate the optimal control problem with the control con-
straint (7). At first, we have to specify the assumptions to ensure existence of
solutions.

4.1. Set of admissible controls

In this section, we want to investigate the convex control constraint, which has to
hold pointwise

u(x, t) ∈ U(x, t) a.e. on Q.
We recall the definition of the set of admissible controls Uad,

Uad = {u ∈ L2(Q)2 : u(x, t) ∈ U(x, t) a.e. on Q}.
Once and for all, we specify the requirements for the function U , which defines the
control constraints.

(AU)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

The set-valued function U : Q� R2 satisfies:
1. U is a measurable set-valued function.
2. The images of U are non-empty, closed, and convex a.e. on
Q. That is, the sets U(x, t) are non-empty, closed and convex
for almost all (x, t) ∈ Q.

3. There exists a function fU ∈ L2(Q)2 with fU (x, t) ∈ U(x, t)
a.e. on Q.

Please note, we did not impose any conditions on the sets U(x, t) that are beyond
convexity such as boundedness or regularity of the boundaries ∂U(x, t). Assump-
tions (i) and (ii) guarantee that there exists a measurable selection of U , i.e., a
measurable single-valued function fM with fM (x, t) ∈ U(x, t) a.e. on Q. However,
no measurable selection needs to be square-integrable as the following example
shows.

Example 4.1. Set U(t) = [t−1/2, 1 + t−1/2], 0 < t ≤ 1. Assumptions (i) and (ii)
are fulfilled. But every function f with f(t) ∈ U(t) for almost all 0 < t ≤ 1 cannot
be in L2(0, 1), since the function g(t) = t−1/2 is not square integrable on [0, 1].

The existence of a square integrable, admissible function is then ensured by
the third assumption. This implies that the set of admissible control is non-empty.
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Corollary 4.2. The set of admissible controls Uad defined by

Uad = {u ∈ L2(Q)2 : u(x, t) ∈ U(x, t) a.e. on Q}
is non-empty, convex and closed in L2(Q)2.

The assumption (AU) is as general as the analysis of the second-order con-
dition allows it. In the case that the set-valued function U is a constant function,
i.e., U(x, t) ≡ U0, we can give a simpler characterization.

Corollary 4.3. Let the set-valued function U be a constant function, i.e., U(x, t) =
U0 a.e. on Q for some U0 ⊂ R2. Then the assumption (AU) is fulfilled if the set
U0 is non-empty, closed, and convex.

Assuming (AU) we can derive another interesting result. Conditon (iii) allows
us to prove that the pointwise projection on Uad of a L2-function is itself a L2-
function.

Corollary 4.4. Let be given a function u ∈ L2(Q)2. Then the function v defined
pointwise a.e. by

v(x, t) = ProjU(x,t)(u(x, t))

is also in L2(Q)2. Further, if for some p ≥ 2 the functions u and fU are in Lp(Q)2,
then the projection v is in Lp(Q)2 as well.

Proof. By assumption (AU), the set-valued function U is measurable with closed
and convex images, and u is a measurable single-valued function. Then by The-
orem 3.3 the function v is measurable as well. By Lipschitz continuity of the
pointwise projection, it holds

|v(x, t) − fU (x, t)| = |ProjU(x,t)(u(x, t)) − ProjU(x,t)(fU (x, t))|
≤ |u(x, t) − fU (x, t)|

almost everywhere on Q. Thus, squaring and integrating gives

‖v − fU‖2
2 ≤ ‖u− fU‖2

2 <∞,
which implies v ∈ L2(Q)2. If in addition, u and fU are in Lp(Q)2 for some p > 2,
then we can prove analogously that the projection is also in Lp, i.e., v ∈ Lp(Q)2.

�
4.2. Existence of optimal controls

Before we can think about existence of solution, we have to specify which problem
we want to solve. We will assume that conditions (A) of Section 2.1 are satisfied.
Moreover, we assume that U(·) fulfills the pre-requisite (AU). So we end up with
the following optimization problem

min J(y, u) (8a)

subject to the state equation

yt + νAy +B(y) = u in L2(0, T ;V ′), (8b)

y(0) = y0 in H, (8c)
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and the control constraint
u ∈ Uad, (8d)

where Uad is given by (7).
Under the assumptions above, the optimal control problem (8) is solvable.

We recall that in Section 2.1 the regularization parameter γ is supposed to be
greater than zero. One can prove existence even with γ = 0 under the additional
condition of boundedness of Uad in L2.

Theorem 4.5. The optimal control problem admits a – global optimal – solution
ū ∈ Uad with associated state ȳ ∈W (0, T ).

5. First-order necessary conditions

The necessary optimality conditions for the optimal control problem discussed in
the present chapter differ slightly from the conditions that can be found in the lit-
erature, see, e.g., [25]. However, we will repeat the exact statement for convenience
of the reader.

Theorem 5.1 (Necessary condition). Let ū be locally optimal in L2(Q)2 with as-
sociated state ȳ = y(ū). Then there exists a unique Lagrange multiplier λ̄ ∈
W 4/3(0, T ;V ), which is the weak solution of the adjoint equation

−λ̄t + νAλ̄+B′(ȳ)∗λ̄ = αQ(ȳ − yQ) + αR curl∗curl ȳ

λ̄(T ) = αT (ȳ(T )− yT ).
(9)

Moreover, the variational inequality

(γū+ λ̄, u− ū)Q ≥ 0 ∀u ∈ Uad (10)

is satisfied.

Similar as in the box-constrained case, we can reformulate the variational
inequality (10). The projection representation of the optimal control is now realized
using the admissible sets U(·)

ū(x, t) = ProjU(x,t)

(
− 1
γ
λ̄(x, t)

)
a.e. on Q. (11)

Here, it will be a little bit more difficult to prove regularity results for the optimal
control using the regularity of the adjoint state. The projection formula is used in
connection with Lipschitz stability of optimal controls [16, 23, 27]. The ideas there
cannot be transferred to the case of set-valued constraints, see the discussion in
Section 8 below.

Necessary optimality conditions of second order for optimal control problems
with set-valued constraints were developed in [20]. It involves the use of the concept
of second-order tangent, see, e.g., [11].
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6. Regularity of optimal controls

Let us comment on the regularity of a locally optimal control ū. By (11), it inherits
some regularity from the associated adjoint state λ̄. Here, we will show, how the
regularities λ̄ ∈ Lp(Q)2 respectively λ̄ ∈ C(Q̄)2 can be carried over to the control
ū. However, it is not clear whether and how it is possible to prove ū ∈ W 1,p(Q)2

if λ̄ ∈W 1,p(Q)2, and what assumptions on U are needed.

6.1. Optimal controls in Lp

Corollary 4.4 gives a hint, how we can prove the regularity ū ∈ Lp(Q)2 provided
λ̄ ∈ Lp(Q)2 holds. We have to assume only the existence of an admissible Lp-
function.

Theorem 6.1. Let ū be a locally optimal control of the optimal control problem (8)
with associated adjoint state λ ∈ Lp(Q)2, p ≤ ∞. If there is an admissible function
fp ∈ Lp(Q)2 ∩ Uad for p ≤ ∞ then the optimal control ū is in that Lp(Q)2, too.

Proof. The proof follows immediately from the projection representation (11) and
Corollary 4.4. �

We will complete this short section with the following corollary, which states
the precise regularity assumptions on the problem data, such that the pre-requisites
of the previous theorem are fulfilled, see also [27].

Corollary 6.2. Let be given y0, yT ∈ V , yQ ∈ L2(Q)2. Let the set-valued mapping
U satisfy the assumption (AU). Further, we assume the existence of an admissible
Lp-function fp ∈ Lp(Q)2 ∩ Uad for 2 ≤ p <∞.

Then every locally optimal control of problem (8) is in Lp(Q)2, 2 ≤ p <∞.

The method of proof applied here does not work to obtain continuity of an
optimal control. This is investigated in the next section.

6.2. Continuity of optimal controls

Now, we are going to prove continuity of an locally optimal control. We will rely
in our considerations again on the projection formula (11), which says that the
optimal control is the pointwise projection of a continuous function on the admis-
sible sets. Hence, this admissible sets U(x, t) vary over space and time. Here, we
have to impose some continuity assumptions on the set-valued mapping U .

There are two equivalent characterizations of continuous single-valued functions:
1. the image of a converging sequence is also a converging sequence,
2. the preimages of open sets are open sets.

In the set-valued case, however both definitions of a continuous function are
no longer equivalent. They define two independent kinds of semicontinuity.

Definition 6.3. A set-valued mapping F : D ⊂ X � Y is called lower semicontinu-
ous, if for all x ∈ D, y ∈ F (x), and any sequence {xn} ⊂ D converging to x there
is a sequence of elements yn ∈ F (xn) converging to y.



Convex Control Constraints 321

Definition 6.4. A set-valued mapping F : D ⊂ X � Y is called upper semicontin-
uous, if for all x ∈ D and all open sets O ⊃ F (x) there exists δ = δ(O) such that
F (x′) ⊂ O for all x′ with |x− x′| ≤ δ.

Both definition are not equivalent and are independent. There are set-valued
mappings, which are lower semicontinuous but not upper and vice-versa. It is
natural to define a continuous mapping to have both semicontinuous properties.

Definition 6.5. A set-valued mapping F : D ⊂ X � Y is called continuous, if U
is both lower and upper semicontinuous.

The assumption (AU) on the set-valued mapping U contains the condition
that U(x, t) is non-empty, closed and convex almost everywhere on Q. Do these
properties of the images hold everywhere provided U is continuous? At first, we
want to show the improvement from ‘non-empty almost everywhere’ to ‘non-empty
everywhere’ in the continuous case.

Lemma 6.6. Let U fulfill (AU). Further let U : Q̄� R2 be upper semicontinuous.
Then U(x, t) is non-empty for all (x, t) ∈ Q̄.

Proof. We will prove it by contradiction. Let ξ = (x, t) ∈ Q̄ such that U(ξ) is
empty. Then we take sequences of points ξn = (xn, tn) ∈ Q with U(ξn) �= ∅
converging to ξ and un ∈ U(ξn).

At first, we consider the case that the sequence {un} admits a cluster point
ũ. Then there is a subsequence {unk

} converging to ũ. Let us define an open set
by O = R2 \Bρ(ũ) for some ρ > 0. Then, we have ∅ = U(ξ) ⊂ O and U(ξnk

) �⊂ O
for all k large enough, which is a contradiction to upper semicontinuity.

Now, let the sequence {un} have no cluster point. Here, we take an arbitrary
û. Then for ε > 0 there is nε such that |û− un| > ε for all n > nε, otherwise there
would exist a cluster point in Bε(û). Let us set O = Bε(û). By construction, we
have ∅ = U(ξ) ⊂ O and U(ξn) �⊂ O for n > nε, which is a contradiction to upper
semicontinuity.

And the proof is complete. �

Unfortunately, the property ‘closedness of the images’ cannot be transferred
from ‘almost everywhere’ to ‘everywhere’ for continuous U as the following coun-
terexample shows.

Example 6.7. Define F : [0, 1] � R by

F (t) =

{
(0, 1] if t = 0
[t, 1 + t] otherwise.

Clearly, F is lower semicontinuous. It is also upper semicontinuous: every open
set that contains F (0) contains also F (ε) for sufficiently small ε. Hence F is
continuous. It has closed images almost everywhere but not everywhere.

Now, let us prove a lemma, which will help us later on.
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Lemma 6.8. Let U fulfill (AU). In addition, we assume that U is upper semicontin-
uous on Q̄ with closed images U(x, t) for all (x, t) ∈ Q̄. Then for given sequences
(xn, tn) converging to (x, t) ∈ Q̄ and yn ∈ U(xn, tn) converging to y the limit y
lies in U(x, t), y ∈ U(x, t).

Proof. We will use again the notation ξ = (x, t) and ξn = (xn, tn). Let us assume
y �∈ U(ξ). Set ε = dist(y, U(ξ)), which is positive since U(ξ) is closed. Then there
exists N such that for all n > N it holds yn �∈ U(ξ) and dist(yn, U(ξ)) ≥ 2

3ε. Now,
we construct an open set by O := {v : dist(v, U(ξ)) < 1

3ε}. It implies yn �∈ O and
U(ξn) �⊂ O for n ≥ N . This yields a contradiction to upper semicontinuity, since
we have O ⊃ U(ξ). Hence it holds y ∈ U(ξ). �

Furthermore, it turns out that the assumption of closed images is essential
to prove the convexity of the images of U .

Lemma 6.9. Let U fulfill (AU). In addition, let U be continuous on Q̄ with closed
images U(x, t) for all (x, t) ∈ Q̄. Then U(x, t) is convex for all (x, t) ∈ Q̄.

Proof. Let ξ = (x, t) ∈ Q̄ be given with y1, y2 ∈ U(ξ), λ ∈ (0, 1). We have to show
that λy1 + (1 − λ)y2 is in U(ξ). We take a sequence of points ξn = (xn, tn) ∈ Q,
for which U(ξn) is non-empty and convex, converging to ξ.

By lower semicontinuity there exists sequences of points yn1 , y
n
2 ∈ U(ξn) con-

verging to y1 respectively y2. The points yn := λyn1 + (1 − λ)yn2 are in U(ξn) and
converge to y := λy1 +(1−λ)y2 for n→∞. The previous Lemma 6.8 implies that
the limit y = λy1 + (1 − λ)y2 is in U(ξ). Hence U(ξ) is convex. �

Assuming the continuity of the set-valued mapping U and the adjoint state
λ we can prove continuity of an optimal control.

Theorem 6.10. Let U satisfies the assumption (AU). Furthermore, let U : Q̄� Rn

be continuous with closed images everywhere. Suppose ū satisfies the first-order
necessary optimality conditions together with the state ȳ and adjoint λ̄. If the
adjoint is continuous, λ̄ ∈ C(Q̄), so is the control as well, ū ∈ C(Q̄).

Proof. We will show that the projection

ProjU(x,t)

(
− 1
γ
λ̄(x, t)

)
= ū(x, t)

results in a continuous function. We abbreviate v(x, t) := −λ̄(x, t)/γ, which is a
continuous function by assumption.

Let ξ = (x, t) ∈ Q̄ be given. Take a sequence ξn = (xn, tn) ∈ Q that converges
to ξ. We have to show the convergence ū(ξn) → ū(ξ). We will give the proof in
several steps.

Step 1: U(x, t) is non-empty, closed and convex everywhere on Q̄. This follows by
the preceding Lemmata 6.6 and 6.9.

Step 2: Uad contains a continuous function. Define the function m : Q̄→ Rn as

m(x, t) = arg min {|v| : v ∈ U(x, t)} ,
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which gives the elements of U(x, t) with the smallest norm. It is called the minimal
selection of U . Since U(x, t) is non-empty, closed and convex, the function m is
well defined. By [3, Chapt. 3, Sect. 1, Prop. 23, p. 120], the minimal selection m is
continuous.

Step 3: Boundedness of {ū(ξn)}. Using Lipschitz continuity of the projection, we
can estimate

|ū(ξn) −m(ξn)| = |ProjU(ξn)(v(ξn)) − ProjU(ξn)(m(ξn))|
≤ |v(ξn)−m(ξn)| ≤ ‖v −m‖C(Q̄) <∞,

which proves boundedness of the set {ū(ξn)}.

Step 4: Every accumulation point of {ū(ξn)} is in U(ξ). Since {ū(ξn)} is bounded
in Rn, we can select a subsequence {ū(ξn′)} converging to some element ũ. By
Lemma 6.8, we find that ũ is in U(ξ).

Step 5: There is exactly one accumulation point of {ū(ξ)}. Take an arbitrary el-
ement z ∈ U(ξ). By lower semicontinuity, there is a sequence of elements zn′ ∈
F (ξn′) converging to z ∈ U(ξ). Since u(ξn′) = ProjU(ξn′) v(ξn′ ), we find(

u(ξn′) − v(ξn′ ), zn′ − u(ξn′)
)
≥ 0 ∀n′.

Hence (
u(ξn′)− v(ξn′ ), zn′ − z

)
+
(
u(ξn′) − v(ξn′ ), z − u(ξn′)

)
≥ 0 ∀n′.

Letting n′ →∞, we find (
ũ− v(ξ), z − ũ

)
≥ 0.

Since z ∈ U(x) was arbitrary, it holds

ũ = ProjU(ξ) v(ξ)

for every accumulation point of {ū(ξn)}. The projection is unique hence the set
{u(ξn)} has exactly one accumulation point.

Conclusion. By the previous step, we find the convergence ū(ξn) → ū(ξ). Hence
the prove is complete, and ū is a continuous function on Q̄. �

For an exact statement, which regularity of the data is sufficient for λ ∈
C(Q̄)2, we refer to [27].

Remark 6.11. The projection formula (11) remains true if one replaces U(x, t) by
its closure Ū(x, t), provided U(·) is closed almost everywhere on Q. Furthermore,
one can show that for continuous U : Q � R2 the closure Ū : Q � R2 is also a
continuous set-valued mapping. In this way, we can construct a continuous repre-
sentation of a locally optimal control ū without the assumption of closedness of the
images of U .
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7. Second-order sufficient optimality conditions

7.1. Normal directions

Before we start with the formulation of the sufficient optimality conditions, let
us recall some notations of convex set theory. Let be given a convex set C. Then
NC(u) and TC(u) are the normal and tangent cones of C at some point u. The
space of normal directions is written NC(u) = spanNC(u) with its orthogonal
complement TC(u).

Now, we want to use these notations with C = Uad. Let be given an admissible
control u ∈ Uad. It is well known, that the sets NUad

(u), TUad
(u), NUad

(u), and
TUad

(u) admit a pointwise representation as Uad itself, cf. [4, 22]. For instance, for
u ∈ L2(Q)2 the set NUad

(u) is given by

NUad
(u) =

{
v ∈ L2(Q)2 : v(x, t) ∈ NU(x,t)(u(x, t)) a.e. on Q

}
.

In a while, we will need the projection of a test function w on the space of normal
directions and its complement. We will denote the resulting functions by wN and
wT respectively. They are defined pointwise by

wN (x, t) = Proj[NU(x,t)(u(x,t))](w(x, t)) (12)

and
wT (x, t) = Proj[TU(x,t)(u(x,t))](w(x, t)). (13)

It is not easy to prove that the functions wN and wT are measurable. At this
point the method of Dunn [12] requires that the admissible set U is polyhedric
and independent of (x, t). However, these restrictions can be overcome using the
results for set-valued mappings. Let us sketch the method of the measurability
proof. Behind the projections there are the following mappings:

1. Q � (x, t) �→ NU(x,t)(u(x, t)) =: N (x, t)
2. Q � (x, t) �→ span{N (x, t)} = span

{
NU(x,t)(u(x, t))

}
=: N(x, t)

3. Q � (x, t) �→ ProjN(x,t)(w(x, t)) =: wN (x, t).

Here, one can see, what happens if U(x, t) is constant over Q: the mapping N is
even in this case a set-valued mapping, which is not constant. Even the dimension
of N (x, t) varies. So we would not have any advantage if we assume constant
admissible sets U(x, t) = U0.

Now, the measurability can be proven as follows. The mapping (x, t) �
TU(x,t)(u(x, t)) is measurable if U has closed and convex images, cf. [4, Cor. 8.5.2].
The normal cone N is then the dual of T , and one can prove that the dual cone
operation does preserve measurability. The same can be done for the linear hull
N . Here, the proof is based on the countability argument already stated in Theo-
rem 3.2.

Now, the projection of measurable function on measurable set-valued map-
pings – here N – results in a measurable function, see Theorem 3.3. Altogether,
both of the projections (12) and (13) results in measurable function. Let us remark
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that it is very difficult to prove this by hand: here one has to go step by step from
regular convex sets and constant U to more irregular ones.

As a second point here, let us define some more notations in connection to
convex sets. The relative interior of a convex set is defined by

riC = {x ∈ aff C : ∃ε > 0, Bε(x) ∩ aff C ⊂ C},
its complement in C is called the relative boundary

rbC = C \ riC.

The distance of a point u ∈ Rn to a set C ⊂ Rn is defined by

dist(u,C) = inf
x∈C

|u− x|.

7.2. Sufficiency

Let us come back to optimization with convex constraints. To motivate the follow-
ing, we will investigate the finite-dimensional problem minx∈C f(x) with C ⊂ Rn

first. It is known that a local minimizer x of the function f over a convex set C
fulfills

−∇f(x) ∈ NC(x).
A sufficient condition is then given by

−∇f(x) ∈ riNC(x) (14)

and
f ′′(x)[y, y] > 0 ∀y ∈ TC(x). (15)

It consists of a first-order part: strict complementarity and a second-order part:
coercivity. Now we want to adapt this formulation to the optimal control problem
considered here. Condition (14) would become

−(γū(x, t) + λ̄(x, t)) ∈ riNU(x,t)(ū(x, t)) a.e. on Q. (16)

However, this is not enough for optimal control problems, we need the satis-
faction of this condition in a uniform sense. We have to assume not only that
−(γū(x, t) + λ̄(x, t)) lies in the relative interior of the normal cone, we need more-
over that −(γū(x, t) + λ̄(x, t)) has a positive distance to the relative boundary
of NU(x,t)(ū(x, t)). But this cannot be assumed for all (x, t): if ū(x, t) is in the
interior of the admissible set U(x, t) then the normal cone consists only of the ori-
gin and has no relative interior. Therefore, we introduce the set of strongly active
constraints as the set of points, where this condition is fulfilled,

Qε =
{
(x, t) ∈ Q : dist

(
−(γū(x, t) + λ̄(x, t)), rbNU(x,t)(ū(x, t))

)
> ε
}
. (17)

That is, we assume that (16) is only fulfilled on a subset of the domain Q. Con-
sequently, we have to require the coercivity assumption for more directions than
included in TUad

(ū). Furthermore, the inequality > 0 in (15) has to be replaced
by a norm-square, since the proof in finite dimensions that ‘> 0’ suffices is tied
to compactness of the unit sphere, which does not hold in the infinite-dimensional
case.
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Altogether, we require that the following is fulfilled. We assume that the
reference pair (ȳ, ū) satisfies the coercivity assumption on L′′(ȳ, ū, λ̄), in the sequel
called second-order sufficient condition:

(SSC)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

There exist ε > 0 and δ > 0 such that

L′′(ȳ, ū, λ̄)[(z, h)]2 ≥ δ ‖h‖2
2 (18a)

holds for all pairs (z, h) ∈ W (0, T )× L2(Q)2 with

h ∈ TUad
(ū), hN = 0 on Qε, (18b)

and z ∈W (0, T ) being the weak solution of the linearized equation

zt +Az +B′(ȳ)z = h
z(0) = 0. (18c)

In (18b) hN denotes the pointwise projection of h on the subspaces N ⊂ R2,
compare (12). We required in (SSC) the coercivity of L′′ for more test functions
than in (15). The set TUad

(ū), which was user there, is only a subset of TUad
(ū).

However, the space of test functions in (SSC) can be reformulated as: h ∈ TUad
(ū)

with h(x, t) ∈ TU(x,t)(ū(x, t)) on Qε. We can use test functions with values in the
spaces T only on the strongly active set, due to the strong complementarity, which
holds there. On the rest of the domain, the values of the test function has to lie
in the tangent cones T .

Now, the next theorem states the sufficiency of (SSC).

Theorem 7.1. Let (ȳ, ū) be admissible for the optimal control problem and suppose
that (ȳ, ū) fulfills the first order necessary optimality conditions with associated
adjoint state λ̄. Assume further that (SSC) is satisfied at (ȳ, ū). Then there exist
α > 0 and ρ > 0 such that

J(y, u) ≥ J(ȳ, ū) + α ‖u− ū‖2
2

holds for all admissible pairs (y, u) with ‖u− ū‖∞ ≤ ρ.

The proof can be found in [28].
There are a number of sufficient second-order optimality conditions for finite-

dimensional optimization problems with convex constraints, see for instance [7, 8,
21]. They all use the second-order tangent sets, and it is not clear how those
results are related to the condition presented here. Also, the extension of the
finite-dimensional results to optimal control problems is not a trivial exercise and
requires further research.

Remark 7.2. Let us comment on the definition of the strongly active set in (17)
if U is formed by box constraints. Since this particular constraint is formed by
two independent inequalities, one can refine the definition of strongly active sets,
see [25], to contain more points than the active set introduced here.
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8. Stability of optimal controls

Usually, the fulfillment of a second-order sufficient condition implies stability of
locally optimal controls under small perturbations. This is demonstrated in a great
variety of articles for optimal control problems with box constraints. However, in
the case of general convex control constraints the sufficient condition (SSC) is too
weak to get stability of optimal controls. This is due to the fact, that tangent
variations of the control are not necessarily admissible directions, which is an
essential ingredient in the proofs for the box-constrained case.

In finite-dimensional optimization, there are a few publications concerning
stability of solutions to convex constrained optimization problems, see [6, 8]. They
use the assumption of second-order regular sets. The extension of that conditions
to the infinite-dimensional case considered here is not obvious, since the proofs
argue by contradiction and rely on the finite-dimensionality, i.e., on compactness
of the unit sphere. That means, one has to use methods which differ from the
indirect methods of [6] as well as from the direct proofs from, e.g., [16, 23, 25].

Obviously, if we assume coercivity of L′′ for all test directions, we can prove
such stability results. Since this would be only a technical exercise, we do not
proceed in this direction.
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Control of Moving Domains,
Shape Stabilization and
Variational Tube Formulations

Jean-Paul Zolésio

Abstract. This paper deals with the control of a moving dynamical domain
in which a non cylindrical dynamical boundary value problem is considered.
We consider weak Eulerian evolution of domains through the convection of
a measurable set by (non necessarily smooth) vector field V . We introduce
the concept of tubes by “product space” and we show a closure result lead-
ing to existence results for a variational shape principle. We illustrate this
by new results: heat equation and wave equation in moving domains with
various boundary conditions and also the geodesic characterisation for two
Eulerian shape metrics leading to the Euler equation through the transverse
field considerations. We consider the non linear Hamilton-Jacobi like equation
associated with level set parametrization of the moving domain and give new
existence result of possible topological change in finite time in the solution.

1. The use of BV perimeter in shape optimization

In order to derive existence results in classical shape optimization (see for example
[9]) I introduced after 1984 ([38], [39]) the concept of a functional regularized with
the perimeter:

Jσ(Ω) = J(Ω) + σ PD(Ω) (1.1)

This has been in the context of large water wave modelling (non shallow water free
boundary) in which the “small” parameter σ turns to be the surface tension. That
result was emphasized in [36] after having been presented to a large audience, then
in [37] (that paper was kept two years before being accepted without changes for
publication).

For dynamical modelling (artery [11], fluid structure interaction [26], . . . ) the
concept of a tube (ζ, V ) and a tube functional to be extremized with respect to
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the tube was introduced in [40], [13], . . . in the following form:

J(ζ, V ) = j(ζ, V ) + σ
∫ τ

0

PD(Ωt(V )) dt. (1.2)

Following that idea we consider in this paper new control functionals for
non cylindrical heat equation, non cylindrical wave equations and shape metrics.
Many results are completely new: the optimality conditions and existence results
for both heat and wave problems as well as the existence of solution to the level
set equation with possible topological change in finite time. The Euler equation
for the shape geodesic generalizes in some sense the variational formulation for
the incompressible Euler equation. In deriving the new geodesic conditions for the
new shape metrics δ̄(Ω1,Ω2) and dE(Ω1,Ω2) we introduce new technical results
such as the expression for the boundary shape derivative v′Γt

and the new weak
form for the transverse vector field evolution equation. Also the structure of the
adjoint field Λ is clarified when the right-hand side is a shape gradient like measure
γ∗t (g �nt), then Λ =!∇λ∇χΩt . The cubic energy expression for the wave equation
with homogeneous Dirichlet condition derived in 1984 is also generalized for the
first time to the “co-normal Neumann” condition ∂y

∂t y + ∂y
∂ν∗

t
y = 0 on Γt.

2. Shape evolution

Let be given a bounded “universe”D inRN with Lipschitzian continuous boundary
and consider the set L1(D, {0, 1} ) of characteristic functions ζ ∈ L1(D) such that
ζ2 = ζ. We shall consider the family of measurable subsets Ω ⊂ D such that
ζ = χΩ (that family is then defined up to subsets with zero measure in D). The
time evolution of Ω is described with the help of vector fields. The time interval
being denoted by I = [0, τ ],

p > 1, V ∈ E := {V ∈ Lp(I ×D,RN ), s.t. divV ∈ Lp(I ×D), 〈V, n∂D〉 = 0}.
The subspace

Elip := E ∩ L1(0, τ,W 1,∞(D,RN ) )
plays an essential role: for any measurable subset Ω0 ⊂ D and any V ∈ Elip there
exists a unique solution to the convection problem:

C := L1(0, τ, L1(D, {0, 1} )) ∩ C0([0, τ ], L1(D))

ζ ∈ C,
∂

∂t
ζ + ∇xζ.V = 0, ζ(0) = χΩ0 . (2.1)

Indeed it exists the flow mapping Tt(V ) so that ζ(t, .) = χΩ0o(Tt(V ))−1. We
denote Ωt(V ) := Tt(V )(Ω0) and shall refer to QV := ∪0<t<τ {t} ×Ωt(V ) as being
a classical tube (roughly speaking the regularity of the moving boundary being
“controlled” by the smoothness of V and ∂Ω0). We consider the family of subsets
with finite perimeter in D:

PD = { ω ⊂ D, χΩ ∈ BV (D) }, H = C ∩ L1(I, BV (D)). (2.2)
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A main result for our topic is the following tubes closures:

Theorem 2.1. Let p > 1, Ω0 ⊂ D and a sequence (ζn, Vn) ∈ H×E verifying (2.1)
and such that there exists a positive constant M > 0 with

||Vn||E +
∫ τ

0

||∇xζn||M1(D,RN ) dt ≤ M. (2.3)

Then there exists a weakly converging subsequence in L∞(]0, τ [×D)×E. Any lim-
iting element (ζ, V ) belongs to H×E, verifies (2.1) with the bound (2.3). Moreover
the convergence is strong in the L1(0, τ, L1(D)) norm and notice that we get the
following continuity on the limiting element: ζ ∈ H.

Proof. As ζ ∈ L∞ and divV, V ∈ Lp(I ×D) we have ζV ∈ Lp so that

∂

∂t
ζ = −∇ζ.V = −div( ζV ) + ζdivV ∈ Lp(0, τ,W−1,1(D)).

The conclusion follows from the “parabolic Helly compacity results” which is in-
cluded in [13], [31], [33], (see also the book [26] for a p = 2 version). It states
that if a sequence ζk remains bounded in L1(0, τ, BV (D)) with ∂

∂tζk bounded
in Lp(0, τ,W−1,1(D)), then there exists a subsequence converging strongly in
L1(0, τ, L1(D)).

As we shall see in Section 10 the distribution spaceW−1,1(D) can be replaced
by the Banach space ofM1(D) of bounded measures over the bounded domain D.

We consider the weak closure of the family of classical tubes:

TΩ0 := { (ζ, V ) ∈ H× E s.t. ∃M > 0, (ζn, Vn) ∈ H× Elip

weakly converges to (ζ, V ) with :
∫ τ

0

PD( Tt(Vn)(Ω0) ) dt ≤M }.

Corollary 2.2. The set TΩ0 is weakly closed in H× E.

In Section 10 we shall use M1(D) and derive a similar closure result with
p = 1 but, in order to recover the continuity ζ ∈ C0(0, τ, L1(D)), we shall also
need p > 1. The weak convection (2.1) is studied in [33]. It is interesting to
notice that when the initial condition is a smooth enough function Φ0 then the
solution convects the level sets of Φ0. Also from [10], [1] we know that the oriented
distance function bΩt(V ) itself is solution to equation (2.1) with speed vector field
V (t, pt(x)), where pt = Id − bΩt(V ) ∇bΩt(V ) is the projection onto the boundary
∂Ωt(V ). The convection (2.1) generalises to boundary measures as follows:

Let Γt(V ) = ∂Ωt(V ) with V ∈ L1(0, τ,W 1,∞
0 (D,RN )) and let Γ0 be a smooth

manifold. Then we consider the element

γt := −∇χΩt(V ).∇bΩt(V )

which is the usual boundary layer measure:

〈γt,Ψ〉H−1(D)×H1
0 (D) =

∫
Γt(V )

Ψ(x) dΓt(x). (2.4)
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That measure solves the following evolution

γ(0) = Γ0 := ∂Ω0

∂

∂t
γ(t) + ∇γ(t).V (t) + 〈DV (t).∇bΩt(V ),∇bΩt(V )〉γ(t) = 0. (2.5)

That results enables us to develop a tube variational analysis for the minimization
over TΩ0 of functionals in the following form

j(ζ, V ) =
∫ τ

0

∫
Ωt(V )

F (t, yQV ,∇yQV )dxdt+ σ
∫ τ

0

PD(Ωt(V )) dt,

where yQV stands for the solution of some boundary value problem associated
with the tube QV . We shall propose two examples concerning the heat equation
and the wave equation in that non cylindrical evolution domain QV . We shall
choose adequate boundary conditions associated with that moving boundary. The
equation (2.5) should permit to handle the convergence of boundary integrals and
is under consideration in forecoming papers. This will permit to enlarge the present
study to functionals J in the form

J(ζ, V ) = j(ζ, V ) +
∫ τ

0

∫
∂Ωt(V )

f(t, yQV ,∇yQV ) dΓt dt

= j(ζ, V ) +
∫ τ

0

〈γ(t), f(t, y,∇y)〉 dt .

A main point in that study is that for smooth enough tubes in a minimizing
sequence, say Vn ∈ E ∩L1(0, τ,W 1,∞

0 (D,RN)) the tubes QVn is smooth enough so
that some classical analysis will furnish the existence and may be uniqueness for the
solution yQn to the boundary value problem under concern. The point is that any
such analysis fails for non smooth limiting tube in TΩ0 . We shall propose specific
choice of function F (t, y,∇y) so that the minimization of (ζ, V ) will “create” the
existence. We deal here with simple linear equation and in a forcoming work we
shall extend to Navier-Stokes 3D equation.

Indeed that analysis would be efficient with open tubes. There are several
obvious ways for dealing with open tubes. For example introducing mollifier on
the considered vector fields. We propose here to replace the BV perimeter by the
density perimeter that we recall now.

2.1. Boundedness of the density perimeter

2.1.1. Density perimeter. Following [3], [4], we consider for any closed set A in D
the density perimeter associated to any γ > 0 by the following.

Pγ(A) = sup
ε∈(0,γ)

[
meas(Aε)

2 ε

]
, (2.6)

where Aε is the dilation Aε = ∪x∈AB(x, ε). We recall some main properties:
– The mapping Ω → Pγ(∂Ω) is lower-semi continuous in the Hc-topology.
– The property Pγ(∂Ω) < ∞ implies that meas(∂Ω) = 0 and Ω \ ∂Ω is

open in D.
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If Pγ(∂Ωn) ≤ m and Ωn converges in the Hc-topology to some open subset
Ω ⊂ D, then the convergence holds in the L2(D)-topology.

The “parabolic” situation: whenever V ∈ C∞(I × D̄), the mapping t →
Pγ(∂Ωt) is not continuous. So that mapping cannot be an element of H1(0, τ). For
any smooth vector field, V ∈ C0([0, τ ],W 1,∞

0 (D,RN )), we consider,

Θγ(V,Ω0) = Min

{∫ τ

0

(
∂

∂t
µ

)2

dt |µ ∈ Mγ(V,Ω0)

}
, (2.7)

where
Mγ(V,Ω0) = {µ ∈ H1(0, τ), Pγ(∂Ωt(V )) ≤ µ(t) a.e.t,

µ(0) ≤ (1 + γ)Pγ(∂Ω0)}.
In general this set is non empty. When that set is empty we put Θγ(V,Ω0) = +∞.
Notice that even when the mapping p = (t −→ Pγ(Ωt(V )) ) is an element of
H1(0, τ) (then p ∈ Mγ(V,Ω0) }), we may have: Θ(V,Ω0) < ||p′||2L2(0,τ) as the
minimizer will escape to possible variation of the function p.

Proposition 2.3. Let V ∈ C0([0, τ ],W 1,∞
0 (D,RN)), divV = 0, we have:

Pγ(∂Ωt(V )) ≤ 2Pγ(∂Ω0) +
√
τ Θ(V,Ω0)1/2. (2.8)

Moreover if Vn ∈ C0([0, τ ],W 1,∞
0 (D,RN )), verifies Vn −→ V in L2((0, τ)×D,RN)

and the uniform boundedness: ∃M > 0, Θ(Vn,Ω0) ≤M Then

Θ(V,Ω0) ≤ lim inf Θ(Vn,Ω0).

An alternative approach is to consider

Θ̃γ(V,Ω0) := ||pγ ||BV (0,τ), pγ(t) := Pγ(∂Ωt(V ))

We would derive the same kind of estimates.

3. Heat equation with insulated boundary

We consider the non cylindrical situation: the boundary Σ is insulated or adiabatic.
As the domains move it is not the usual Neumann boundary condition but the one
described below.

Non cylindrical evolution problems, such as Navier-Stokes equation for mov-
ing boundaries in a fluid (see [5]) is a challenging optimal control issue. In the case
of linear problems we deal with easier situations. Nevertheless a difficult issue is
that we need to handle such problem with non smooth geometry. The study of
non cylindrical heat equation is an old story. Far from being exhaustive here let us
quote the works by P. Acquistapace [21], and recently in [23]. In these works the
boundary of the moving domain should be smooth enough. The obvious technique
was based on the transport into a cylindrical problem which, in terms of an ab-
stract setting, leads to a dynamical system with a non autonomous operator with
a moving domain. Here we revisit that analysis in the scope of the optimal control
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of the moving domain Ωt. As classically in shape analysis, the control parame-
ter will be the speed vector field V (t, x) whose flow mapping Tt(V ) builds the non
cylindrical evolution domain QV = ∪0<t<τ {t}×Ωt. Let V ∈ C0([0, τ ], C1(D,RN ))
with V.n = 0 on ∂D, the moving domain is Ωt := Tt(V )(Ω0) and its characteristic
function is ζ = ζ0oTt(V )−1. We consider the unique solution u to the parabolic
problem:

∂

∂t
u − ∆u = 0 in QV ,

∂

∂nt
u + 〈V (t), nt〉u = 0

on the moving boundaryΓt, u(0) = u0.
(3.1)

This b.c. cannot be written as ∂
∂νu = 0 on the lateral time-space boundary Σ.

3.1. The weak formulation

∀ψ ∈ C1([0, τ ] ×Rn) with ψ(τ) = 0,∫ τ

0

∫
Ωt

(
−u ∂
∂t
ψ + ∇u.∇ψ

)
dtdx =

∫
Ω0

ψ(0)(x) dx. (3.2)

Introducing U(t, x) = u(t)oTt(V )(x), the transported solution on the cylindrical
domain, we get U as solution to the parabolic boundary value problem:

Ut + U(lnJ )t − J−1div(U J DT−1.V (t)oTt(V ))

− J−1div(J DT−1.(DT ∗)−1.∇U) = 0
(3.3)

with the boundary condition

〈DTt(V )−1.(DTt(V )−1)∗.∇U, n〉
+ 〈DTt(V )−1.V (t)oTt(V ), n〉U = 0.

(3.4)

Given some element Ud ∈ L2(D) and σ > 0, we introduce the cost functional in
the following form

j(ζ, V ) = 1/2
∫ τ

0

∫
D

ζ((u − Ud)2 + |∇u|2)dxdt

j1(ζ, V ) = j(ζ, V ) + σ/2
∫ τ

0

(|V (t)|2E + |∇ζ|M1(D,RN ))dt.
(3.5)

We consider the minimization problem

Inf {j1(ζ, V ) | (ζ, V ) ∈ TΩ0}. (3.6)

For elements (ζ, V ) in Tlip
Ω0

we have ζ = ζΩ0oTt(V )−1. The element ζ is uniquely
associated to the vector field V .

Stability of weak relaxed solution: Given a tube (ζ, V ) ∈ Tlip
Ω0

, we consider the
solution u to the weak parabolic problem:

∀ψ ∈ C1([0, τ ] ×Rn) with ψ(τ) = 0, H = ∇u∫ τ

0

∫
D

ζ

(
−u ∂
∂t
ψ + H.∇ψ

)
dtdx =

∫
Ω0

ψ(0)(x) dx.
(3.7)
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For the optimal control purpose we introduce the adjoint problem: the weak relaxed
dual problem is the following one:

∀ψ ∈ C1([0, τ ] ×Rn) with ψ(0) = 0, (3.8)∫ τ

0

∫
D

ζ

(
p
∂

∂t
ψ + H.∇ψ

)
dtdx+

∫ τ

0

∫
Ωt

pψ v dΓt dt =
∫

Ωτ

ψ(τ)(x) dx.

Solution stability: In order to get H0 = (∇u)0 in (3.7), we need the tube to be
an open set or at least such property for a.e. t concerning the set Ωt such that
ζ(t) = χΩt , a.e.t. A technique to that approach is to “replace” the perimeter by
the “density perimeter” Pγ∂Ωt. As far as the functional j1 is concerned, we have
the following stability result:

Proposition 3.1. Assume that (ζv, Vn) is a sequence of smooth tubes, ζn = χQn ,
we say that Qn is builds by smooth speed vector fields Vn. For each n we have a
solution un. Assume that (Vn, ζn) converges to (V, ζ) in σ(L2, L2) × L1 topology,
with ζn = ζΩ0oT

−1
t (Vn). Moreover assume that u0n (the extension by zero) weakly

converges in L2(0, τ,D) to a limit element u as well as (∇un)0 to some element
H. Then (u,H) ∈ L2(Q)N+1 and is solution to the problem (3.7) in Q.

In order to prove the existence result for a functional governed by the heat
equation we need open sets and Hausdorff complementary convergence, then we
modify the optimal control problem as follows:

j2(ζ, V ) = j(ζ, V ) + σ/2
∫ τ

0

( ||V (t)||E + ||Pγ(∂Ωt)||BV (0,τ) ) dt. (3.9)

We consider the minimization problem

Inf {j2(ζ, V ) | (ζ, V ) ∈ Tlip}. (3.10)

Let (Vn, ζn) be a minimizing sequence. The tube Qn is smooth and the solution un

of heat equation is classically defined. Obviously the null-extensions to the cylinder
[0, τ ] × D of both un and the gradients ∇un are bounded in L2([0, τ ] × D). We
consider a weakly converging subsequence, still denoted un, weakly converging to
u and ∇un weakly converging to some vector field Z. On the other hand, as the
BV (0, τ) norm of Pγ(∂Ωn

t ) is bounded there exists a subsequence, still denoted
Ωn, such that Pγ(∂Ωn

t ) converges in L1(0, τ) to some integrable function f . Then
for almost every t, Pγ(∂Ωn

t ) → f(t). As a result a.e.t, Pγ(∂Ωn
t ) ≤ M(t) then for

almost every time t, the open set Ωn
t converges to some open set Ωt both in Hc

and Lp topologies, meas(∂Ωt) = 0 and Pγ(∂Ωt) ≤ lim infn−>∞ Pγ(∂Ωn
t ) = f(t)

Let φ ∈ D([0, τ ] × D) such that a.e.t, φ(t) ∈ D(Ωt). For n ≥ Nt we have
φ(t) ∈ D(Ωn

t ) so that, a.e. t, we have:∫
Ωn

t

〈∇un(t), φ(t)〉dx = −
∫

Ωn
t

un(t) div φ(t) dx.
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Obviously, ∫
D

〈∇un(t), φ(t)〉 dx =
∫

Ωn
t

〈∇un(t), φ(t)〉 dx,

and the same concerning u, so that in the limit we get Z = ∇u.
We consider the Gateaux derivative of that functional, for (ζ, V ) ∈ Tlip

Ω0
that

is for V ∈ Elip and ζ(t) = χΩ0oTt(V )−1.

3.2. The dual problem
− ∂
∂t
p − ∆p = 0 in QV (3.11)

p(τ) = uτ (3.12)
∂

∂nt
p = 0 on the moving boundaryΓt. (3.13)

The adjoint weak formulation is the following one:

∀ψ ∈ C1([0, τ ] ×Rn) with ψ(0) = 0, (3.14)∫ τ

0

∫
Ωt

(
p
∂

∂t
ψ + ∇u.∇ψ

)
dtdx+

∫ τ

0

∫
∂Ωt

pψ v dΓt dt =
∫

Ωτ

ψ(τ)(x) dx.

Setting P = poTt(V ) we get the same equation as (3.3), but with final con-
dition at t = τ , and the following boundary condition:

(DTt(V )−1.(DTt(V )−1)∗.∇P, n >+ 〈DTt(V )−1.V (t)oTt(V ), n〉P (3.15)

+ 〈V (t)oTt(V ), (DTt(V )−1)∗.n〉P = 0.

4. Energy stabilization in wave equation by moving domain

We consider the wave equation in a moving domain and the variation of the “acous-
tic” energy with respect to the dynamical boundary. We analyse passive and active
controls in order to decrease the energy for given initial conditions under Dirichlet
or Neumann boundary conditions.

In 1985 [34], 1987 [35] we addressed the shape stabilization issue for the wave
equation in a moving domain under homogeneous Dirichlet boundary conditions.
We revisit that results for Neumann homogeneous boundary conditions in view of
modelling of smart actuators acting as a periodical (may be small) moving part
of the boundary in the acoustic wave equation. As in the previous work the key
point is that the time derivative of the energy turns out to be a cubic term with
respect to the normal component of the boundary speed.

4.1. Wave equation

Let (a, b) ∈ H1(Ω) × L2(Ω) be the initial datum. We consider the wave equation:

∂2

∂t2
y −∆y = 0 in Q, (4.1)
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with initial conditions:

y(0) = a,
∂

∂t
y(0) = b in Ω, (4.2)

and one of the three boundary conditions

y = 0 on ∂Ωt (4.3)

or
∂

∂nt
y(0) = 0 on ∂Ωt (4.4)

or
∂

∂nt
y(0) + 〈V (t), nt〉 yt = 0 on ∂Ωt. (4.5)

We refer to problem (4.1), (4.2), (4.3) as the Dirichlet problem, and to (4.1), (4.2),
(4.5) as the Neumann problem which is known ([46]) to be well posed in the energy
norm when the boundary is smooth enough. Note that the system (4.1), (4.2), (4.4)
is not known to be well posed.

4.2. Energy functional

Let

E(t) = 1/2
∫

Ωt

(y2t + |∇y|2)dx, (4.6)

and

Et(V ) =
∫ t

0

E(s) ds. (4.7)

4.3. Weak formulation of the Neumann problem (4.1), (4.2), (4.5)

Let y be such that y(0) = a in Ω with y and yt ∈ L2(0, τ, L2(Ωt(V )) together
with ∇y ∈ L2(0, τ, L2(Ωt(V )), RN )), and verifying, ∀ψ ∈ C1([0, τ ], H1(RN )) with
ψ(τ) = 0: ∫ τ

0

∫
Ωt(V )

(〈∇y,∇ψ〉 − yt ψt )dt+
∫

Ω

b ψ(0) dx = 0. (4.8)

Lemma 4.1. The following equation holds:∫ τ

0

∫
Ωt(V )

zψtdxdt =−
∫ τ

0

∫
Ωt(V )

ztψdxdt −
∫ τ

0

∫
∂Ωt(V )

zψ〈V (t), nt〉dΓtdt

+
∫

Ωτ (V )

z(τ, x)ψ(τ, x)dx −
∫

Ω0(V )

z(τ, 0)ψ(τ, 0)dx. (4.9)

Then from (4.8) we get the boundary condition (4.5) on the moving boundary.
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4.3.1. Hyperbolic adjoint problem.

∂2

∂t2
p−∆p = 2∆y in Q, (4.10)

with initial conditions:

p(t) = 0,
∂

∂t
p(t) = y(t) in Ωt(V ) (4.11)

and one of the two boundary conditions

p = 0 on ∂Ωt, (4.12)

or (respectively)

∂

∂nt
p(t) + 〈V (t), nt 〉 pt = − 2

∂y

∂n
on ∂Ωt. (4.13)

4.4. Derivative with respect to the vector field V

We have

2E′
t(V,W ) =

∫ t

0

∫
Ωt

2(∇y.∇y′ + yty′t)dxdt+
∫ t

0

∫
Γt

((yt)2 + |∇y|2)〈Z(t), nt〉 dΓtdt

(4.14)
where Z(t) is the transverse field (see Section 4.5). Making use of Green’s theorem
and of Lemma 4.1 we get:

=
∫ t

0

∫
Ωt

2(−∆y y′ − ytty′)dxdt +
∫ t

0

∫
Γt

(
2
∂y

∂nt
y′ + ((yt)2 + |∇y|2)z

)
dΓtdt

−
∫ τ

0

∫
∂Ωt(V )

yt y 〈V (t), nt〉dΓt dt+
∫

Ωτ (V )

(yt y)(τ, x)dx −
∫

Ω0

(yt y)(0, x)dx

As ∆y = ytt we get:

= −4
∫ t

0

∫
Ωt

∆yy′dxdt +
∫ t

0

∫
Γt

(
2
∂

∂nt
yy′ + ((yt)2 + |∇y|2)z

)
dΓtdt (4.15)

−
∫ τ

0

∫
∂Ωt(V )

yt y 〈V (t), nt〉dΓt dt+
∫

Ωτ (V )

(yt y)(τ, x)dx −
∫

Ω0

(yt y)(0, x)dx.

We have now to consider the two different boundary conditions:

4.4.1. Dirichlet condition 4.3.

2E′
t(V,W ) = −4

∫ t

0

∫
Ωt

∆yy′dxdt +
∫ t

0

∫
Γt

(
2
∂

∂nt
yy′ + ((yt)2 + |∇y|2)z

)
dΓtdt∫

Ωτ (V )

(yt y)(τ, x)dx −
∫

Ω0

(yt y)(0, x)dx.

From y(t, x(t)) = 0 we get

∂

∂t
y(t, x(t)) = yt(t, x) +∇y(t, x).V (t, x) = 0
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so that yt = − ∂
∂nt
y 〈V (t), nt〉, then:

2E′
t(V,W ) =− 4

∫ t

0

∫
Ωt

∆yy′dxdt

+
∫ t

0

∫
Γt

(
2
∂

∂nt
yy′ +

(
∂

∂nt
y

)2

(〈V (t, nt〉2 + 1 )〈Z(t), nt〉
)
dΓtdt

+
∫

Ωτ (V )

(yt y)(τ, x)dx −
∫

Ω0

(yt y)(0, x)dx .

4.4.2. Neumann condition (4.5).

2E′
t(V,W ) =− 4

∫ t

0

∫
Ωt

∆yy′dxdt +
∫ t

0

∫
∂Ωt

( (yt)2 + |∇y|2 ) 〈Z(t), nt〉 dΓtdt

+
∫ τ

0

∫
∂Ωt(V )

∂

∂nt
y ( y 〈V (t), nt〉 + 2 y′ ) dΓt dt

+
∫

Ωτ (V )

(yt y)(τ, x)dx −
∫

Ω0

(yt y)(0, x)dx .

4.4.3. Characterisation of y′ for the Neumann condition (4.5). From (4.8) we ob-
tain that∫ τ

0

∫
Ωt(V )

(∇y′.∇ψ − y′t ψt)dxdt +
∫ τ

0

∫
∂Ωt(V )

(∇y.∇ψ − ytψt)Z(t).nt dst dt = 0.

Then we obtain y′ being solution to the homogeneous wave equation:

−∆y′ +
∂2 y′

∂t2
= 0 .

Concerning the boundary condition, we make use of the following “boundary ver-
sion” of Lemma 4.1

Lemma 4.2. It holds:∫ τ

0

∫
∂Ωt(V )

f ψtdst (4.16)

= −
∫ τ

0

∫
∂Ωt(V )

(
ft ψ +

(
H(t) fψ +

∂f

∂nt
ψ +

∂ψ

∂nt
f

)
〈V (t), nt〉

)
dst dt.

Making use of Green’s theorem and of Lemma 4.1 we get:∫ τ

0

∫
Ωt(V )

(∇y′.∇ψ − y′t ψt)dxdt

=
∫ t

0

∫
Ωt

(−∆y′ ψ + y′ttψ)dxdt +
∫ t

0

∫
∂Ωt

(
∂y′

∂nt
+ y′t ψ 〈V (t), nt〉 ) ψ dΓt dt

−
∫

Ωτ (V )

(yt y)(τ, x)dx +
∫

Ω0

(yt y)(0, x)dx .
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While from Lemma 4.2, with f = yt 〈Z(t),∇bΩt(V )〉, we have:∫ τ

0

∫
∂Ωt(V )

(∇y.∇ψ − ytψt)Z(t).nt dst dt =
∫ τ

0

∫
∂Ωt(V )

(∇y.∇ψ )Z(t).nt

+ft ψ +
(
H(t) fψ +

∂f

∂nt
ψ +

∂ψ

∂nt
f

)
〈V (t), nt〉 )dst dt

then
∂y′

∂nt
+ v y′t − div∂Ωt(V )(〈Z(t), nt〉 y(t) )

+ ( ft +H(t) f 〈V (t), nt〉 +
∂f

∂nt
〈V (t), nt〉,

where f = yt 〈Z(t),∇bt〉 and

ft = ytt 〈Z(t), nt〉 + yt

〈
∂

∂t
Z(t), nt

〉
+ yt

〈
Z(t),∇

(
∂

∂t
bΩt(V )

)〉
.

But

∇
(
∂

∂t
bΩt(V )

)
= −D2bΩt(V ).V (t)opt − D∗(V (t)opt ).∇bΩt(V ),

so that

( ft )|∂Ωt(V ) = ytt 〈Z(t), nt〉 + yt 〈Z ′(t), nt〉
− yt 〈Z(t), D2

Ωt(V ).V (t) +D∗V (t).nt 〉.

Concerning the term ∂
∂nt
f we have

∂

∂nt
f = − ∂

∂nt
y(t) 〈Z(t), nt〉 − y(t) 〈DZ(t).nt, nt〉.

That is
∂y′

∂nt
+ 〈V (t), nt〉 y′t = div∂Ωt(V )( 〈Z(t), nt〉∇∂Ωt(V )y(t) ) (4.17)

+( ytt 〈Z(t), nt〉 + yt 〈Z ′(t), nt〉 − yt 〈Z(t), D2bΩt(V ).V (t) +D∗V (t).nt 〉
+H(t) yt 〈Z(t), nt〉 〈V (t), nt〉

−
(
∂

∂nt
y(t) 〈Z(t), nt〉 + y(t) 〈DZ(t).nt, nt〉

)
〈V (t), nt〉.

The gradient G(V ) of the functional E(V ) is such that

E′(V ;W ) :=
∫ τ

0

∫
D

〈G(t, x), W (t, x)〉RN
x
, dxdt,

where the space integral over D should be understood as distribution over D
with compact support included in the moving boundary. In order to get an ex-
plicit expression of that gradient we could introduce an adjoint state p in order
to “eliminate” y′ from the previous expression of the derivative. That adjoint will
permit to use the characterization of y′ whose previous problem leads to explicit
expressions in terms of normal fields 〈V (t), nt〉 but also 〈Z(t), nt〉 on the moving
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boundary. On that Neumann boundary condition (4.5) which, in the weak for-
mulation, corresponds to “free test functions” ψ lying in the whole linear space
H := H1(0, τ, L2(D)) ∩ L2(0, τ,H1(D)) we shall make use of the min max La-
grangian approach that we briefly describe here:

4.4.4. Min Max approach. We have

Eτ (V ) = Minφ∈H Maxψ∈H{ L(φ, ψ) | ψ(τ) = 0 , φ(0) = a },
where the Lagrangian is

L(φ, ψ) =
∫ τ

0

∫
Ωt(V )

[1/2((φt)2 + |∇φ|2) +∇φ.∇ψ − φt ψt ]dxdt+
∫

Ω0

bψ(0)dx.

Proposition 4.3. We have

E′
τ (V,W ) =

∫ τ

0

∫
∂Ωt(V )

[1/2((yt)2 + |∇y|2) +∇y.∇p− yt pt ]〈Z(t), nt〉 dst dt,

(4.18)

where the adjoint state solves:

∀φ ∈ H, φ(0) = 0,
∫ τ

0

∫
Ωt(V )

[φt yt +∇φ.∇y + ∇φ.∇p− φt pt ]dxdt = 0, (4.19)

that is∫ τ

0

∫
Ωt(V )

[−∆p + ptt]φdxdt +
∫ τ

0

∫
∂Ωt(V )

(
∂

∂nt
p − 〈V (t), nt〉 pt

)
φdΓt dt

= −
∫ τ

0

∫
Ωt(V )

− 2∆y φ dxdt −
∫ τ

0

∫
∂Ωt(V )

(
∂

∂nt
y + 〈V (t), nt〉 yt

)
φdΓt dt,

and as, from (4.5) 〈V (t), nt〉 yt = ∂
∂nt
y we get:∫ τ

0

∫
Ωt(V )

[−∆p + ptt]φdxdt +
∫ τ

0

∫
∂Ωt(V )

(
∂

∂nt
p − 〈V (t), nt〉 pt

)
φdΓt dt

= −
∫ τ

0

∫
Ωt(V )

− 2∆y φ dxdt −
∫ τ

0

∫
∂Ωt(V )

2
∂

∂nt
y φ dΓt dt .

so that p solves the following backward wave equation:

p(τ) = 0, −∆p + ptt = 2 ∆y,

with the boundary condition:
∂

∂nt
p − 〈V (t), nt〉 pt = − 2

∂

∂nt
y. (4.20)

Notice that this backward problem is well posed as it boundary condition
(3.14) is similar to (4.5). This is not obvious, but we have to keep in mind that
when reversing the time variable (i.e., taking s = τ − t) then we consider the
function p̃(s) = p(τ − s) which is defined in the reverse tube which is itself built
from the “initial domain” Ωτ (V ) by the speed vector field Ṽ (s) := −V (τ − s) so
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that the sign is unchanged in the difference which occurs in the boundary condition
(3.14) expressed in terms of V and p or in terms of Ṽ and p̃.

4.5. Transverse derivative

For two given vector fields V and W the transverse field Z is the solution to the
Lie bracket evolution

HV .Z =W, where HV .Z :=
∂

∂t
Z + [Z, V ], [Z, V ] := DZ.V − DV.Z. (4.21)

4.5.1. Free divergences vector fields. For the sake of simplicity we assume first
that V and W are free divergence vector fields: divV = divW = 0. Then the
transverse field Z is itself a free divergence field. We consider the operator

HV ∈ L(D(D, RN ),D(D, RN ) ).
Its transposed H∗

V ∈ L(D′(D, RN),D′(D, RN ) ) is given by:

H∗
V .Λ := − ∂

∂t
Λ−DΛ.V − D∗V.Λ. (4.22)

Lemma 4.4. We have:

HV .(ζ �e) =
(
∂

∂t
ζ +∇ζ.V

)
�e + ζ HV .�e, (4.23)

H∗
V (ζ �f) = −

(
∂

∂t
ζ +∇ζ.V

)
�f − ζ H∗

V .
�f. (4.24)

We see that if (ζ, V ) is a tube then the two previous expressions simplify as
the first term vanishes by (2.1). In particular, we have

H∗
V .(ζ∇λ) = −ζ

(
∂

∂t
∇λ+D∇λ.V +D∗V.∇λ

)
= −ζ∇

(
∂

∂t
λ+∇λ.V

)
.

Then if we set the “scalar” operator hV by:

hV .ψ :=
∂

∂t
ψ +∇ψ.V

we get, (ζ, V ) being a tube,

H∗
V (ζ∇λ) = −ζ∇( hV .λ). (4.25)

Notice that when divV = 0 the adjoint operator verifies h∗V = −hV . By “reversing”
the time, that operator hV is then self-adjoint.

4.5.2. Adjoint for the transverse field Z. Assume we have a functional derivative
in the form

J ′(V,W ) =
∫ τ

0

∫
Γt(V )

g(t) 〈Z(t), nt〉 dΓt dt.

Let us consider g̃ as being any extension of g(t) to D (the most useful choice being
g̃(t) = g(t)opt, where pt := Id − bΩt∇bΩt , the projection mapping is well defined
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in a neighborhood of the moving boundary when it is smooth enough, see ([24]),
([1]). Then, as the fields are divergence free, we have

J ′(V,W ) =
∫ τ

0

∫
Ωt(V )

div(g̃(t)Z(t) )dxdt =
∫ τ

0

∫
D

χΩt(V ) 〈∇g̃(t), Z(t)〉 dxdt.

Then considering the adjoint problem

H∗
V Λ = χΩt(V ) ∇g̃(t), Λ(τ) = 0, (4.26)

we get

J ′(V,W ) =
∫ τ

0

∫
D

〈H∗
V .Λ, Z〉RN dxdt

=
∫ τ

0

∫
D

〈Λ, HV .Z 〉RN dxdt =
∫ τ

0

〈Λ, W 〉RN dxdt.

Thus Λ is the linear mappingW → J ′(V ;W ). Let us consider the adjoint problem
(4.26): we search for a solution in the form

Λ(t, x) = χΩt(V )(x)∇xλ(t, x).

Then, as
H∗

V (χΩt ∇λ) = χΩt(V ) ∇( h∗V .λ ),

it is sufficient to choose λ as solution to the scalar adjoint backward problem:

− ∂
∂t
λ − ∇λ.V = g̃, λ(τ) = 0. (4.27)

Therefore we see that the solution Λ to the problem (3.14) is given by Λ =
χΩt(V ) ∇λ where λ is the solution to the problem (4.27), and that expression
is independent of the choice of the extension g̃ of g outside the lateral boundary of
the tube. Let us consider any extension such that ∂

∂nt
g̃(t) = 0 on ∂Ωt(V ) (this is

the case when we choose g̃(t) = gopt). Then the term ∇λg̃(t) simplifies to ∇Γtg(t)
which is the tangential gradient of g(t) on the surface Γt := ∂Ωt(V ). Finally, as-
suming the vector fields V,W to be divergence free (that is the measure of the
moving domains to be preserved), we consider the tangential equation

λt +∇Γt(V )λ.V = g(t) on Γt , λ(τ) = 0, on Γτ (4.28)

and

J ′(V ;W ) =
∫ τ

0

∫
Γt

g(t)〈Z(t), nt〉dΓtdt =
∫ τ

0

〈Λ(t),W (t)〉dt

=
∫ τ

0

∫
D

〈−χΩt(V ) ∇λ,W 〉dxdt =
∫ τ

0

∫
Ωt(V )

div(λW )dxdt

=
∫ τ

0

∫
Γt(V )

λ(t) 〈W (t), nt〉 dΓt dt.
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As a result:

Proposition 4.5. Let V , W be given in L1(0, τ,W 1,∞
0 (D,RN )), and g ∈ L1(0, τ ,

L1(Γt(V ))). Consider the solution λ to the tangential backward problem (4.28).
Then we have∫ τ

0

∫
Γt(V )

g(t) 〈Z(t), nt〉dΓt dt =
∫ τ

0

∫
Γt

λ(t) 〈W (t), nt〉 dΓt dt.

4.6. Optimal control problem for moving domain in D with given measure

We consider divergence free fields V, W, Z and we introduce

λt +∇Γt(V )λ.V = 1/2((yt)2 + |∇y|2) +∇y.∇p− yt pt , λ(τ) = 0.

Then we get:

E′
τ (V,W ) =

∫ τ

0

∫
∂Ωt(V )

λ 〈W (t), nt〉 dst dt. (4.29)

In order to consider the vector field V as a control parameter we shall now “in-
crease” the cost functional by a “small” term (which would be “the price” of the
control V ):

σ > 0, Eτ,σ(V ) = Eτ (V ) + σ/2 ||∆V ||2 . (4.30)

The gradient of Eτ,σ(V ) is given by:

E′
τ,σ(V ;W ) =

∫ τ

0

∫
∂Ωt(V )

λ(t) 〈W (t), nt〉 dΓt dt + σ
∫ τ

0

∫
D

〈∆2V, W 〉 dxdt .

The Optimal Speed Synthesis is the following equation:

V ∗(t) = (∆2)−1. λ(t)∇χΩt(V ∗) + ∇xΠ(t),

λt +∇Γt(V ∗)λ.V
∗ = 1/2((yt)2 + |∇y|2) +∇y.∇p− yt pt , λ(τ) = 0,

p(τ) = 0,
∂

∂nt
p − 〈V (t), nt〉 pt = − 2

∂

∂nt
y,

y(0) = 0, y − t(0) = b,
∂

∂nt
y − 〈V (t), nt〉 yt = 0. (4.31)

4.6.1. General case: V is not a divergence free vector field. We shall just notice
the (small) changes in the previous analysis: the adjoint problem is

H∗
V Λ = − ∂

∂t
Λ−DΛ.V −D∗V.Λ − (divV ) Λ.

H∗
V (ζ �f) =

(
− ∂
∂t
ζ −∇ζ.V

)
�f + ζ H∗

V .
�f

So that if (ζ, V ) is a tube we simply get as before

H∗
V (ζ �f) = ζ H∗

V .
�f .
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Now

H∗
V (∇λ) = −∇λt − D(∇λ).V − D∗V.∇λ − divV ∇λ

= −∇λt −∇(∇λ.V ) − divV ∇λ,

and

H∗
V (χΩt(V ) ∇λ) = −χΩt(V )

[
∇
(
∂

∂t
λ+∇λ.V

)
+ divV ∇λ

]
.

But also:

H∗
V (−λ∇χ) =

(
∂

∂t
λ+∇λ.V

)
∇χ+ λ( ∇

(
∂

∂t
χ+∇χ.V

)
+ divV ∇χ

=
(
∂

∂t
λ+∇λ.V + λdivV

)
∇χ .

Hence we have:

Proposition 4.6. Let λ ∈ L1(0, τ, L1(Γt) solve the backward problem

∂

∂t
λ+∇λ.V + λdivV = g, on Γt, λ(τ) = 0.

Then we have:∫ τ

0

∫
Γt

g 〈Z(t), nt〉dΓtdt =
∫ τ

0

∫
Γt

λ 〈W (t), nt〉dΓtdt.

4.6.2. Optimality condition: the general case. We consider the minimization of the
previous functional Eσ(V ) without any constraint on the divergence of the vector
field V . We obtain the following characterisation:

V ∗(t) =
1
σ

(∆2)−1. λ(t)∇χΩt(V ∗),

λt +∇Γt(V ∗)λ.V
∗ + λdivV ∗ = 1/2((yt)2 + |∇y|2) +∇y.∇p− yt pt , λ(τ) = 0,

p(τ) = 0,
∂

∂nt
p − 〈V (t), nt〉 pt = − 2

∂

∂nt
y,

y(0) = 0, y − t(0) = b,
∂

∂nt
y − 〈V (t), nt〉 yt = 0. (4.32)

In order to simplify that system, an idea would be to search for a solution
V ∗ proportional to the normal field nΓt(V ∗).

A possibility is to parametrize the domain as a level set of some function
Φ(t, x) say

Ωt := {x ∈ D | Φ(t, x) > 0 }.
Then the vector field can be taken as

V (t, x) = − ∂
∂t

Φ
∇Φ

||∇Φ||
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which indeed is proportional to nΓt = ∇Φ
||∇Φ|| . In this case the equation for the

scalar boundary adjoint term λ drastically simplifies to the following:

∂

∂t
λ + λdivV = g := 1/2((yt)2 + |∇y|2) +∇y.∇p− yt pt.

In the last section we shall investigate the fixed point theory for solving that
non-linear problem in terms of level sets.

In order to avoid the analysis of the free boundary value problem (the first
order necessary optimality condition) we propose here a different analysis which
may be “suboptimal” but permits to handle algorithms for the decay of the energy
functional E(V ). It is based on the so-called cubic derivative, that is the cubic
(with respect to the normal component v(t) = 〈V (t), nt〉) expression for the energy
density time derivative E′(t). We recall now these old results and extend to the
previous Neumann condition (4.5) for the wave equation in a moving domain.

4.7. Time derivative of the energy: a passive shape control approach

The cubic expression for the energy derivative was established for the homogeneous
Dirichlet condition. We extend it here, as a new result, to the previous “Neumann
condition” ∂

∂ν∗ u = 0 on the moving boundary:

4.7.1. Dirichlet problem. We recall [34] the cubic expression of the derivative for
the wave equation with Dirichlet boundary condition (4.3) on the moving domain.

Proposition 4.7. Let y be the solution of (4.1), (4.2), (4.3), and v(t) = 〈V (t), nt 〉
be the normal component of the speed vector field at the moving boundary ∂Ωt.
Then

E′(t) = 1/2
∫

∂Ωt

(
∂

∂nt
y )2 (v3(t) − v(t)

)
dΓt . (4.33)

Proof. Assuming smooth enough solution y, we get

E′(t) =
∫

Ωt

∂

∂t
y
∂2

∂t2
y +∇y.∇

(
∂

∂t
y

)
dx +

∫
Γt

1/2

((
∂

∂t
y

)2

+ ||∇y||2
)
v dΓt

=
∫

Ωt

∂

∂t
y

(
∂2

∂t2
y −∆y

)
dx+

∫
Γt

[
1/2

((
∂

∂t
y

)2

+ ||∇y||2
)
v +

∂

∂nt
y
∂

∂t
y

]
dΓt

using the boundary condition we conclude the proof.

Corollary 4.8.

E(t) = 1/2
∫

Ω

(a2 + |∇b|2 )dx + 1/2
∫ t

0

∫
∂Ωs

(
∂

∂ns
y(s)

)2

(v3(s) − v(s)) dΓs ds

(4.34)

Et(V ) = tE(0) + 1/2
∫ t

0

(t− s)
∫

∂Ωs

(
∂

∂ns
y

)2

(v3(s) − v(s) ) dΓt ds. (4.35)
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4.8. Neumann condition (4.5)

Proposition 4.7 extends to the Neumann condition with some generalisation in the
cubic expression.

Proposition 4.9. Let y be the solution of (4.1), (4.2), (4.5) v(t) = 〈V (t), nt 〉 be the
normal component of the speed vector field at the moving boundary ∂Ωt. Then

E′(t) = 1/2
∫

∂Ωt

( yt )2 (v3(t) − v(t) ) dΓt + 1/2
∫

∂Ωt

|∇Γty|2 v(t)dΓt. (4.36)

In view of (4.36) the energy derivative, as in the previous Dirichlet case, is
governed by a cubic in v = 〈V (t), nt〉 at the boundary, here it takes a different
form:

E′(t) = 1/2
∫

∂Ωt

( (yt)2 v3(t) + ( |∇Γy|2 − (yt)2) v(t) ) dst. (4.37)

Corollary 4.10.

E(t) = E(0) + 1/2
∫ t

0

∫
∂Ωs

(yt(s))2(v3(s) − v(s)) dΓs ds

+ 1/2
∫ t

0

∫
∂Ωs

|∇Γsy(s)|2v(s)dΓs

(4.38)

Et(V ) = tE(0)+1/2
∫ t

0

(t− s)
∫

∂Ωs

[(ys )2 (v3(s)− v(s)) + |∇Γsy(s)|2 v(s)] dΓs ds.

(4.39)

4.9. Energy derivative in term of the normal derivative of y

Making use of (4.5) we rewrite (4.37) in term of the normal derivative ∂y
∂nt

, as it
was the case for the expression we got for the Dirichlet case, we obtain a much
more suitable expression (4.40). What is to be observed is that in (4.40) “the minus
sign of (4.37) has been changed” for a plus (as ( ∂y

∂n )2 + |∇Γy|2 = |∇y|2 )), which
will make all the difference in the next result:

E′(t) = 1/2
∫

∂Ωt(V )

1
v

( |∇y(t)|2 v2 − (
∂y(t)
∂nt

)2 ) dst. (4.40)

4.10. The case for a damped material

Assume that the Neumann boundary condition takes the slightly different following
form: let d0 > 0 and

∂y

∂nt
+ (d0 + 〈V (t), nt〉 )yt = 0 on ∂Ωt(V ). (4.41)

Then we get:

E′(t) = 1/2
∫

∂Ωt

( (yt)2 v3(t) + ( |∇Γy|2 − (yt)2) v(t) ) dst (4.42)

+
∫

∂Ωt

d0 (yt)2 (v2 + 1/2 d0 v − 1 ).
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The integrand in the additive term is negative for v2 “small enough”, that is

v∗− < v < v
∗
+

with v∗+,− = −1/4 d0 +−
√

1 + 1/16 d20

E′(t) = 1/2
∫

∂Ωt(V )

1
v

(
|∇y(t)|2 v2 −

(
∂y(t)
∂nt

)2
)
dst. (4.43)

4.11. Passive boundary control

4.11.1. Dirichlet problem. In order to have a decay of E(t) we can, formally,
choose the normal speed component v(t) on the moving boundary such that
E′(t) ≤ 0. For this it is sufficient to impose the following condition

0 ≤ v(t) ≤ 1 or v(t) ≤ −1. (4.44)

4.11.2. Neumann problem. In the same formal approach, following (4.37) the suf-
ficient condition in order to derive E′(t) ≤ 0 would be to “choose” the normal
speed verifying the following conditions (which are in fact an equation on v):

v(t) ≥ 0 and v(t)2 ≥
(
|∇Γty(t)|2

(yt)2
− 1
)
,

or (4.45)
v(t) ≤ 0 and v(t)2 ≤

(
|∇Γty(t)|2

(yt)2
− 1
)
.

Obviously (4.45) is “often” an empty condition.
In view of (4.40) we shall obtain a negative derivative E′(t) ≤ 0, for the

energy if the integrand is non positive at almost every x ∈ ∂Ωt(V ).

Proposition 4.11. Assume ∇y(t, x) different from zero for a.e.(t, ), x ∈ ∂Ωt(V ),
then let

K(t, x) = (
(∂y(t)

∂nt
)2

|∇y|2 )1/2 ≤ 1.

Assume that the speed field V verifies:

If v(t, x) > 0, then v(t, x) ≤ K(t, x); if v(t, x) < 0, then v(t, x) ≤ −K(t, x).
(4.46)

Then E′(t) ≤ 0 and that inequality is strict if, on a subset of ∂Ωt(V ) of non zero
measure one of the inequalities (4.46) is strict.

Notice that the conditions (4.46) is not really a feedback loop between the
state y(t) and the control v at the boundary, but we cannot say that, as in the
Dirichlet case, the synthesis (4.46) is a passive control. It can be written in more
compact form as follows:

a.e.t, a.e.x ∈ ∂Ωt(V ), v(t, x) ∈ K =] −∞, −K(t, x) ] ∪ [0, K(t, x) ] = K− ∪K+.
(4.47)
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4.12. An example

In order to satisfy (4.47) choose

v(t, x) = 1/
√

2 K or v(t, x) = −
√

2K. (4.48)

then the integrand term in the expression (4.40) of E′(t) takes the following form:

− 1√
2
|∂y
∂n

| |∇y| (when v = −
√

2 K or v = +1/
√

2K). (4.49)

Proposition 4.12. Assume v satisfies (4.48), then

E′(t) = − 1
2
√

2

∫
∂Ωt(V )

| ∂y
∂nt

| ||∇y|| dst ≤ − 1
2
√

2

∫
∂Ωt(V )

| ∂y
∂nt

|2dst. (4.50)

4.13. Smart material modelling

We impose a constraint on the normal component of the speed field which trans-
lates the fact that during the time, the shape evolution is periodical or “locally
periodical”. Assume that only small parts of the boundary centered on given points
x1, . . . , xm of ∂Ω0 are moving with the speed of a “rigid body motion” for example.

4.13.1. One actuator. Assume a single “small part” γt of the boundary ∂Ωt(V )
is moving, keeping zero curvatures, and with a constant space normal speed v(t).
That is that Ωt(V ) is a moving domain those boundary ∂Ωt(V ) moves under a
normal a speed V (t, x).nt = v that is zero out of γ̄t. Now we assume v(t, .) to be
constant on γt and γ0 flat (without curvatures) so that in fact γt = γ0 + d(t)�n0 (is
moved by translations). The boundary ∂Ωt = (∂Ω0 − γ̄0 )

⋃
γ̄t
⋃

Ot. where Ot

is a cylindrical (variable with t) open set on which V is tangential but v = 0. Of
course the moving boundary ∂Ωt(V ) is not of class C1 but is Lipschitzian smooth
(which is enough for justifying the previous considerations). From (4.40) we obtain:

E′(t) = 1/2
1
v(t)

(
v(t)2

∫
γt

||∇y(t, x)||2 dx −
∫

γt

(
∂y(t, x)
∂nt

)2

dx

)
. (4.51)

We introduce

Kγ0(t) =

∫
γt

(∂y(t,x)
∂nt

)2 dx∫
γt
||∇y(t, x)||2 dx ≤ 1. (4.52)

Proposition 4.13. Assume that
∫

γt
||∇y(t, x)||2 dx is different from zero, and v(t)

verifies:

v(t) > 0 and v(t) ≤ Kγ0(t), or v(t) < 0 and v(t) ≤ −Kγ0(t). (4.53)

That is
v(t) ∈ ] −∞, −Kγ0(t)]

⋃
[0, Kγ0(t)] .

Then E′(t) ≤ 0.



350 J.-P. Zolésio

For example chose

v(t) = +1/
√

2Kγ0(t) or v(t) = −
√

2 Kγ0(t).

Then we get:

E′(t) = − 1
2
√

2

(∫
γt

(
∂y(t, x)
∂nt

)2

dx

)1/2 (∫
γt

||∇y(t, x)||2 dx
)1/2

. (4.54)

This displacement is periodical by the choice of adequate time intervals.

5. The level set approach for moving domain: Asymptotic analysis

The boundary of a moving domain Ωt ⊂ D can be parametrized as a level set of a
one parameter smooth function Φ(t, .) ∈ H1(D) such that, for example, Φ(t, .)+1 ∈
H1

0 (D) (that is to say that Φ(t, .) = −1, x ∈ ∂D).
In that situation

Ωt := { x ∈ D, s.t. Φ(t, x) > 0 } (5.1)

is a quasi open subset in D (it is an open subset up to zero capacity subset), and
verifies Ω̄t ⊂ D.

Of course for a given open tube Q =
⋃

0<t<τ {t} × Ωt ⊂]0, τ [×D , such
function Φ is not unique.

5.1. Intrinsic geometry function

It is classical that Φ(t) = Φ(t, .) can be decomposed as

Φ(t) = Φ(t)∗oβΦ(t), (5.2)

where the monotone rearrangement Φ(t)∗ is a monotone (increasing) mapping
defined from the interval [0,meas(D)] into R, while the intrinsic geometry mapping
β̄(t) =: βΦ(t) is defined from D into the interval [0,meas(D)] as:

β̄(t)(x) = meas({ y ∈ D s.t. Φ(t)(y) < Φ(t)(x) }). (5.3)

Assume that

∂Ωt = { x ∈ D s.t. Φ(t)(x) = 0 } = Φ(t)−1(0). (5.4)

Then we verify that this property (5.4) just depends on the intrinsic geometry
mapping β̄(t), that is: (5.4) holds true for any monotone increasing continuous
mapping Φ(t)∗(s).

The intrinsic view point consists in taking Φ(t)∗(s) = s, ∀s ∈ [0,meas(D)].
In that situation we see that Φ(t) = β̄(t), that is to say that (5.3) holds for

the function Φ(t) = β̄(t):

∀x ∈ D, β̄(t)(x) = meas({ y ∈ D s.t. β̄(t)(y) < β̄(t)(x) }) (5.5)

and
∂Ωt = β̄(t)−1(0).
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(5.1) can be rewritten as

Ωt = { x ∈ D s.t. Φ(t)(x) > 0 } = { x ∈ D s.t. β̄(t)(x) > 0 } . (5.6)

Of course there are several functions β̄(t) verifying (5.6) and (5.5).

5.2. Speed vector field

Assuming (5.1), it is classical ([8], [24]) that a speed vector (whose flow mapping
carries that moving domain) is

V φ(t, x) = − ∂
∂t
φ(t, x)

∇xφ(t, x)
||∇xφ(t, x)||2

. (5.7)

Any other field building this tube is of the form W = V φ + Z with 〈Z(t), nt〉 = 0
on Γt.

We understand that the presence in the denominator of the term ||∇xφ||
will not help to define correctly the flow mapping of that vector field V φ. At
least we shall have to control the term ||V φ(t, x)||RN = |∂φ

∂t |/||∇xφ|| in order to
use the shape differential equation technique. The way to bypass that difficulty is
as follows. Consider any shape gradient descent method for minimizing a shape
functional J(Ω) whose shape gradient G(Ω) ∈ D′(RN , RN) is a vector distribution
with compact support included in the boundary of the domain (which, in smooth
situation, takes the form G(Ω) = γ∗∂Ω.(g n) where g, the shape gradient density
is a scalar distribution on the boundary with zero transverse order, n being the
normal field). The Shape differential equation consists in solving the non linear
problem (see [7], [8], . . . , [24]):

∀t, 0 ≤ t ≤ τ, V (t, .) = −A−1.G(Ωt(V )) (5.8)

leading to the decrease of the functional:

J(Ωt(V )) ≤ J(Ω0) − α
∫ t

0

||V (s, .)||2D(A1/2)ds . (5.9)

Let V ∗ be a solution to (5.8), the problem is then to find a function φ
such that the associated vector speed V φ builds the same tube Q∗ = QV ∗ . The
necessary and sufficient condition (under some smoothness) is that the normal
components of the two vector fields are equal on the lateral boundary ΣV , that is

− ∂
∂t
φ/|∇xφ| = 〈V ∗(t), nt〉 on ∂Ωt(V ∗). (5.10)

Assume that φ solves the equation (5.10) on the lateral boundary ΣV ∗ , by “mul-
tiplying” that equation by the non negative term |∇φ(t)|, we obtain that φ solves
the problem:

∂

∂t
φ(t, x) + 〈∇xφ(t, .), V ∗(t) 〉 = 0 on ∂Ωt(V ∗). (5.11)
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An obvious way to solve that problem (5.11) is to consider the global convection
problem:

∂

∂t
φ(t, x) + 〈∇xφ(t, .), V̄ ∗(t) 〉 = 0 in D, (5.12)

where V̄ ∗ is any admissible extension to the cylinder (0, τ)×D of the vector field
V ∗|ΣV ∗ ( the restriction of V ∗ to the lateral boundary of the tube QV ∗). A possible
choice of such vector field V̄ ∗ is V itself, but there are many other examples,
one of them is V̄ ∗ = V ∗op∗ where p∗ stands for the projection mapping or the
local (or narrow) (p∗)h projection onto the boundary ∂Ωt(V ∗). In this paper we
furnish existence and uniqueness results for this convection problem (5.12) when
V̄ ∗, div V̄ ∗ are in L1(0, τ, L2(D)) while the initial data satisfies φ0 ∈ L∞(D).

Let V ∗ and φ be solutions to (5.8) and (5.12), respectively, then we get
∂

∂t
φ(t, x)/|∇φ| = 〈∇xφ(t, .)/|∇φ|, V̄ ∗ 〉,

so that ∣∣∣ ∂
∂t
φ(t, x)/|∇φ|

∣∣∣ ≤ ||V̄ ∗(t, x)||RN . (5.13)

Assume that V̄ ∗ = V ∗, then if V ∗ ∈ E = L1(0, τ, L2(D,RN )) with φ being solution
to (5.12), we get V φ ∈ E. Assume that div V φ ∈ E then for any given φ0 ∈ L∞(D)
we get the existence of a solution to (5.12). In the classical setting (developed in
[7], [8], . . . ) the shape gradient G of the shape functional J is bounded (in some
“negative” Sobolev space of distributions over the universe D) and continuous
(with respect to the Courant metric, see [24]), then, ∀k, k ≥ 1, the shape differen-
tial equation possesses smooth solutions V ∗ ∈ C0,k = C0([0, τ ], Ck(D̄, RN )) ⊂ E.
Then the flow mapping Tt(V ∗) is classically defined and the unique solution to the
convection problem 5.12, if V̄ ∗ is also chosen in C0,k, is given by

φ(t) = φ0oTt(V̄ ∗)−1. (5.14)

As t→ Tt(V̄ ∗)−1(.) ∈ C1,k (see [5]) assuming the initial data φ0 ∈ Ck(D̄), we get
φ ∈ C0,k−1(D \Kφ), with the compact set Kφ = {x ∈ D s.t. ∇φ(x) = 0 }.

As φ(t) = φ0oT
−1
t , we get ∇φ(t) = ( (DTt)−1.∇φ0 )oT−1

t so thatKφ0 is void
implies that, ∀t, Kφ(t) is empty. Then V φ ∈ C0,k−1 (assuming now that k ≥ 2)
and Ωt(V φ = Ωt(V̄ ∗)Ωt(V ∗). (In other words, the three vector fields V ∗, V̄ ∗, V φ

build the same tube QV as they have the same normal speed v on the lateral
boundary ΣV .) From (5.8) we get

− ∂
∂t
φ(t, x) + 〈∇xφ(t, .), A−1.G(Ωt(V φ)) 〉 = 0 (5.15)

which is a Hamilton-Jacobi like equation for the function φ. From 5.9, we get

J(Ωt(V )) ≤ J(Ω0)− α
∫ t

0

||∂φ(s, .)
∂t

/∇xφ(s, .)||2D(A
1/2
k

)
ds. (5.16)

Briefly we could say that the shape differential equation 5.8 is solved by
the fixed point method (see [7], [26]) in a classical setting which does not permit
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the change of topology in the moving domain. We introduce here the weak set-
ting which permits to handle that equation with possible topological changes by
avoiding any homeomorphism.

5.3. Example of the operator A

Let D be a bounded domain in RN with smooth boundary. Let �G be a vector
distribution with compact support in D, that is �G ∈ E′(D,RN ), of the form
�G = γ∗Γ.(g �n), where Γ is the boundary, a manifold of regularity C1, of the domain
Ω, with Ω̄ ⊂ D.

The trace (or restriction) operator is γΓ ∈ L(H1
0 (D,RN ), H1/2(Γ, RN )) and

its adjoint operator is γ∗Γ ∈ L(H−1/2(Γ, RN), H−1(D,RN )); the normal field on Γ
outgoing from Ω is denoted by n and g given in L1(Γ), is a scalar function defined
on the boundary Γ.

We consider the linear operator A ∈ L(H1
0 (D,RN ), H−1(D,RN )) defined by

A.F = (−∆F1, . . . ,−∆FN ) for any Fi ∈ H1
0 (D), 1 ≤ i ≤ N .

We consider the element U ∈ H1
0 (D,RN ), U = −A−1. �G. It solves the prob-

lem −∆Ui = 0 in D \ Γ, [DU.n] = g �n in H−1/2(Γ), where [ �E]Γ stands for the
jump term on Γ.

5.4. Shape gradient estimate

In order to perform the fixed point approach in the non linear shape differential
equation (5.8) we require the shape gradient G to verify an estimate as follows:
there exist two positive constants s and M such that:

∀Ω ⊂ D, s.t. ∂Ω is a C1 manifold, ||G(Ω)||H−s(D,RN ) ≤ M. (5.17)

We can immediately give several such examples. Consider the following distributed
functionals: E being a measurable subset in Ω, y = y(Ω) := (−∆)−1.f , f given in
L2(D),

J(Ω) =
∫

E

(y − Yd)1/2dx. (5.18)

The Eulerian derivative is given by:

dj(Ω, V ) = 〈G, V (0)〉
with

〈G(Ω),W 〉 =
∫

Ω

〈A′(W ).∇y,∇p〉 dx (5.19)

+
∫

Ω

( 〈∇f,W 〉 p − χE (y − Yd) 〈∇y,W 〉 )dx,

where the symmetric matrix A′(W ) := 2ε(W )− divW Id is an element of

C0([0, τ ], C0(D̄, RN2
) ⊂ L∞([0, τ ]×D,RN2

)

(with 2ε(W ) := DW +DW ∗). The usual estimates holds:

||y(Ω)||H1
0 (D) ≤ 1/

√
λ1(D) ||f ||L2(D),
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so that ||p(Ω)||H1
0 (D) ≤ M and then there exist a constant C > 0 such that for all

W ∈W 1,∞
0 (D,RN) we have

|〈G(Ω),W 〉| ≤ C ||W ||W 1,∞(D,RN ).

As for s > 1 + 1
N we have Hs

0(D,RN ) ⊂ W 1,∞(D,RN), we get the boundedness
of the gradient in H−s(D,RN ):

There exists a positive constant C(||f ||L2(D), λ1(D), ||Yd||L2(E) ) such that

∀Ω ⊂ D, ||G(Ω)||H−s(D,RN ) ≤ C.
Choose for example s = 2 and the operator

A := A2 ∈ L(H2
0 (D,RN ), H−2(D,RN )),

we have

〈A.W,W 〉H−2(D,RN )×H2
0 (D,RN ) =

∫
D

Σi=1,...,N (∆Wi)2 dx =
∫

D

||∆W ||2 dx.

5.5. Existence of solution to the Shape Differential Equation (5.8)

The domain is bounded in RN . For k ≥ 1 we consider:

F k = {V ∈ C0([0, 1], Ck(D̄, RN ) ∩H1
0 (D,RN ) ) }

Given a domain Ω0 ⊂ D we consider the family

Ok
D,Ω0

:= {Ω ⊂ D, ∂Ω ∈ C1, ∃V ∈ F k, s.t. Ω = T1(V )(Ω0) },
The family Ok

D,Ω0
is equipped with the courant metric dk, it is a complete metric

space. Let Ω ∈ Ok
D,Ω0

, we consider Bk(Ω) = {Ω′ ∈ Ok
D,Ω0

s.t. dk(Ω,Ω′) ≤ 1 }.
Then, for k ≥ 2, BK(Ω) is compact in Ok−1

D,Ω0
. Let us consider

Fk
D,Ω0

= { (t→ Ωt) ∈ C0([0, 1],Ok
D,Ω0

) }
and the shape gradient mapping

G ∈ C0( O1
D,Ω0

E′(D,RN ) ),

where E′(D,RN ) is the linear space of vector Distributions on the open set D
with compact support (and then with finite order). In practice that shape gradient
mapping will range in some “negative Sobolev” space over D, say:

G ∈ C0( O1
D,Ω0

H−s(D,RN ) ∩E′(D,RN ) ).

We assume that G(.) verifies the boundedness assumption (5.17). We apply the
Leray fixed point theorem on the closed convex

KM = {V ∈ F 1 s.t. ||V (t)||C1(D̄,RN ) ≤M }
and the mapping

f : V ∈ KM → Ωt(V ) ∈ Kk
D,Ω0

→ G(Ωt(V )) ∈ Fk
D,Ω0

→ −A−1.G(Ωt(V )) ∈ F k
D,Ω0
.

When M is large enough, the mapping f ranges in KM : f(Km) ⊂ KM .
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Theorem 5.1. The gradient mapping g being continuous and bounded (5.17), there
exists a vector field V ∈ F 1 such that f(v) = V . In other words, there exists
V ∈ F 1 solution to the shape differential equation (5.8).

The proof follows from the equicontinuity of the family of mappings (t →
Tt(V ) ), when V describes the convex set KM and from the complete continuity
(compactness) of the linear injection mapping Hs(D) ⊂ Hs−ε(D), ε > 0 as D is
a smooth domain (see [7] or [6] for a complete proof and several weaker results in
that direction).

5.6. Asymptotic domains

Under the global continuity and boundedness assumption (5.17) we can succes-
sively apply the previous existence result on all time interval [n, n + 1] so that
we derive the existence of a continuous solution V to equation (5.8) for any time
t > 0. The asymptotic problem is then to characterise the situation in the limit as
t→∞. From the decrease of the shape functional J whose G is the shape gradient
under consideration we get, for any solution V ∗ of equation (5.8):

j(Ωt(V ) ≤ J(Ω0) − α
∫ t

0

||V (s)||2 ds .

Thus, assuming J(.) ≥ 0 (or more generally with a finite lower bound) we have∫ ∞

0

||V ∗(s)||2 ds < J(Ω0),

and hence,
V ∗ ∈ L2(R+, C

1(D̄, RN ) ∪ H1
0 (D,RN ) ).

From (5.8) we get

G∗(t) := G(Ωt(V ∗)) ∈ L2(0,∞, H−1(D,RN ) ).

Thus there exist sequences tn → ∞ such that V ∗(tn) → 0 and G∗(tn) → 0, in the
respective topologies.

The main question is what is arriving to the domains Ωtn . From classical com-
pactness of family of open subsets in D in the complementary Hausdorff topology,
there exists an open set Ω∞ in D such that Ωtn → Ω∞ in the complementary
Hausdorff topology. The main property for our purpose is the well-known follow-
ing “compactivorous” stability:

∀ψ ∈ D(Ω∞), ∃NK(ψ), s.t. n ≥ NK(ψ), implies ψ ∈ D(Ωtn). (5.20)

Here K(ψ) designates the compact support of the function ψ. Let ζn = χΩtn
be

the characteristic function of the set Ωtn , we have the weak-* convergence of ζn
to some function λ ∈ L∞(D), 0 ≤ λ ≤ 1 .

5.6.1. The asymptotic analysis for the Dirichlet problem. Let us consider that
the governing state equation of the shape functional J is the solution y = y(Ω) ∈
H1

0 (Ω) ⊂ H1
0 (D), solution to y = (−∆)−1.F |Ω, for given data F ∈ L2(D) (here

we denote by F |Ω the restriction of F to the open set Ω).
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In that case we do have, with yn := y0(Ωtn) (the extension by zero, element
of H1

0 (D)):
(1 − ζn ) yn = 0,

so that in the limit (as ||yn|||H1
0 (D) ≤ 1/

√
λ1(D) ||F ||L2(D) we assume, after

extraction of a new subsequence, that yn weakly converges inH1
0 (D), then strongly

in L2(D), to some element y∞ ∈ H1
0 (D)):

(1 − λ(x) ) y∞(x) = 0 a.e.x ∈ D.
Now, as y∞ ∈ H1

0 (D), we consider

Ω̃∞ := {x ∈ D s.t. y∞(x) > 0 },
is a quasi open subset in D (open up to a zero capacity subset) and then we get

λ ≥ χΩ̃∞ . (5.21)

From the definition of yn we get:

∀φ ∈ D(Ωtn),
∫

D

(〈∇yn,∇ψ 〉 − F ψ ) dx = 0.

(This integral should be taken over the smooth open set Ωtn , but as ψ is compactly
supported in Ωtn we can write it over the larger domain D.) From (5.20) this
equality can be extended to any element ψ ∈ D(Ω∞) as soon as N ≥ NK(ψ).
Then, in the limit we derive:

∀φ ∈ D(Ω∞),
∫

D

(〈∇y∞,∇ψ 〉 − F ψ ) dx = 0. (5.22)

Now we must pay attention to the fact that the open sets Ω∞ and Ω̃∞ are not
known to have smooth boundaries (not even with N -dimensional zero measures)
so we have to distinguish between the two main definitions for the Sobolev space
H1

0 . Let us consider

H1
0 (Ω∞) := {φ ∈ H1

0 (D) s.t. φ(x) = 0 q.e.x ∈ D \ Ω∞ }
and the smaller linear subspace:

H1
0(Ω∞) = closure of D(Ω∞ )

in H1
0 (D) = cl{H1

0 (D)}( D(Ω∞) ) ⊂ H1
0 (Ω∞) ⊂ H1

0 (D).

A priori we do have y∞ ∈ H1
0 (Ω∞) verifying the weak equation (5.22) for any

test functions ψ in the smaller space H1
0(Ω∞). A sufficient condition in order to

derive the equality of these two subspaces of H1
0 (D) is a Wiener condition on the

local capacity on the complementary of Ω∞ see [41], [42], [43]. In dimension 2
these conditions are fulfilled, see [45] and the original 2D result in [44]. The idea is
that the initial domain Ω0 being smooth is such that its complementary in D has a
finite number of connected components. (which we denote by #(D\Ω0)). Now, this
number is lower semi continuous for the Hausdorff complementary convergence of
open subset of D, that is #(D \Ω∞) ≤ lim inf #(D \Ωtn) = #(D \Ω0). In 2D the
non connectivity of two closed subsets implies that there exist a linear segment
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reaching these sets and give a lower bound on the local relative capacity which
enables us to conclude and we get the shape gradient asymptotic stability: As we
have the following convergence in H1

0 (D):

yn → y(Ω∞)

pn → p(Ω∞)

〈G(Ωtn),W 〉 =
∫

Ωtn

〈A′(W ).∇yn,∇pn〉 dx

+
∫

Ωtn

( 〈∇f,W 〉 pn − χE (yn − Yd) 〈∇yn,W 〉 )dx (5.23)

=
∫

D

〈A′(W ).∇yn,∇pn〉 dx

+
∫

D

( 〈∇f,W 〉 pn − χE (yn − Yd) 〈∇yn,W 〉 )dx (5.24)

−→
∫

D

〈A′(W ).∇y∞,∇p∞〉 dx

+
∫

D

( 〈∇f,W 〉 p∞ − χE (y∞ − Yd) 〈∇y∞,W 〉 )dx. (5.25)

As the elements are zero a.e. in D \ Ω∞ we get:

Proposition 5.2. The shape gradient G(Ωtn) defined by (13.1) (weakly) converges
as element of (F 1)′ to a distribution G(Ω∞) ∈W 1,∞

0 (D,RN )′ characterised by:

∀W ∈W 1,∞
0 (D,RN ), 〈G(Ω∞),W 〉 =

∫
Ω∞

〈A′(W ).∇y∞,∇p∞〉 dx

+
∫

Ω∞
( 〈∇f,W 〉 p∞ − χE (y∞ − Yd) 〈∇y∞,W 〉 )dx. (5.26)

5.7. Topological change in finite time

The previous asymptotic analysis when t→∞ can be brought back at time s = 1
by the following change of (“time” variable):

Let s = 1− (t+ 1)−1 so that t = s
1−s and ∂t

∂s = 1
(1−s)2 . When t describes the

line [0 +∞[, the variable s describes the interval [0, 1]. We set

Ṽ (s) := V (
s

1 − s ), Ω̃s := Ω s
1−s
, ỹs := y(Ω s

1−s
), . . . .

Let Φ(t, x) be a solution to

∀t, t > 0 ,
∂

∂t
Φ + 〈∇xΦ, V >= 0, Φ(0, .) = Φ0(.).

We also set Φ̃(s, x) = Φ( s
1−s , x) and this function solves the problem

∀s ∈ [0, 1[,
∂

∂s
Φ̃(s, x) + 〈∇xΦ̃(s, x),

1
(1 − s)2 Ṽ (s, x) 〉 = 0, Φ̃(0, .) = Φ0(.).
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Consider
V(s, x) :=

1
(1 − s)2 Ṽ (s, x).

Then Φ̃ solves the V-convection problem

∀s ∈ [0, 1[,
∂

∂s
Φ̃ + 〈∇xΦ̃(s, x),V 〉 = 0, Φ̃(0, .) = Φ0(.). (5.27)

If V was smooth enough on the finite interval s ∈ [0, 1] we would have, as previ-
ously for V the convected unique solution to (5.27): Φ̃(s) = Φ0oTs(V)−1. But now
the field V is non-smooth on the closed interval [0, 1]. Effectively from (5.17) we
see that ||V (t)|| is bounded so that

||V(s, .)||
H2(D,RN )∩H1

0 (D,RN )
= O(

1
(1 − s)2 ), s→ 1.

Moreover we get:

Ṽ (s)/(1 − s) ∈ L2(0, 1, H2(D,RN ) ∩H1
0 (D,RN ) ),

so that we cannot conclude for V(s, .) to be in Lp(0, 1, H2(D,RN )∩H1
0 (D,RN ) ),

for some p ≥ 1, which would be necessary in order to derive existence and also
uniqueness to the solution of the Hamilton-Jacobi-like equation (5.15) using the
results derived in [33] (based on the use by L. Ambrosio [22] of Alberti rank one
theorem). One way to get an existence result is to modify the choice of the speed
vector field in the previous fixed point construction as follows:

5.7.1. Existence result for the Hamilton-Jacobi equation with possible topological
changes. Let us consider a solution V ∗∗ to the following fixed point problem:

t ≤ 0, V ∗∗(t) := − (t+ 1)−2 A−1.G(Ωt(V ∗∗)).

We get ∫ ∞

0

(t+ 1)2 ||V ∗∗(t)||2 dt ≤ 1
α
J(Ω0).

Then by change of variable:∫ 1

0

||V ∗∗(
s

1 − s )||
2 1

(1 − s)4 ds ≤
1
α
J(Ω0).

We set

V̄(s, x) :=
1

(1 − s)2 V
∗∗
(
s

1 − s

)
∈ L2(0, 1, L2(0, 1, H2(D,RN ) ∩H1

0 (D,RN ) ).

Again with
Φ(t, .) := Φ0oTt(V )−1,

Φ solves the convection problem in strong form over [0, ∞[

Φ(0, .) = Φ0,
∂

∂t
Φ + ∇Φ.V (t) = 0.

Let
Φ∗(s, x) := Φ(

s

1 − s, x).
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Then it also solves the convection problem in strong form for 0 ≤ s < 1:

Φ(0, .) = Φ0,
∂

∂s
Φ + ∇Φ.V̄(s) = 0.

With the vector field V̄ ∈ L2(0, τ,H) we get existence and uniqueness of solution
on any interval (0, τ) hence this solution can be extended for larger values of s so
that we obtain solution through the possible topological change.

6. Tubes associated to BV vector fields

Let V ∈ Ep. Equipped with the graph norm Ep is a Banach space.

Proposition 6.1. Let 1 ≤ p <∞, then H1
0 (D) is a dense subspace in Ep(D).

The proof is done in three steps.

Lemma 6.2. For any V ∈ Ep(D) let V 0 designate the extension by zero outside of
D. Then we have divV 0 = (divV )0 and V 0 ∈ Ep := {V ∈ Lp(RN , RN), divV ∈
Lp(RN ) }.

Let b designate the oriented distance function to the bounded domain D.
For given h > 0, a small enough parameter, consider the “cut oriented distance
function” with support in the narrow band h, bh := ρob where the cutting function
ρ is smooth, positive, with support in the interval [−2h, +2h] and taking the value
ρ = 1 on the subinterval [−h,+h].We introduce the flow mapping Th := Th(∇bh)
and consider the following mapping

Th : V ∈ Ep(D) −→ Vh := det(DTh)DTh V
0oTh.

Lemma 6.3. div(Vh) = detDTh div(V 0)oTh.

It follows that div Vh = detDTh ( (div V )0)oTh ∈ L2(RN). Moreover, as
h > 0, we have Vh.n = 0, so that

Vh ∈ Ep(D).

We consider a mollifier rh → δ0 as h → 0 with support of rh ⊂ B(0, h/2) so that
the support verifies (for h > 0) supt{ rh ∗ ( Th.V ) } ⊂ D. Thus

V h := rh ∗ ( Th.V ) ∈ D(D,RN ) ⊂ H1
0 (D,RN ).

It is now immediate to verify that V h → V strongly in Ep(D), which establishes
the density result without any geometrical assumption on the domain D. Then we
may restrict to the bounded domain D the results from [22]:

Theorem 6.4. Let V ∈ E1,1 ∩ L1(0, τ, BV (D,RN )). Assume that (div V )+ (resp.
(div V )−) is in L1(0, τ, L∞(D,RN )), then problem (7.5) (resp. (7.2)) has a unique
solution ζ such that (ζ, V ) ∈ T1

Ω0
.
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Then we see that some regularity on V implies that, for given V , the char-
acteristic solution is unique. We denote it by ζV . The converse is false: for given ζ
the set of V such that (ζ, V ) ∈ Tp,q

Ω is a closed convex set that we denote by K(ζ).
For 1 < p, q < ∞, In that convex set we can find a minimal element Vζ (which
minimizes the associated norms in K(ζ).

6.1. Tube energy – variational problem
For any given positive constants a > 0, σ ≥ 0, µ ≥ 0 and ν ≥ 0 we shall consider
the minimization associated to the following functionals:

Ja(V ) = 1/2
∫

I

∫
D

(a+ ξ
V
) ( |V (t, x)|2 + (div V (t, x))2 ) dxdt, (6.1)

Ja
σ,µ,ν(V ) = Ja(V ) + σ

∫ τ

0

||∇(ξ
V
(t))||M1(D)dt

+ µΘ(V,Ω0) + ν
∫ τ

0

∫
D

DV..DV dxdt. (6.2)

We shall consider the three situations associated with σ+µ+ν > 0 and σ µ ν = 0.
When ν is zero the terms σ and µ will play a surface tension role at the dynamical
interface while the case σ + µ = 0 should be considered as a mathematical regu-
larisation, as in the non usual variational interpretation developed in the previous
section ν > 0 does not lead to the usual viscosity term (i.e., does not lead to the
Navier-Stokes equations)

Theorem 6.5. Assuming V ∈ E2, a > 0, σ.η.ν > 0, there exists V ∈ E2 such
that, ∀W ∈ E2:

Ja
σ,η,ν(V ) ≤ Ja

σ,η,ν(W ).

7. Saddle points

Let us consider the following more general situation:

φ(0) = φ0,
∂

∂t
φ + ∇φ.V = f, (7.1)

ψ(0) = ψ0,
∂

∂t
ψ + div(ψ V ) = g. (7.2)

Let two real numbers (p, q) be given, with 1 < p ≤ ∞, 1 ≤ q <∞, and the linear
space for speed vector fields:

Ep,q = { V ∈ Lp(0, τ, Lq(D,RN )) s.t. div V ∈ Lp(0, τ, Lq(D)) },
Ep,q = {V ∈ Ep,q, s.t. V.n = 0 in W−1,1(∂D) }.

(7.3)

The null condition on the normal component of the vector field at the boundary
can be weakly written as

∀φ ∈ L2(I, C1(D̄)),
∫

I

∫
D

(div V φ + ∇φ.V ) dtdx = 0. (7.4)
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Proposition 7.1. ([13]) Assume V ∈ E2,2. If (div V )+ ∈ L1(0, τ, L∞(D)), problem
(7.1) has solutions

φ ∈ L∞(0, τ, L2(D)) ∩H1(0, τ,H−1(D)) ⊂ C0([0, τ ], H−1/2(D)).

If (div V )− ∈ L1(0, τ, L∞(D)) problem (7.2) has solutions

ψ ∈ L∞(0, τ, L2(D)) ∩H1(0, τ,H−1(D)) ⊂ C0([0, τ ], H−1/2(D)).

The first idea would be to consider div V ∈ L1(0, τ, L∞(D)). Then both
problems have solutions. They are, formally, adjoint problems of each other, and
we could be tempted to conclude uniqueness to both problems. That argument
does not apply as one of the two solutions φ or ψ should be smooth in order to
be “put in duality”. Then under previous poor regularity on V we will not get
existence nor uniqueness for shape convection problem (7.5):

ζ(0) = ζΩ0 ,
∂

∂t
ζ + ∇ζ.V = 0, ζ = ζ2 . (7.5)

Functional setting: To give sense to the product ∇ζ.V in (7.5), we write it as

∇ζ.V = div(ζ V ) − ζ div V.

Then, as soon as ζ ∈ L∞((0, τ)×D), that term makes sense in L1(0, τ,W−1,1(D))
when V and its divergence div V are in L1(0, τ, L1(D)). we consider a vector fields
V in E2,2 and any function G ∈ L∞(D) verifying G ≥ α > 0. We consider the
Lagrangian expression for the functional

g(V ) = Infζ∈UV Supφ∈HV
LV (ζ, φ),

with

LV (ζ, φ) =
∫ τ

0

∫
D

{
1/2ζ2 G + ζ

(
∂

∂t
φ+ div(φV )

)}
dxdt−

∫
Ω0

φ(0)dx ,

HV =
{
φ ∈ L2(0, τ, L2(D)) s.t.

∂

∂t
φ + div(φV ) ∈ L2(I ×D) , φ(τ) = 0

}
,

UV =
{
ζ ∈ L2(I ×D), s.t.

∂

∂t
ζ + ∇ζ V ) ∈ L2(I ×D) , ζ(0) = χΩ0

}
.

Notice that the elements of HV are continuous (φ ∈ C0([0, τ ],W−1/2,1(D)) so that
φ(τ) makes sense.

The Lagrangian LV is concave-convex on UV ×HV . L
2(I ×D) ×E2,2.

Saddle points (ξ, λ) are solution to the system composed of equation (7.1)
(with Φ0 = χΩ0 , f = 0 ) and the following backward “adjoint equation”

∂

∂t
λ+ div(λV ) = − ξV G , λ(τ) = 0. (7.6)

The converse is true when we have an extra density condition on V and div V :

Assumption on V : {φ ∈ C∞(I ×D) ∩E2,2 } is dense in HV . (7.7)
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The weakly coupled system (7.1), (7.6) possesses solutions when

(div V )+ ∈ L1(I, L∞(D)).

We derive the following uniqueness results for the convection problem (7.1):

Proposition 7.2. Assume V ∈ E2,2, verifying (7.7) and (div V )+ ∈ L1(I, L∞(D)).
Then, with f = 0 and Φ0 = χΩ0 (convection problem), or more generally

Φ0 ∈ L∞(D), the problem (7.1) possesses a unique solution ζV verifying

0 ≤ ζV ≤ 1 a.e.(t, x) ∈ I ×D
or (in the more general setting)

Infess Φ0 ≤ ζV ≤ Supess Φ0.

We have the monotonicity: Ω1
0 ⊂ Ω2

0 (or, in the more general setting Φ1
0 ≤ Φ2

0)
implies ζ1V ≤ ζ2V .

Proof. From the strong assumption (7.7) the set of saddle points is not empty and
is completely characterized by the system (7.1)–(7.6). Let us denote by SV the set
of saddle points. We know that it can be written as SV = AV ×BV , which means
that if (ζi, λi), i = 1, 2 are saddle points then ζ1, λ2 and ζ2, λ1 are also saddle
points. We infer that equation (7.6) with right-hand side Gζi has solutions and
we derive uniqueness of ζV (from the fact that G > 0), being the single element
in AV . From uniqueness we know that 0 ≤ ζ ≤ 1.

7.1. Derivative with respect to the speed field V

Functionals J in form of min max have a well-known Gateaux derivative with
respect to V . Now, it is important to notice that in the present saddle point
formulation the linear vector spaces depend on the parameter V .

With div ∈ L1(I, L∞(D)) the Ambrosio results apply as we have H1(D) ⊂
W 1,1(D) ⊂ BV (D).

Applying the results from [2] and [18] for differentiation under uniqueness of
the saddle point, and assuming

V ∈ B := L2(0, τ,H1
0 (D,RN )), Lν

V := LV + ν/2
∫ τ

0

∫
D

DV..DV dxdt,

we have

J ′(V,W ) = 〈(a+ ζ)V −∇(ζ div V ) − ν∆V − λ∇ζ, W 〉F ′×F .

We shall give now a sense to the term λ∇ζ, using the concept of a transverse field
Z which has been introduced in [12] and further developed in [11], [13], [25], [5],
[17], [26]. Indeed we have

λ∇ζ = ∇(ζ λ) − ζ∇λ.
We give a sense to that last term ζ∇λ through the transverse field problem and
its adjoint.
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7.2. Transverse derivative

For two given vector fields V and W the transverse field Z is the solution to the
Lie bracket evolution

HV .Z =W, HV .Z :=
∂

∂t
Z + [Z, V ], [Z, V ] := DZ.V − DV.Z . (7.8)

For avoiding some technicalities we assume now (as it will be the case in the first
example associated with modelling of arteris) that V and W are free divergence
vector fields: div V = divW = 0. The adjoint operator is then:

H∗
V .Λ := − ∂

∂t
Λ−DΛ.V − D∗V.Λ . (7.9)

Lemma 7.3.

HV .(ζ �e) =
(
∂

∂t
ζ +∇ζ.V

)
�e + ζ HV .�e (7.10)

H∗
V (ζ �f) = −

(
∂

∂t
ζ +∇ζ.V

)
�f − ζ H∗

V .
�f . (7.11)

We see that if (ζ, V ) is a tube then the two previous expressions simplifies as
the first term vanishes from 7.5. Specifically we have

H∗
V .(ζ∇λ) = −ζ

(
∂

∂t
∇λ+D∇λ.V +D∗V.∇λ

)
= −ζ∇

(
∂

∂t
λ+∇λ.V

)
.

Then, if we set the “scalar” operator hV by:

hV .ψ :=
∂

∂t
ψ +∇ψ.V

we get, (ζ, V ) being any tube:

H∗
V (ζ∇λ) = −ζ∇( hV .λ). (7.12)

Notice that here, as div V = 0, the adjoint operator verifies h∗V = −hV . By “revers-
ing” the time, that operator hV is then self-adjoint. Nevertheless, it is not maxi-
mally defined in the admissible setting so that it is not possible to use same classical
abstract setting of evolution linear system in order to solve (7.1) and/or (7.2).

8. Shape tube metric for smooth sets

Assuming the domain Ω0 to be smooth, i.e., its boundary being a Ck manifold,
for k ≥ 1, we consider the subfamily

Ok
Ω0

= {Ω ∈ OΩ0 ,Ω = ζ(1), ζ having lateral boundary Σ piecewise Ck}.
Let Ω1, Ω2 be given in Ok

Ω0
, we consider

Tk(Ω1,Ω2) = { ζ ∈ T (Ω1,Ω2) s.t.Σ is piecewise Ck }
and introduce the metric

δ(Ω1,Ω2) := Inf{ζ∈Tk(Ω1,Ω2)} ||v||L1(I,L1(Γt)).
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In general the infimum is not a minimum. Notice also that, as for any F ∈ C0(D̄):∫
Σ

f dΣ =
∫ 1

0

dt

∫
Γt

f(t, x)
√

1 + v2 dΓt(x),

and we have

δ(Ω1,Ω2) = Inf{ζ∈Tk(Ω1,Ω2)}

∫
Σ

|v|√
1 + v2

dΣ

≤ Min
{

Inf{ζ∈Tk(Ω1,Ω2)}

∫
Σ

|v| dΣ , Inf{ζ∈Tk(Ω1,Ω2)}

∫
Σ

dΣ
}
.

It can be verified that the two majorant terms to be a metric. The first one does
not verify the triangle axiom and the second does not verify the first metric axiom
(as it cannot be zero with τ = 1).

Proposition 8.1. Let k ≥ 1 , then, equipped with δ, Ok
Ω0

is a metric space.

Obviously δ is non-negative. Assume that δ(Ω1,Ω2) = 0, then ∀t ∈ I, v(t, x) = 0
on Γt; then the time space normal vector field satisfies

ν(t, x) =
1√

1 + v(t, x)2
(−v(t, x), �nt(t, x) ) = (0, �nt(x) ).

When the tube is a cylinder and the domain Ωt does not depend on t, then
Ω1 = Ω2. The symmetry of δ is immediate by taking the backward tube: ζ′(t, .) :=
ζ(1 − t, .).

Concerning the triangle inequality, assume three domains Ωi in D and tubes
ζ1 connecting Ω1, Ω2, ζ2 connecting Ω2, Ω3 with both of them realizing the
infimum in the δ definition up to some given ε > 0.

Let us consider the following new piecewise C1-tube defined (through its
characteristic function ζ) as follows:

ζ(t, x) = ζ1(2t, x), 0 ≤ t ≤ 1/2

ζ(t, x) = ζ2(2t− 1, x), 1/2 ≤ t ≤ 1.

It can be easily verified that its normal speed v is given by

v(t, x) = 2v1(2t, x), 0 ≤ t ≤ 1/2

v(t, x) = 2v2(2t− 1, x), 1/2 ≤ t ≤ 1 .

Now by construction ζ connects Ω1 to Ω3, ∈ T̄k(Ω1, Ω3), hence we get

δ(Ω1,Ω3) ≤
∫ 1

0

|| v(t)||L1(Γt) dt =
∫ 1/2

0

|| v(t)||L1(Γt) dt+
∫ 1

1/2

|| v(t)||L1(Γt) dt

=
∫ 1/2

0

|| 2v1(2t) ||L1(Γ1
2t)
dt+

∫ 1

1/2

|| 2v2(2t− 1) ||L1(Γ2t−1) dt

=
∫ 1

0

2 || v1(r) ||L1(Γ1
r) 1/2 dr+

∫ 1

0

2 || v2(u) ||L1(Γu) 1/2 du,
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as v1 (resp. v2) realizes the infimum (in the definition of δ(Ω1,Ω2) (resp. δ(Ω2,Ω3))
up to ε > 0. Then ∀ε > 0 we get

δ(Ω1,Ω3) ≤ δ(Ω1,Ω2) + δ(Ω2,Ω3) + 2 ε.

9. Geodesic for the metric δ̄

9.1. Derivative of the metric terms

9.1.1. Admissible variations for the geodesic: transverse fields Z preserving the
extremities of the tube. Let us assume that a tube (ζ, V ) ∈ CΩ1,Ω2 is a minimizer
for δ2(Ω1,Ω2). Let Z(s; t, x) ∈ RN+1 be a “horizontal vector field” Z(s; t, x) =
(0, Z(s; t, x)), where Z(s; t, x) ∈ RN . The variable s will be the (tube) pertur-
bation parameter while the time t is an independent parameter in the horizontal
(transverse) flow mapping Ts(Z(t)) (here Z(t) = Z(s; t, x) := Z(t)(s, x)). The
RN+1 flow mapping is

Ts(Z)(t, x) = (t, x) +
(

0,
∫ s

0

Z(σ; t, Tσ(Z(t))(x)dσ
)
,

that is Ts(Z)(t, x) = (t, Ts(Z(t) )(x) ). We are looking for necessary optimality
conditions solved by the vector field V (or at least by its normal component v(t, .) =
〈V (t, .), nt(.)〉 on the lateral boundary. Consider any Z such that Z(s; 0, x) =
Z(s; 1, x) = 0. Then if Q is a tube which connect the two sets Ω1 and Ω2, as
Ts(, Z(0) ) = Ts(Z(1) ) = 0, the tubes

Qs := Ts(Z)(Q) connects the two sets Ω1, Ω2.

Let vs be the normal speed of Σs. As usual

νsoTs(Z) = || cof(Dt,xTs(Z).ν||−1
RN+1 cof(Dt,xTs(Z).ν,

where the cofactor is given by cofA := detA (A∗)−1. From that expression we get
the explicit representation for

νsoTs =
1√

1 + (vsoTs)2
(−voTs, �n

s
t ).

We will be interested in the expression for vsoTs and its (material) derivative

v̇(t, s) :=
d

ds
(vsoTs(Z) )|s=0 on Γt.

Then the shape boundary derivative is implicitly given through Z as:

v(t)′Γt
:= v̇ − ∇Γtv(t).Z(t)Γt

(see the books [9], [24], [10], [26]). We shall prove the

Theorem 9.1.

v(t) (v(t)s)′Γt
= v(t)

∂

∂t
(〈Z(0, t, .), nt(.)〉 ) . (9.1)
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9.2. Optimality condition for the vector field V

Let p ≥ 1, and consider that the tube QV minimizes the term

J :=
∫ 1

0

(∫
Γt(V )

|〈V (t), nt〉| dΓt

)p

dt .

Then, considering a “transverse horizontal” field Z = (0, Z(s; t, x)), we get j(0) ≤
j(s), with

j(s) :=
∫ 1

0

(∫
Ts(Z)(Γt(V ))

|vs| dΓs
t

)p

dt, J = j(0),

where of course Γs
t = Ts(Z)(Γt), Σs = Ts(Z)(Σ) = ∪0<t<1 {t} × Γs

t and νs is
the normal field on Σs in the form νs = 1√

1+(vs)2
(−vs, ns

t ) where ns
t is the N -

dimensional (horizontal) normal field to Γs
t . With

a(t) := p (
∫

Γt(V )

|〈V (t), nt〉| dΓt )p−1,

we have:

j′+(0) =
∫ 1

0

a(t)
{ ∫

Γt

sgn (v) v(t)′Γt
(Z) dΓt

}
dt

+
∫ 1

0

a(t)

{ ∫
Γt∩{v(t)−1(0)}

|v(t)′Γt
(Z) | dΓt

}
dt.

Hence from Theorem 9.1 we obtain:

Theorem 9.2. Let ζ be a minimizer of d(Ω1,Ω2). Then for any smooth vector field
Z such that Z(0, .) = Z(1, .) = 0, we have∫ 1

0

a(t)

{∫
Γt

sgn v(t)
∂

∂t
(〈Z(t, .), nt(.)〉 ) dΓt

+
∫

Γt∩{v(t)−1(0)}
|v(t)′Γt

(Z) | dΓt

}
dt ≥ 0 .

Formal calculus (for p = 1) would lead to

j′(0) =−
∫ 1

0

{ ∫
Γt

[
∂

∂t
sgn v(t) (〈Z(0, t, .), nt(.)〉 )

+ H(t) sgn v(t) v(t) 〈Z(0, t, .), nt〉 ]dΓt

}
dt

+
∫ 1

0

{ ∫
Γt∩{v(t)−1(0)}

|v(t)′Γt
(Z) | dΓt

}
dt

(as we already assumed that Z is chosen such that ∂
∂nt

(〈Z(t), nt〉) = 0 on Γt (as
well as the same for v(t) = 〈V (t), nt〉). As sgn v(t) v(t) = |v(t)|, the necessary
condition leads to the following geodesic condition:
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Proposition 9.3. Let (ζ, V ) ∈ T(Ω1,Ω2) be a smooth minimizer of d(Ω1,Ω2). Then
the time-space normal field ν verifies

∃ c(t), s.t. ∀t, 0 < t < 1, − ∂
∂t

(sgn v(t)opt)

+ (H(t) |v(t)| )opt = c(t) H(t)opt on Γt . (9.2)

Of course the derivative ∂
∂t (sgn v(t)opt) is a problem, even assuming the

boundaries to be smooth. The idea is to generalize definition of the metric, the
easiest case being to replace the L1 norm by the L2 norm such that

d2(Ω1,Ω2) = inf
∫ 1

0

∫
Γt

1/2 v(t, x)2 dΓt(x) dt.

Then the same calculus would lead to a nice necessary condition (where sgn v
is replaced by v(t)). But now the theoretical basement of the metric partially
vanishes; d2 remains a metric but is not a complete one.

9.3. Explicit expression for v(t)′Γt
(proof of Theorem 9.1)

The direct calculation of that representation is rather complicate due to the term
cofDt,xTs(Z) (mainely because of the time derivatives in Dt,x . . . ). We proceed in
a more intrinsic way: making the calculus of the derivative

d

ds

∫
Σs

F (s, t, x) dΣ(t, x)

by two different techniques: the N + 1 boundary integral derivative and the N -
dimensional one. From the Proposition 9.6 and Theorem 9.5 below, we have:

d

ds

(∫
Σs

F (s, t, x) dΣ(t, x)
)

s=0

=
∫ 1

0

∫
Γt

{
1√

1 + v2
(−v∂tF + ∂ntF ) (9.3)

+

[
− 1
√

1 + v2
3 (〈∂tV (t), nt〉 − 〈∇Γtv(t), VΓt〉) +

H(t)√
1 + v2

]
F

}
〈Z(t), nt〉dΓt dt.

On the other hand we may consider
d

ds

(∫
Σs

F (s, t, x) dΣ(t, x)
)

s=0

=
∫ 1

0

(
d

ds

∫
Ts(Z(t))(Γt)

F (s, t, x)
√

1 + (vs)2 dΓs
t

)
s=0

dt

=
∫ 1

0

∫
Γt

{
(F (s, t, x)

√
1 + (vs)2 )′Γt

+ F (0, t, x)
√

1 + v(t, x)2 t)H(t) 〈Z(t), nt〉
}
dΓt(x)dt,

where H(t, x) is the mean curvature of the boundary Γt, H(t) = divΓt(nt). Also
we have:

(F (s, t, x)
√

1 + (vs)2 )′Γt
= F (s, t, x)′Γt

√
1 + v2 + F (s, t, x) (

√
1 + (vs)2 )′Γt

.
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Let us consider specific functions F such that F is independent of the perturbation
parameter s and F (t, x) = F (t, opΓt(x)) in a neighborhood of the unperturbed
lateral boundary Σ, where pt is the horizontal N -dimensional projection mapping
onto the boundary Γt. Then we have ∂

∂nt
F = 0 and

F (t)′Γt
=
∂

∂s
F (t) +

∂

∂nt
F (t) 〈Z(t), nt〉 =

∂

∂s
F (t) = 0.

In these expressions V (t, x) ∈ RN is any vector field building the tube Q. We
choose

V (t, x) = v(t)opΓt ∇bΩt ,

so that on Γt we have〈
∂

∂t
V (t), nt

〉
∂

∂t
(v(t)opΓt) = 0, and V (t)Γt = 0.

Then(
d

ds

∫
Σs

F (s)dΣ
)

s=0

=
∫ 1

0

∫
Γt

{
− v(t)√

1 + v(t)2
∂

∂t
F (t)

[
− 1
√

1 + v2
3 ∂t(vop) +

H(t)√
1 + v2

]
F (0, t)

}
× 〈Z(t), nt〉dΓtdt

=
∫ 1

0

∫
Γt

{
F (0, t)(

√
1 + (v(t)s)2 )′Γt

+ F (0, t)
√

1 + v(t)2 )H(t) 〈Z(t), nt〉
}
dΓt(x)dt.

We have

(
√

1 + (v(t)s)2 )′Γt
=

v(t)√
1 + v(t)2

v(t)′Γt
.

For general choices of F we have:∫ 1

0

∫
Γt

F (0, t) (
√

1 + (v(t)s)2 )′Γt
dΓt

=
∫ 1

0

∫
Γt

{
−
(

v(t)√
1 + v(t)2

〈z(t), nt〉
)
∂

∂t
F (t)

− F (0, t)
√

1 + v(t)2 )H(t) 〈Z(t), nt〉
}
dΓt(x)dt

+
∫ 1

0

∫
Γt

[
− 1
√

1 + v2
3 ∂t(vop) +

H(t)√
1 + v2

]
F (0, t)〈Z(t), nt〉dΓtdt.

Now we have (F is independent on the perturbation variable s but not on t)

F ′
Γt

=
∂

∂t
F +

∂

∂nt
F 〈V (t), nt〉,
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so that we get the following formula (integration by parts on Σ):∫ 1

0

∫
Γt

∂tF GdΓt dt =−
∫ 1

0

∫
Γt

F ∂tGdΓtdt−
∫ 1

0

∫
Γt

H(t)F (t)G(t)〈V (t), nt〉 dΓtdt

+
∫

Γ1

(FG)(1)dΓ1 −
∫

Γ0

(FG)(0)dΓ0

+
∫ 1

0

∫
Γt

F (t)
∂

∂nt
G(t)〈V (t), nt〉dΓtdt .

So that, with G = − v√
1+v2 〈Z(t), nt〉 :∫ 1

0

∫
Γt

G(t)
∂

∂t
F (t) dΓtdt =−

∫ 1

0

∫
Γt

∂

∂t

{√
1 + v(t)2

−1
v(t) 〈Z(t), nt〉

}
F (t)dΓtdt

−
∫ 1

0

∫
Γt

H(t)
√

1 + v(t)2 v(t)F (t) 〈Z(t), nt〉dΓtdt .

Moreover∫ 1

0

∫
Γt

F (0, t) (
√

1 + (v(t)s)2 )′Γt
dΓt

= −
∫ 1

0

∫
Γt

F (0, t)
√

1 + v(t)2 )H(t) 〈Z(t), nt〉 } dΓt(x)dt

+
∫ 1

0

∫
Γt

∂

∂t

{
v(t)√

1 + v(t)2
〈Z(t), nt〉

}
F (t)dΓtdt

+
∫ 1

0

∫
Γt

H(t)
v(t)2√

1 + v(t)2
F (t) 〈Z(t), nt〉dΓtdt

+
∫ 1

0

∫
Γt

[
− 1
√

1 + v2
3 ∂t(vop) +

H(t)√
1 + v2

]
F (0, t)〈Z(t), nt〉dΓtdt

+
∫ 1

0

∫
Γt

∂

∂nt

(
v(t)√

1 + v(t)2
〈Z(t), nt〉

)
v(t)F (0, t)dΓtdt .

The last term is zero as we have chosen ∂
∂nt
v(t) = ∂

∂nt
z(t) = 0. That is

(
√

1 + (v(t)s)2 )′Γt

=

{
−
√

1 + v(t)2 )H(t) +H(t)
v(t)2√

1 + v(t)2

+

[
− 1
√

1 + v2
3 ∂t(vop) +

H(t)√
1 + v2

]}
〈Z(t), nt〉+

∂

∂t

{
v(t)√

1 + v(t)2
〈Z(t), nt〉

}

= − 1
√

1 + v2
3 ∂t(vop) 〈Z(t), nt〉 +

∂

∂t

{
v(t)√

1 + v(t)2
〈Z(t), nt〉

}
.
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We obtain (√
1 + (v(t)s)2

)′
Γt

=
v(t)√

1 + v(t)2
∂

∂t

(
〈Z(t), nt〉

)
. (9.4)

Hence Theorem 9.1 is proved.
We turn now to the proof of Proposition 9.6 below that we used at 9.3, in

the beginning of that section: we have to compute in Theorem 9.5 the time-space
mean curvature H of the lateral surface Σ in RN+1 and then the N+1-dimensional
boundary derivative concept f ′Σ.

9.4. Mean curvature H of the lateral time-space boundary

Assuming the moving domain “smooth enough”, we consider the normal speed v
chosen as v = 〈V (t),∇bΩt(V )〉 and

∂

∂t

(
v√

1 + v2

)
=

1
(
√

1 + v2)3
∂

∂t
v.

But
∂

∂t
v =

〈
∂

∂t
V, ∇b

〉
+
〈
∂

∂t
∇b, V

〉
.

Now, we have
∂

∂t
bΩt(V ) = −〈V (t), nt〉opt,

where pt is the projection onto the boundary Γt(V ) = ∂Ωt(V ). Moreover,
∂

∂t
∇bΩt(V ) = −(∇Γt〈V (t), nt〉)opt

and hence,
∂

∂t
v =

〈
∂

∂t
V (t), nt

〉
− 〈(∇Γt〈V (t), nt〉)opt, VΓt 〉.

we obtain

Proposition 9.4.

∂

∂t

(
v√

1 + v2

)
=

1
(
√

1 + v2)3

〈
∂

∂t
V (t), nt

〉
− 〈(∇Γt〈V (t), nt〉)opt, VΓt 〉. (9.5)

On the other hand we have:

divΓt

(
1

(
√

1 + v2)
n

)
= −

〈
∇Γt

1√
1 + v2

, n

〉
+

1
(
√

1 + v2)3
divΓt n.

so that we get

divΓt

(
1√

1 + v2
n

)
= − 1

(
√

1 + v2)3
〈ε(V ).nt, nt〉 +

Ht√
1 + v2

,

where ε(V ) = 1/2 (DV +DV ∗) is the deformation tensor. We consider the situation
in which the field V verifies the following property:

V (t) = V (t)opt in a neighbourhood of Γt, (9.6)
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where pt is the RN projection mapping onto Γt (“horizontal” projection). Then
we get:

pt = Id − bΩt(V ) ∇bΩt(V ),

and
∂

∂t
pt = − ∂

∂t
bΩt(V )∇bΩt(V ) − bΩt(V )∇(

∂

∂t
bΩt(V )).

The restriction to the boundary Γt leads to the distance bΩt(V ) = 0 so the expres-
sions simplify as follows (also we shall now denote by bt that distance function):

∂

∂t
pt|Γt = 〈V (t), nt〉nt,

and on the boundary Γt(V ) we get DV (t).nt = 0.

9.4.1. Time-space mean curvature of the lateral boundary Σ.

Theorem 9.5. Assume that the field V verifies for each t: V (t) = V (t)opt. Then,
on the boundary Γt(V ) the mean curvature H := DivΣν is given by:

H = − 1
(
√

1 + v2)3

(〈
∂

∂t
V, nt

〉
− 〈∇Γt(〈V (t), nt〉), V (t)Γt 〉

)
+

1√
1 + v2

Ht.

9.5. Lateral boundary derivative

9.5.1. Transverse horizontal vector field. The normal component of any horizontal
field Z̃ = (0, Z(t, x)) is given by:

〈Z̃, ν〉 =
1√

1 + v2
〈Z, nt〉.

If f(Σ) is the restriction to the lateral boundary Σ of a function F (t, x) defined over
RN+1, we get the (lateral) shape N +1-dimensional boundary derivative f ′Σ(Z̃) in
the direction of the horizontal field Z̃ as follows: f ′Σ(Z̃) = ∂

∂νF

9.5.2. Lateral shape derivative f ′Σ. We recall that (see [9], [24])

f ′Σ(Z̃) = (
d

ds
(f(Σs)oTs(Z̃))s=0 − 〈∇Σf(Σ), Z̃Σ〉 .

Notice that the operator ∇Σ, as a tangential differential operator of the space time
surface Σ, is itself a time-space manifold, and we get

f ′Σ(Z̃) = ḟ(Σ, Z̃) − vz

1 + v2
∂

∂t
f − 〈Z − z

1 + v2
nt,∇f〉.

Consider a given function F ∈ C1([0, τ ] × D̄). In a first step we assume that F is
zero in the neighborhood of t = τ so that the following derivative of the lateral
boundary integral could be considered as derivative of the integral on the total
boundary of the tube (as it will generate no term on the top t = τ of the tube).
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Then the usual derivative expressions apply: we consider the derivative of the
lateral integral.

Σs = { (t, Tt(V + sW )(x)) | x ∈ ∂Ω0 },
∂

∂ss=0

(∫
Σs

F dΣs

)
=
∫

Σ

(
∂

∂ν
F + HΣF

)
〈Z, ν〉RN+1 ) dΣ,

where HΣ is the mean curvature of the lateral boundary of the tube. At each point
(t, x) ∈ Σ we have:

〈Z(t, x), ν(t, x)〉RN+1 =
1√

1 + 〈V (t), nt〉2
〈Z(t), nt〉.

Moreover,

∂

∂ν
F =

1√
1 + (〈V (t), nt〉)2

(
−〈V (t), nt〉

∂

∂t
F +

∂

∂nt
F

)
.

Then,

∂

∂ss=0

(∫
Σs

F dΣs

)
=
∫

Σ

[
1√

1 + v2

(
−v ∂
∂t
F +

∂

∂nt
F

)
(9.7)(

− 1(√
1 + v2

)3 (〈 ∂∂tV, nt

〉
− 〈∇Γtv, V (t)Γt 〉

)
+

1√
1 + v2

Ht

)
F

]
1√

1 + v2
〈Z, n〉RN dΣ.

Proposition 9.6. Assume the vector field V in the canonical formV (t) = V (t)opt
in a neighborhood of the lateral boundary Σ and let v = 〈V (t), nt〉 on Γt, then we
have:

∂

∂s s=0

(∫
Σs

F dΣs

)
=
∫ τ

0

∫
Γt

[
1√

1 + v2

(
−v ∂
∂t
F +

∂

∂nt
F

)
(9.8)

+ F
(
− 1

(
√

1 + v2)3

(〈
∂

∂t
V, nt

〉
− 〈∇Γtv, V (t)Γt 〉

)
+

1√
1 + v2

Ht

)]
〈Z, n〉RN dΓt dt.

9.5.3. Tube with minimal lateral boundary. In the specific case where F = 1 all
the derivatives of F cancel and we have the derivative of the lateral surface of the
tube:

∂

∂s s=0

(∫
Σs

dΣs

)
=
∫

Σ

[
− 1

(1 + v2)2

(〈
∂

∂t
V, nt

〉
− 〈∇Γtv, V (t)Γt 〉

)
(9.9)

+
1

1 + v2
Ht

)]
〈Z, n〉RN dΣ.
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The optimality condition for a minimal surface tube is easily obtained via the
adjoint problem solution λ as

∂

∂ss=0

(∫
Σs

dΣs

)
=
∫

Σ

λ 〈W,nt〉 dΣ, (9.10)

where λ solves:

λ(τ) = 0, (9.11)

− ∂
∂t
λ− div(λV ) = − 1

(1 + v2)2

(〈
∂

∂t
V, nt

〉
− 〈∇Γtv, V (t)Γt 〉

)
+

1
1 + v2

Ht.

The optimality condition for a tube with minimal lateral surface is be

− 1
(1 + v2)

(〈
∂

∂t
V, nt

〉
− 〈∇Γtv, V (t)Γt 〉

)
+ Ht = 0 . (9.12)

10. Non-smooth tubes analysis

We denote by Hk the family of tubes ζ having a lateral boundary Σ piecewise
Ck (in the precise sense of the previous section), with ζ = χQ. Let ζ ∈ Hk, we
consider the N + 1-dimensional perimeter

PI×D(Q) = ||∇t,xζ||M1(I×D) =
∫ 1

0

∫
Γt

√
1 + v2 dΓt dt

≤
∫ 1

0

PD(Ωt) dt +
∫ 1

0

∫
Γt

|v(t)| dΓt dt.

Consider also the fact that〈
∂

∂t
ζ, g

〉
M(I×D)×C0

comp(I×D)

=
∫ 1

0

∫
Γt

v g dΓt dt =
∫ 1

0

∫
Ωt

div(g V )dxdt,

(where V is any smooth extension to I ×D of v).
As∫ 1

0

∫
Γt

|v| dΓt dt =
∣∣∣∣∣∣ ∂
∂t
ζ
∣∣∣∣∣∣

M1(I×D)
, PD(Ωt) = ||∇xζ(t)||M1(D,RN )

we have:

||∇t,xζ||M1(I×D) ≤
∣∣∣∣∣∣ ∂
∂t
ζ
∣∣∣∣∣∣

M1(I×D)
+
∫ 1

0

||∇xζ(t)||M1(D,RN ) dt. (10.1)

We shall consider the weak closure of such smooth tubes ζ and verify that the
estimate (10.1) still holds true on the closure:

Proposition 10.1. let ζn ∈ Hk be a sequence of tubes such that∣∣∣∣∣∣ ∂
∂t
ζn

∣∣∣∣∣∣
M1(I×D)

+
∫ 1

0

||∇xζn(t)||M1(D,RN ) dt ≤M . (10.2)
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Then there exists a subsequence (still denoted ζn) and ζ such that ζn → ζ strongly
in L1(I ×D) (so that ζ = ζ2) and:

||∇t,xζ||M1(I×D) ≤ lim inf || ∂
∂t
ζn||M1(I×D) +

∫ 1

0

||∇xζn(t)||M1(D,RN ) dt. (10.3)

Proof. From (10.1) we get: ||ζn||BV (I×D) ≤M +meas(D), so that the classical
compact embedding of BV in L1 leads to

||∇t,xζ||M1(I×D,RN+1) ≤ lim inf ||∇t,xζn||M1(I×D,RN+1),

|| ∂
∂t
ζ||M1(I×D) ≤ lim inf || ∂

∂t
ζn||M1(I×D),∫ 1

0

||∇xζ(t)||M1(D,RN ) dt ≤ lim inf
∫ 1

0

||∇xζn(t)||M1(D,RN ) dt.

We introduce the weak closure H∗ of Hk in BV (I ×D):

H∗ = {ζ = ζ2 ∈ L1(I ×D), s.t. ∃ζn ∈ Hk, ζn → ζ in L1(I ×D) ,

∇t,xζn → ∇t,xζ (wealky in )M1(I ×D) }.
In order to extend the metric δ to that setting we would like to define the families
O∗

Ω0
(resp. T ∗(Ω1,Ω2)) similar to OΩ0 (resp. T (Ω1,Ω2) ). But the difficulty is that

elements ζ in the closure H∗ are not continuous so that the connection property
cannot be defined. In order to recover that continuity on the closure we propose
two directions following the two next Propositions 11.1 and 11.2.

11. Compactness result

Proposition 11.1. Consider ζn bounded in L1(I, BV (D)) together with ∂
∂tζn

bounded in Lp(I,M1(D)) for some p > 1. Then there exists a subsequence and
an element

ζ ∈ L1(I, BV (D)) ∩W 1,1(I,M1(D)) ⊂ C0(I,M1(D))

such that ζn strongly converges to ζ in L1(I, L1(D)) with ∇ζ ∈ Lp(I,M1(D,RN ))
verifying

||ζ||L1(I,BV (D)) ≤ lim inf ||ζn||L1(I,BV (D))

and

|| ∂
∂t
ζ||Lp(I,M1(D)) ≤ lim inf || ∂

∂t
ζn||Lp(I,M1(D)).

Proposition 11.2. Consider ζn bounded in L1(I, BV (D)) together with

a.e.t || ∂
∂t
ζn(t)||M1(D) ≤ θ(t) for some θ ∈ L1

loc(0, 1).

Then there exists a subsequence and an element

ζ ∈ L1(I, BV (D)) ∩W 1,1(I,M1(D)) ⊂ C0(I,M1(D))
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such that ζn strongly converges to ζ in L1(I, L1(D)) with ∇ζ ∈ Lp(I,M1(D,RN ))
verifying

||ζ||L1(I,BV (D)) ≤ lim inf ||ζn||L1(I,BV (D))

and ∣∣∣∣∣∣ ∂
∂t
ζ
∣∣∣∣∣∣

L1(I,M1(D))
≤ lim inf

∣∣∣∣∣∣ ∂
∂t
ζn

∣∣∣∣∣∣
L1(I,M1(D))

.

Obviously, if the sequence verifies (ζn)2 = ζn, then in the strong limit, we get
ζ2 = ζ.

At that point notice that, in both Propositions 11.1 and 11.2,

ζ ∈W 1,1(I,M1(D)) implies ζ ∈ C0(I, L1(D)),

more precisely:

Proposition 11.3. Let ζ(t, x) = ζ2(t, x), a.e.(t, x) ∈ I × D; ζ ∈ W 1,1(I,M1(D))
then ζ ∈ C0(I, L1(D)) and the mapping:

t ∈ Ī → p(t) := ||∇xζ(t)||M1(D,RN ) is lower semi continuous. (11.1)

Proof. Let tk → t as k →∞, as W 1,1(I,M1(D)) ⊂ C0(I,M1(D)) we get ζ(tk) →
ζ(t) so that:

∀g ∈ C0
comp(D),

∫
D

(ζk(t, x) − ζ(t, x) ) g(x) dx→ 0.

But there exists a subsequence (still denoted tk) with ζ(tk) weakly L2(D) conver-
gent to some µ, 0 ≤ µ ≤ 1 over D. From the previous convergence it turns out
that µ = ζ(t) = ζ2 = µ2. Then that convergence is also strong in L2(D), hence in
L1(D) (as ζ2 = ζ). Being defined as supremum of continuous terms:

p(t) = sup
{ g∈C1

comp(D,RN ), ||g(x)||RN ≤ 1 }

∫
D

ζ(t, x) divx g dx

then p is l.s.c. We introduce the weak closures Hc,∗
p and Hc,∗

θ of Hk:

Hc,∗
p =

{
ζ = ζ2 ∈ Hc ∩H∗, s.t. ∃ζn ∈ Hk, ζn → ζ in L1(I ×D) ,

∇t,xζn → ∇t,xζ , σM
1(I ×D),

with
∂

∂t
(ζn − ζ) → 0, σLP (I,M1(D))

}
Hc,∗

θ =
{
ζ = ζ2 ∈ Hc ∩H∗, s.t. ∃ζn ∈ Hk, ζn → ζ in L1(I ×D) ,

∇t,xζn → ∇t,xζ (weakly in) M1(I ×D),

with a.e.t ∈ I, || ∂
∂t
ζn(t)||M1(D) ≤ θ(t)

}
.
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12. Fully Eulerian metric spaces

As soon as the speed vector field V verifies the assumption of Theorem 6.4, there
is a unique tube associated to V . Thus then we have an application V → ζV ,
and with such regularity on V we can revisit the complete metric d: the non-
differentiable perimeter and curvature terms that we were obliged to introduce
in order to apply the compactness theorems are not any more necessary. From
the previous tube analysis we consider several interesting choices for the spatial
regularity of the speed vector field (together with its divergence field). Let E be
a closed subspace in BV (D) ∩ E1,1 such that any element V ∈ E verifies the
assumptions of Theorem 6.4. A first example is, when working with prescribed
volume for the moving domain,

E0 = { V ∈ BV (D,RN ) ∩E1,1, s.t. div V = 0 a.e. (t, x) ∈ I ×D }
V be a free divergence vector field with div V = 0, V ∈ L1(I, E0)), where
E = BV (D,RN ) or any closed subspace (for example E = {V ∈ H1

0 (D,RN),
s.t.div V = 0}). An obvious metric is to consider the set

V(Ω1,Ω2) = {V ∈ E1,1 s.t. V, div V ∈ Lp(I, E0), s.t. ζ0 = χΩ1 , ζ(1) = χΩ2 }

δE0(Ω1,Ω2) = InfV ∈V(Ω1,Ω2)

∫ 1

0

||V (t)||E0 dt. (12.1)

As V is divergence free the previous boundedness assumption on the divergence
are verified and to each V a tube ζV is associated trough the convection. Then
following the same proof we get the

Proposition 12.1. Let E be any subspace of BV (D,RN ) ∩ E1,1, such that any
element V satisfies to assumptions of theorem 6.4. Then equipped with δE the
family OE

Ω0
is a metric space.

dE0(Ω1,Ω2) = InfV ∈V(Ω1,Ω2) ||V ||L1(I,E0) +
∣∣∣∣∣∣ ∂
∂t
V
∣∣∣∣∣∣

L1(I,M1(D,RN ))
. (12.2)

Theorem 12.2. Let E be any subspace of BV (D,RN)∩E1,1, such that any element
V satisfies to assumptions of Theorem 6.4. Then equipped with dE the family OE

Ω0

is a complete metric space.

12.1. Geodesic

The previous transverse tube perturbation will apply. In that setting we are con-
cerned with vector fields Z(s, t, x) ∈ RN such that Z(s, 0, x) = Z(s, 1, x) =
0, so that the extremities of the perturbed tube are preserved. The previous
study for the transverse field implies that for given such a vector field Z, with
divx Z(s, t, x) = 0 we get the admissible perturbation of the field V in the follow-
ing form V + sW (s, t, x) with

W (s, t, x) = (∂/∂t)Z(s, t, x) + [Z, V ]

more precisely define the Lipschitz-continuous connecting set

V1,∞(Ω1,Ω2) = { V ∈ L1(I,W 1,∞(D,RN )) ∩E1,1, s.t. ζV ∈ T̄(Ω1,Ω2) }.



Control of Moving Domains 377

And the set of smooth transverse vector fields:

Z = { Z(t, x) ∈ C∞
comp(I ×D,RN) } .

(Notice that such Z verifies Z(0, .) = Z(1, .) = 0 on D.)

Proposition 12.3. Let V ∈ V(Ω1,Ω2) and Z(t, x) ∈ Z. The transformation T =
Ts(Z)oTt(V ) maps Ωt(V ) onto Ωs

t := Ts(Z)(Ωt(V )) so that

∀s, ∀Z, V s(t, x)

=
∂

∂t
ToT−1 =

( ∂
∂t
Ts(Z(t)

)
+DTs(Z(t)).V (t) )oTs(Z(t))−1 ∈ V1,∞(Ω1,Ω2).

We obtain:

Lemma 12.4.
∂

∂s
V s(t, x)|s=0 =

∂

∂t
Z(t) + [Z(t), V (t)]. (12.3)

Corollary 12.5. Consider a functional J(V ) = j(ζV ) and let V̄ be a minimizing
element of J on V(Ω1,Ω2) then we have

∀Z ∈ Z,
∂

∂s
J(V̄ s)s=0 = J ′

(
V̄ ;
(
∂

∂s
V s

)
s=0

)
= J′

(
V̄ ;
∂

∂t
Z(t) + [Z(t), V (t)]

)
≥ 0.

(12.4)

That variational principle extends to vector field V ∈ E for which the flow
mapping Tt(V ) is poorly defined. The element ζV ∈ Hc is uniquely defined. For
any Z ∈ Z we have ζsV := ζV oTs(Z)−1 ∈ T̄(Ω1,Ω2). Moreover we have

Proposition 12.6. ζsV = ζV s with

V s(t, .) := −DT−1
s (−Z(t)).(V (t)oTs(Z(t))−1) − ∂

∂t
Ts(−Z(t)) ).

In other words:
∂

∂t
ζ +∇ζ.V = 0 implies

∂

∂t
(ζoTs(Z(t))−1) +∇(ζoTs(Z(t))−1).V s = 0.

It can also be verified that the expression (12.3) for the derivative of the field
still holds true so that the variational principle (12.4) is valid for any functional J
minimized over the Lipschitzian connecting family V1,∞(Ω1,Ω2).

And more generally, without assuming V in E we have:

Proposition 12.7. Let (ζ, V ) ∈ Tp,q(Ω1,Ω2), then for all s > 0 and Z ∈ Z we have:

(ζoTs(Z)−1, V s) ∈ Tp,q(Ω1,Ω2).

Notice that, in order to get a differentiable metric we could consider

d̃(Ω1,Ω2) = InfV ∈V(Ω1,Ω2)

∫ 1

0

(
||V (t)||H1

0∩E0
+ || ∂
∂t
V ||L2(D)

)
dt.
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Equipped with d̃, OΩ0 would be a complete metric space but d̃ fails to be a metric
because of the triangle axiom.

The advantage is that now the associated functional is differentiable with
respect to V and we can apply the previous variational principle with transverse
vector field Z.

Let V̄ be a minimizer in V(Ω1,Ω2) for d̃(Ω1,Ω2). Then ∀Z ∈ Z we have∫ 1

0

{ ||V (t)||−1 〈V (t), Zt + [Z, V ]〉+ |V ′(t)|−1 ((V ′(t) (Zt + Z, V )′ )) }dt = 0,

where 〈, 〉 is the H1
0 (D,RN ) inner product while ((, )) is the L2(D,RN). In order

to recover a differentiable complete metric we introduce again the constraint on
the perimeter as in the beginning and set

p ≥ 1, δH1,p(Ω1,Ω2) = InfV ∈V(Ω1,Ω2)

∫ 1

0

||V (t)||p
H1

0∩E0
dt. (12.5)

The optimality condition is:

∀Z ∈ Z s.t.divZ = 0 and
∫ 1

0

∫
Γt

H(t) 〈Z(t), nt〉 dΓt dt = 0,

p

∫ 1

0

||V (t)||p−2 〈V (t), Zt + [Z, V ] 〉 dt = 0.

From (7.9), that last condition can be rewritten as

〈||V (t)||p−2 V (t) , HV .Z 〉 = 0.

The adjoint operator (for free divergence vector field V ) is given by:

H∗
V .Λ := − ∂

∂t
Λ−DΛ.V − D∗V.Λ. (12.6)

Finally, the second condition turns to be:

〈H∗
V .(||V (t)||p−2 V (t) ) , Z 〉 = 0

∃c(t), P s.t.
∂

∂t
(||V (t)||p−2 V (t)) + ||V (t)||p−2 ( DV (t).V + D∗V.V (t) )

= ∇P + c χΓt divΓt(nt) nt.

That is,

(p− 2)||V ||p−4((V,
∂

∂t
V ))V + ||V (t)||p−2 (

∂

∂t
V + DV (t).V + D∗V.V (t) )

= c χΓt divΓt(nt) nt, (12.7)
which can be written as (with the notations V̄ = ||V ||−1 V , Π = P − 1/2|V |2 ):

div V = 0,

∂

∂t
V + (p− 2)

((
∂

∂t
V, V̄

))
V̄ + DV.V = ∇Π + c(t)||V ||2−p χΓt divΓt(nt) nt.

(12.8)
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13. Level set formulation for the tube shape metric

13.1. Shape Gradient approximation

From the shape derivative structure theorem, we know that any shape gradient
takes the following form ∫

∂Ω

g 〈V (0), n〉 dΓ, (13.1)

where g is the so-called density gradient, a measure on the boundary, and v =
〈V (0), n〉 is the normal component of the vector field. In the level set setting, as-
sume that Ω = {x ∈ D | Φ(t, x) > 0 } then V = − ∂

∂tΦ
∇xΦ

||∇xΦ|| , so that obviously,
v = − ∂

∂tΦ/||∇xΦ||.
From Federer measure decomposition theorem we have:∫

Uh(Γ)

F (x) dx =
∫ +h

−h

(∫
Φ−1(z)

F

||∇xΦ|| dΓ
)
dz,

where
UΦ

h (Γ) = {x ∈ D | |Φ(x)| < h }.
Assuming the mapping z ∈ (−h, +h) → (

∫
Φ−1(z)

F
||∇xΦ|| dΓ ) to be continuous

we obtain ∫
Γ

F (x)
||∇xΦ(x)|| dΓ(x) =

1
2h

∫
Uh(Γ)

F (x) dx + o(1), h→ 0.

Applying that approximation in the previous shape derivative we obtain, for any
smooth enough extension g̃ of g to the neighborhood UΦ

h (Γ):∫
∂Ω

g 〈V (0), n〉 dΓ = − 1
2h

∫
{x∈D, |Φ(x)|<h}

g̃(x) | ∂
∂t

Φ(t, x)| dx + o(1), h→ 0.

The point being that the denominator ||∇xΦ(t)|| has been eliminated.

13.2. h-scale metric dh

Two open subsets Ωi ⊂ D being given, for i = 1, 2, (resp. quasi open subsets)
we associate two continuous functions (resp. elements of H1(D)) φi ∈ Co(D̄) such
that x ∈ Ωi iff φi(x) > 0, x ∈ ∂Ωi iff φ(x) = 0 (then x ∈ D \ Ω̄ iff φi(x) < 0). We
consider the following closed convex set

K(Ω1,Ω2) :=
{
ψ(t, x) ∈ L2(0, 1, H1(D)),

∫ 1

0

ψ(t, x) dt = φ1(x) − φ2(x)
}
. (13.2)

Then for any element ψ ∈ K(Ω1,Ω2) we consider the level set function

Φ(t, x) := φ1(x) +
∫ t

0

ψ(s, x) ds,

and the moving domain

Ωt := { x ∈ D, Φ(t, x) > 0 } ∈ T̄(Ω1,Ω2) .
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Then we set

dh(Ω1,Ω2) :=Inf{ψ∈K(Ω1,Ω2)}

∫ 1

0

[
− 1

2h

∫
{|Φ(t,x)|<h}

|ψ(t,x)|dx+ ||ψ(t)||H1(D)

]
dt.

(13.3)

That metric turns to be numerically tractable and several experiments are
performed at INRIA with J. Picard and L. Blanchard. The choice of h has to be
tuned to the pixels density.
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